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Scattering of the relativistic wave packets is analyzed in three dimensions. An effici-
ent method is described for evaluating the Fourier type integrals which appear in
this analysis.

1. Introduction

The purpose of this paper is to describe a method for efficient evaluation of the
Fourier type integrals which appear in the scattering analysis of the relativistic wave
packets. There are several reasons why there is a need for developing such methods.
For one, it is known that analysis of the scattering processes on the time scale may
reveal new phenomena, which are not observed in a time independent picture®.
As will be shown here, very often there is a qualitative difference between the two
types of analysis. We shall put an emphasis on the relativistic wave packets since
they have not been analyzed in great detail?’, with, perhaps the exception of the
electromagnetic wave packets® (many useful references are found in Ref. 4). So
far only the analysis of dynamics of the nonrelativistic wave packets have attracted
great interest 67, This is primarily because of the development of the experi-
mental techniques with the ultra short laser pulses®. On the theoretical side it
was also believed that the wave packet analysis is more appropriate if one is to study
processes which require semiclassical approach®!9, such as collisions of atoms
and molecules.
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As an example we shall consider the solutions of the Klein-Gordon equation.
The method for propagating the wave packets is based on direct numerical inte-
gration of the Fourier type integral. The method is quite efficient and in a reaso-
nable time the results for the three dimensional scattering can be obtained even
on the smallest of the desktop computers. Therefore there was no need for imple-
menting various other ideas for numerical solution of the time dependent wave
equation’''9, In fact there are some drawbacks of these methods, and one is that
they were primarily developed for solving the nonrelativistic wave equation. The
other drawback is that by using these methods one is not able to analyze the solu-
tion in terms of some analytical approximations. Usually such approximations
allow for deeper insight into the phenomena which underlie the scattering process.

2. Scattering of wave packets
Relativistic equation for a scalar particle is the Klein-Gordon (KG) equation

A2 9°
T

v + k2 Ay = m3c?p. ¢y

It will be useful to redefine the variable ¢ and the coordinates, by scaling them with
respect to the Compton wavelength I, = &/(mc). From now on the time variable ¢
represents tc/l, while the coordinates are normalized with respect to /,. In these
new variables Eq. (1) is

az

—sa?tdp=v ©

If at time ¢ = 0 the wave packet has the form y, then at some later time the solu=
tion of (2) is given by

p=[d%kelo AB) D (r, B) ©)
where @ is solution of the time independent KG equation
4D = (1 — w?) @ @
with the boundary condition for scattering

@ (',.: ) = el 4 f ("2‘: k) elkr, (5)

In the solution (3) it is implicitly assumed that the interaction does not mixes
two energy components. Extension of the method described here to a more general
case is simple. As a consequence when the two ‘energy components are included
i. e. both +w and —w are considered, the wave packet splits into two components
for £ > 0, the two wave packets moving in the opposite directions.
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The amplitude A4 is obtained from the initial condition by evaluating the

1

A<E$=(—2n?fd3rwoe-*“ (6)

which is obtained if one notices that y, is localized in the asymptotic region where
the solution @ has the form (5). There is a variety of initial conditions which might
be considered but they are primarily determined by the experimental setup. In
general, however, we shall assume that the extent of the wave packet perpendicular
to the line of propagation is much more difficult to control than its wave front.
In other words, we chall consider the wave packets which are limited along the
direction of propagation, say along the 2-axis, but they are unlimited perpendicular
to this direction (in the x and y directions). Unlimited extent of the wave packet
has relative meaning, but usually this means that it is much larger than the dimen-
sions of the target.

Since the initial condition ¥, is a function of the 2 variable only then

a® =20 [ 4.y, ) cmi )

- 00

A particularly simple case of the initial condition is the Gaussian function
. 22
Yo = €Xp (lzko - 555) (8)
which gives for the amplitude A4 (_k))
- ' a a?
Al =ah) 8RS (k) = exp [~ G (b = bo* ] ©)

As an example we shall consider the Coulomb scattering (the Rutherford
scattering) for which Eq. (4) is!?

