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BRST identities are not sufficient to control all the counter-terms in non-covariant
gauges. We consider an explicit example of the planar gauge to one-loop order
in perturbation theory to show how extended BRST symmetry connectss renorma-
lization constants.

1. Introduction

Non-covariant gauges are widely used because they are ghost-free and there-
fore are considered to be physical gauges. In non-covariant gauges, gluons have
only transverse degrees of freedom, while in covariant gauges, such as the Feyn-
man gauge, gluons also have longitudinal propagation which is compensated by
ghosts. However, the actual evaluation of Feynman diagrams in non-covariant
gauges is much more tedious than in covariant gauges. There are problems how to
regularize the spurious singularities (n - £)~! appearing in the gluon propagator
(n is the constant vector defining the gauge). Also, one can construct more counter-
terms using the vector n. The planar gauge!’ is defined by the gauge-fixing La-
grangian

L' =L — (2an?)~ ! m,A*[n, A%, ¢))

where L’ is the complete Lagrangian containing Yang-Mills fields, ghosts and
their respective soucres:

L' = Lypy — Qan?) "t mAn, A+ nn » Do + sd -+ uDo -+

+xw+-%—v(w/\ w) + 5y. 2
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Although the Feynman diagrams containing ghosts are zero, the diagrams contai-
ning sources with open ghost lines are different from zero. They are needed for
the complete analysis of BRST (Slavnov-Taylor) and extended BRST (Piguet-
Sibold) idennities?’.

The BRST transformations are the usual ones:
0A = Dwdé,
on = — (an®)~! On - AdE,
o = — g—(wAw) 8¢, 3)

where 7 is the antighost and ¢ is the infinitesimal anticommuting number.

Then the BRST variasion of the gauge-fixing term is connected with the
variation of the antighost

0{— (2an®)~'n - AQn - A} + (6n) nDw =0 @)

because 64 and w anticommute, ensuring the BRST invariance of the complete
Lagrangian. On the other hand, the variation of the Lagrangian with respect to
the gauge-fixing vector # is

AL' = — (an?)~' 4n - A(On - A + ndnDo. ®)]
When multiplied by infinitesimal anticommuting number 6&, it becomes
AL §& = dndn - A + ndn - 64 = 6 (ndn - A), (6)
where § is to be taken in the sense of BRST.
Therefore, the variation of the generating functional of connected Green’s
functions with respect to the gauge-fixing vector # is

deX §& = [dA dw dne'S [ d4x - id (ndnA). @)

We shall use the BRST invariance of the Lagrangian to derive the Piguet-Sibold
identity for the planar gauge:

0 (ndn - A) = #4nA' — ndnA,

A+ 064A=4,
w+6cu=w',\
n+dn=r7'. (®)

Let us follow what happens with the gluon field 4, (the transformation of
the ghost fields is analogous).
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J dAdndw exp{ifd*y (... s4 ...)} [ d*x (y'AnA’ — ydnAd) =

- = [ dydw exp {i [d%y [— —i—F’ + ...5(4'—= 64 ]} [ d4xn'dnA'dA —
— [ dydw exp {i Jd%y (— -‘—lsz + ...s4 ): [ d*xnAnAdA =
= [ dndw exp {i [d%y (— % F'24 .. s4 ...)}j’d“xn’AnA' (1 —isdéA...)d4’ —
— [ dydw exp {i [d%y (— -‘—ll—F2 + ...s4 )} [ d*xndnAdA =

=—J dndw exp {i [d%y (— %— F2 4. s4 )} [ d*xn'dnA’ - i(s0A + ...)dA4".
©)

We are dealing with infinitesimal quantities 2n and 64, so the change in the gene-
rating functional to lowest order becomes

idXe¥oE = — [dAdwdne's [d*xindnd - i(s6A4 + xdw + dny) =

= {d%. J dAdwdn exp {i [ d*x (L' + ndnAR)} - i(s6A4 + xdéow + 6ny)]
2=0

- [d% Ul]m_ (10)

The auxiliary functional U, is related to the original generating functional by

o 6
Ui={s g~ 54 + 3 (an) " Ora e 3] e, (1)

where
e = [dA dwdy exp {i [ d*x (L' + ndn - A2)}. (12)

The new action contains the ghost-gluon transition with the variation of the gauge-
fixing parameter. To get identities satisfied by the generating functional of the
one-particle irreducible Green’s functions, we take the Legendre transform de-
fined by

X, = [d*x(s4 + xo + ny) + I'(4, 0, 3; u, v),

or oI or
$=—31', x=§a'), y=_—(—s'7;. (13)
This leads to
_ [6F, ory; | oIoo, . 61‘,1 ]
Up=—e™ i 5750 T 36 60 T (@7 nAfes. (4
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The equation of motion for the 7-field becomes

y+n"—X+M“a X=0 (15)
Sn
or, in terms of Legendre transforms,
or;, 61“1 "
" + Mn#A,, (16)
Using (16) and introducing
T",1=1’4+(2an2)“n cAQOn- A4, (17)
we get
oI, oI, oI 6T
— _eix, a 04, 2015 2
U, = —el*1. {6/1 6u+ 3o 50 + A(an®)-'On- AAn"A]cSE. (18)