2
(~w+%) o+a0=0 (10)
and at the short distances it is approximately
xz
A¢+;?q)=—(w’—l)¢. an

In our model we shall assume interaction of the form

AP — UP = — (w2 — 1) & (12)
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where
lz lz
U = VO (72-‘ -_— T:) r<< 1‘0
= 0 r 2 ro (13)

where V), is constant and r, is the radius of interaction. SuchJa model potential
assumes dominance of the psudeo-centrifugal term at short distances, modified by
the interaction which have resemblance to the short range strong interaction (elec-
trons do not show strong interaction, nevertheless we shall consider this as a model
exercise). The pseudo centrifugal term causes any approaching particle to be absor-
bed, hence U can be used for modelling collisions which do not conserve proba-
bility
.. The usual way to obtain the solution is by writing expansion

& k) =ri :z:;O @1+ 1) P, (cos &) B, (r, kY (14)

-
where P, (2) is Legendre polynomial and ¥ is the polar angle of r. @, (r, k) is the
radial solution of the KG equation for the /~th partial wave, subiected to a particu-
lar boundary condition so that the asymptonc condition (5) is satisfied. However,
if ( 14) is replaced in the integial (3) a serious difficulty is encountered in the apph-
cation. Owing to the unscattered wave, the number of terms in the / expansion
increases when r increases, i. e. in the far away scattering region, where the wave
packet is monitored, the number of terms would be prohibitively large. There-
fore, the sum (14) should be conveniently modified in order to avoid this problem.

It can be shown that di(r, k) can be written as

fP(r k) = e'* 4 2 it(2l 4+ 1) Py(cos &) [ Du(r k) _ — (kr)] (15)

which is solution of (12) for all r. j, (kr) is the regular spherical Bessel function,
D, (r, k) is the regular radial wave function and q, (k) are coefficients defined from
the asymptotics of @, (r, k)

D, (r, k) = e*r b, (k) + e~1*r q, (k). (16)

The advantage of this expression over (14) is that the number of terms /in the sum
is independent of r, since the unscattered wave is explicitly taken outside the sum.

For our particular problem &, (r, ) is
D, (r, k) = V/r J, (rk) r<ro
= /¥ [AH{Y (kr) + BHS? (k)] r>7, )

378 FIZIKA 23 (1991) 4, 375—384



BOSANAC: SCATTERING OF RELATIVISTIC...

where 4 =1+ 1/2, v = (2% — A)"? and ¥ = [k* — V, — (Ao/r9)?]'/>. When
Ao < A the index » is negative 1magmary (1t can be shown that posmve imaginary
v does not lead to absorption). When %’ is imaginary it has positive value. H}* (z)
are the Hankel functions. The coefficients 4 and B are determined from the con-
tinuity of the wave function at r = r,,.

It is easily shown from the asymptotic value of Hankel functions that a, (k) is
i' /= . . ,
a; (k) = 3 VZ—k [kro HiYY (Rr) T, (rok') — 1ok H{Y (kro) J, -, (rok) +
+ (v — D H? J, (oK) (18)

3. Discussion and examples

Few examples were calculated with the initial condition (8). In all cases con-
sidered we havetaken ko, = 5 (the relativistic case) and a = L In the first example,
shown in Fig. 1, the parameters of the potential were: V', = 5 and 1, = 3, and

I

M | (” | '}‘]
- Nt,,m i

Fig. 1. Scattering of the Gaussian wave packet on the potential (13). The parameters are Vo = 5
and 4, = 3 while 2o = 5. The scattered wave packet is shown after ¢ = 15 time units. The
parameters are dimensionless because of the normalization discussed in (2).

the scattered wavelpacket was calculated after £ =]15 units of time. The large
«mountaine which doninates the ﬁgure, is the unscattered wave packet. The scatte-
red wave packet is of much lower intensity and is radially going out of the scattering
region. Two components of the scattered wave packet are noticed. The most out-
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ward component corresponds to the scattering of the wave from the sharp edge
of the potential’ 2, The second component lags behind the first one ana it is of
lower intensity. The explanation is the following; part of the incoming wave packet
is trapped inside the potential and comes out at some later time,

In the insert of the Fig. 1 the differential cross section is shown for stationary
scattering, i. e. for the case of a plane incident wave (O° scattering angle in the
cross section corresponds to the direction from the center of interaction towards
the direction of propagation of the incident wave packet). The intensities of the
cross section and the scattered wave packet do not match. The reason for this is
that the differential cross section corresponds to an infinitely long wave packet so
that the time component does not play any role. Therefore the intensities of the
two scattered components in Fig. 1. interfere thus producing the pattern shown
in the insert. This example points at a very important finding: scattering of plane
waves is an idealization of the scattering problems, however, very often it works.
When experiments with time resolution are considered this fact becomes impor-
tant and no longer should be neglected

e

Fig. 2. Scattering of the wave packet‘aé in Fig. l.except Vo = 15.