When taking %"_ , we recall the BRST identities

A=0

ol 61’0 85, oF%,

84 ou Ll 7y B v (19)
Defining
, 6T

we arrive at the Piguet-Sibold identity

o oIy 8" 8T oI" | oF, 8"  oF, ol
A= a3 T 5 00 T o @D

or, with the notation of Zinn-Justin,
AF =Ty % I (22)

Here ~ means that we have taken the action without the gauge-fixing term.

2. Solution of the Piguer-Sibold identity

Let us now consider Eq. (22) to one-loop order. In terms of loop expansion,
we write

r=Ssr, I'=%sr, (23)

n=0 n=0
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with
Iy=S, Iry=¢. (24)
Then (22) implies that
A, =S T +TI', % §" 25)

This is certainly satisfied if I"; can be written as

I =8%Gy, (26)
because then

AT, =AS % G, + S ¥ 4G, = (S*S") % G, + S % 4G, =
=(S % G,) ¥ S + S *¥ (4G, + G, ¥ S), @7
where we have used a sort of Jacobi identity which follows from the definitions
of the % operation (G, and S’ are anticommuting quantities). Thus (25) is reco-
vered from (26) provided that®

I =4G, + G, % §". (28)

3. Consequences for the planar gauge

We discussed the planar gauge to one-loop order in Ref. 4. The divergent
parts of I'y are given by (26) with

G, = [d*x [a34f (w4 nic?) + aaudg (g + n?c”) — asc®v’l, (29)

where a3, a, and as are divergent constanss. The values were given in Ref. 4.
Then I'; defined by Eq. (28) becomes

Iy = a4 [ d* [An. 4% (nasy + n7¢%) + n,A5dAn 1), (30)
because
S'=Iy=— [d*xndn, - 4,. @31)

It is easy to check that Eq. (28) is satisfied.

4. Diagrammatic approach

Diagrams contributing to I"; (Eq. (30)) to one-loop order are shown in Figs.
1 and 2. Figs. la and 1b show diagrams for the gluon-source transition. Fig. 2
shows diagrams for the antighost-gluon transition. The cross signifies the action
of the term n4n - A4, in Eq. (12) and the circle denotes the source. The extended
BRST symmetry gives the constraint that the divergent constant for these graphs
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Fig. 1.a. The gluon — source transition.
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Fig. 2. The antighost — gluon transition.
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Fig. 3. The self — energy and vertex graphs.
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should be a, from Ref. 4 where it was determined by the graphs shown here in
Fig. 3:

=—-f G (32)

Indeed, the diagrams in Fig. 1 for the planar gauge with a =1 give

. d*k dn; 1 kn, + kny
TI'i (a) = g*Cyn IW ;1% yxi [‘»p“%ﬂéj [0up (0 — 2k), +

+ 80 (6 = 200+ Bk + Pl ot gz (g = L BT H O 2 B} 3y

The logarithmic divergence in (30) and therefore in (33) is independent of the
external momentum p and in order to isolate it, we can set p = 0. Using the same
method as in Ref. 4, we obtain the term a,4n,4%n,u2:

! 2 1
Ii(a)= - %5? Cyudng, = ayAnga, (34)

where ¢ = d — 4 in dimensional regularization. In the same way, I"; (b) correctly
gives a n*AidAn,ue:

’ !
Iy =~ 4;33”3 3 Cyutedn, = amdn,. (35)

The graphs in Fig. 2 do not exist for the light-cone gauge. They give a,dn + 4 + n2y
in the planar gauge.

5. Conclusion

In Ref. 5 we discussed the diagrammatic approach to new identities in the
planar gauge. In this paper we have formulated these identities within the BRST
formalism. On an explicit example to one-loop order we have shown how the
Piguet-Sibold identities connect the renormalization constants of the ordinary
Feynman diagrams with the diagrams arising from the action which contains the
insertion of the infinitesimal change in the gauge-fixing term with respect to the
gauge-fixing vector.
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PROSIRENA BRST SIMETRIJA I PLANARNI BAZDARNI UVJET
ANDELKA ANDRASI
Institut sRuder Boskoviés, 41001 Zagreb
UDK 539.12
Originalni znanstveni rad
BRST identiteti nisu dovoljni za kontrolu svih kontraélanova u nekovarijantnim
baZdarnim uvjetima. Razmatran je eksplicitni primjer planarnog baZdarnog uvjeta

do reda jedne petlje u perturbacionoj teoriji da bi se pokazalo kako proSirena BRST
simetrija povezuje konstante renormalizacije.
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