In another example shown in Fig. 2, the parameter V', was changed to V, =
= 15. The back-scattering is virtually zero, as can be seen from the differential
cross section which is inserted in the figure. However, the scattered wave packet
is not zero in the backward space, but again it has two components. Therefore,
zero differential cross section does not necessarily imply zero intensity for the
wave packets. The interference of the two components which appear in the wave
packet produce in the plane wave small intensity.

If V, is negative one expects orbiting of the incident particle!?, This effect
produces a typical oscillatory pattern in the differential cross section. In Fig. 3.
the potential well is V', = —20 while 2, is the same as in the previous figures.
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The differential cross section is,indeed oscillatory, with a peak in the backward
direction, the backward glory, which is typical of orbiting. However, the scattered
wave packet shows rather irregular structure, except the outward rim which is
due to the scattering from the edge of the potential. The backward peak is also
noticed, and lags behind the outward rim. This delay equals exactly the time the
particle goes around the target, and then goes in the backward direction. Again
the differential cross sectionand the intensity of the scattered wave packet do
not match.

o

T ———

Fig. 3. Scattering of the wave packet as in Fig. 1 except Vo = —20.

Another interesting case is shown in Fig. 4. which is calculated for Vo, = —20
and 4, = 5. For these parameters a resonance appears in the cross section, which
is noted as a great enhancement of the backward glory, and the cross section looks
symmetric with respect to 90°. The scattered wave packet is calculated for : = 20
units of time in order to show a beautiful manifestation of resonances. The back-
ward glory is indeed very well pronounced, but in addition to this there are regular
sstripese of the scattered wave packet emanating from the center of interaction.
These stripes are indication that a resonance is formed because, in a »popular«
language, resonance is another way of saying that a standing wave is formed. The
elongated look of these stripes is a consequence of the properties of resonances that
they represent decaying states. At the moment of impact a resonance builds up and
as soon as the incoming wave goes away, the accumulated probability in the inter-
action region leaks out and its intensity decays off exponentially*3:14). All the stages
of this process are very well observed in Fig. 4.

The last example is interesting for a different reason. It was calculated for
Vo = 1 and iy = 50. The value of 1, implies large absorption of particles, howe-
ver, as shown in Fig. 5, this is not the case. Closer inspection reveals that both the
differential cross section (see the insert) and the scattered wave packet are almost
identical to the case as if the potential V), is infinitely high, i. e. as if the collision
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= —20,Ao =5andt = 20.

Fig. 4. Scattering of the wavepacketas in Fig. 1 except Vo
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Fig. 5. Scattering of the wave packet as in Fig. 1 except Vo = 1 and 4, = 50.

o the large value of 4o the
egion, which is on average
heres: in the potential

is for hard spheres. The reason for this is that owing t

wave function oscillates very rapidly ir the interaction r
zero. This is nothing but 2 boundary condition for hard sp

the wave function must be zero.
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In the preceding examples we have shown various cases of the scattering of
the relativistic wave packets. A wave packet of the Gaussian shape was considered,
which is not entirely realistic. It would be more appropriate to consider a semi-
infinite initial wave packet. However, we wanted to present the beauty and the
importance of the wave packet analysis. Analysis of more realistic wave packets
would not alter the main conclusions, but would be more realistic for analysis of
experiments.
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RASPRSENJE RELATIVISTICKOG VALNOG PAKETA
SLOBODAN D, BOSANAC
Institut sR. Boskoviée, Zagreb, Republika Hrvatska
UDK 530.145

Originalni znanstveni rad
Rasprienje relativistickog valnog paketa analizira se u tri dimenzije. Opisana je

efikasna metoda za ratunanje Fourier tipa integrala koji se pojavljuje u tim ana-
lizama,

384 FIZIKA 23 (1991) 4, 375—384



	Vol.23_no.4_pp375-384



