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We report here that the Renormalized Numerov (RN) method, commonly used to solve a system of coupled differential eigenvalue equations (CDEE), has an unex­pected convergence behaviour as the step size is deq:eas�d. Furthermore, incor­poration of the appropriate asymptotic behaviour of the wave function, in place of a sharp cut off, enhances the binding energy by about 10%. As an illustration ,we solve for the deuteron ground state with Reid soft core potential, and obtain the covergence behaviour as a function of step size. 
I. Introduction 

In problems of physics, one often encounters·. coupled differential eigenvalue equation (CDEE), which must be solved subject to appropriate boundary condi­tions, for the eigenvalue as well as the eigenfunction. A commonly used method is the so called renormalized Numerov (RN) method 1 >. In the Numerov method, a three term recursion relation is used to �tegrat� _tp.e w:ave function, knowing its value at two given consecutive mesh points (or alternatively, knowing the value of the wave function and its first derivative at a given point). The Renormalized Nu­merov (RN) method consists of setting up recurrence relations for the ratio of wave functions at successive mesh points, thus simplifying the calculation as well as imposition of the boundary conditions. We find th�t this method has an unexpected . .oonvergence behaviour as a function of step s� (j,}. While one commonly experi­ences that the binding energy (BE) increases, as· :p is decreased for most other
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methods of solving CDEE (which conforms with the Rayleigh-Ritz principle), inthe RN method, BE decreases as p is decreased. All these methods reach smoothconvergence as p 4 0. 
In this communication we investigate convergence behaviour for the numericalintegration of coupled differential eigenvalue equations (CDEE) by the Renorma­lized Numerov (RN) method 0, as a function of the step size. In addition we alsoinvestigate the effect of incorporating an exponential asymptotic tail of the wavefunction in contrast to the sharp cut off tail which is commonly employed. Thelatter is seen to give about I 0% less BE. A set of coupled differential eigenvalue equations is frequently encounteredin the few body problem. A multidimensional Schrodinger equation can be redu­ced to a set of coupled differential equations in one variable by removing the an­gular part (or hyperangular part in the case of a many body problem) by projectionon an angular eigenfunction. The coupling terms are obtained by integrating thetotal interaction potential multiplied by angular eigenfunctions2•3>. 
A set of M coupled differential eigenvalue equations for the ptarti�l waves<Pi, </J2, . . .  , </JM can be written as 

i = 1, 2, . .. , M ( l)

where m is a suitable mass parameter, Vii (r) is the interaction potential givingrise to coupling and E is the energy eigenv"· lue. 
For a state with l :fo O the centrifugal potential (which is diagonal) can beincluded in Vu (r). 
For solving Eq. (1) we have the usual boundary conditions 

</J, (0) = 0, 
( E) 112 where p = - �2 , E > 0. 

(2) 

However, if Vu (r) has a strong r dependence for r 4  0, then the simple boun­dary condition (2) at r = 0 is to be replaced by its appropriate analytic behaviourfor r 4 0. 

522 

2. Renormalize4 Numerov method of integration 

In the RN method Eq. (1) is rewritten i n a matrix form 1> 

{ [J] ::. + [Q(r)]) [(I) (r)] = [OJ (3) 
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where 
m [Q (r)] = li2 (E [I] - [V (r)]) (4) 

each quantity within square brackets is a M x M matrix and [/] represents the unit matrix. Por this method the basic formula is the three term recurrence relation which is obtained by the generalization of the derivation of the ordinary Numerov algo­rithm 4> to matrix quantities as 

where 
([I] - [Tn+ 1D [4>n + i ] - (2 [/] + 10 [Tn]) [�n] +

+ ([/] - [Tn - 1 l) C�n- i l  = [O] (5) 
(6) 

Here C�nl is the matrix of wave functions at the nth grid .point and p is the spacing between n + 1 equally spaced grid points r0, r1, r2, • • •  , rn and the square matrix [Q (r)] is defined by Eq. (4). The Renonnalized Numerov algorithm is obtained by defining 

Substitution of this in Eq. (5) gives 
where 

[Un] = ([1] - [Tn])- 1 (2 [1] + 10 [ T0]).

Now a two term recurrence relation is obtained by defining the ratio matrix 

Then from (8) one obtains the two term recurrence relation 

(7) 

(8) 
(9) 

(10) 

( 1 1) 

This is the basic equation of the RN method. It can be solved once the value of [R0] is specified. The initial values of wave functions are 
[�o] = [O] and [�i l  � [O].

:aence [R0 1] = [O].
FIZIKA 12 (1990) 8,, 521...-52'1 523 
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For computational convenience one defines 
Then from (9) [Un] = 1 2  [W; 1] - 1 0  [/].

( 1 2) 

( 13) 

Eq. (11) can be iterated outwards starting from a given grid point (n) to obtain [RJ], (j = n, n + 1, . . .  ).For the inward integration, one defines 
( 14) 

Substituting this into (8) one obtains a two-term inward recurrence formula 
( 1 5) 

As before knowing the value of [Rn] at a given grid point n, one can iterate Eq.( 1 5) inward to obtain [RJ], (j = n, n - 1, n - 2, .. . ).The boundary condition for r -r oo can be taken as 
( 1 6) 

where N is the final mesh point. It is to be noted that the final mesh point is expec-ted to be well outside the range of the potential, so that 
(17) 

It is a common practice in literature 0 that [�Nl is taken as zero and [�N - i l -# 0 which gives (.R; 1 ] ·  = 0. Eq. (16) represents a more correct asymptotic behaviour. One can calculate the log-:-derivatives of the outward and inward integrated wave functions and match them at a suitably chosen match point (rm)o. Alter­native requirement is that the inward and outward sQlutions are equal at the twq adjacent grid points rm and r�+ 1; and one then has · 

where ([.Rm] - [R,;;; 1])/ (rm) = 0 
f (rn) = ([[] - [Tn]) � (rn).

Eq. ( 18) will have a nontrivial solution only if the: determinant 
D (E) = J [Rm] - [R,;J iJ I  = 0. 

(18) 
( 19) 

(20) 
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Thus, the determinant D (E), which is a function of the trial energy E, will vanish at each of the eigenvalues. The search for the zeros of D (E) can be carried out by any standard one-dimensional search method. Hence to obtain correct eigen­energy we have to solve Eq. (20). At first one has to guess an energy value and iterate in the forward and back­ward direction up to match point (rm) using Eqs. ( 1 1) and ( 15) and the whole process is repeated until condition (20) is satisfied to within the desired accuracy. After obtaining correct eigenenergy, the eigenvectors f (rn) for n > m and for n < m are obtained by the relations 
n = m - I, m - 2, . . .  , 0and n = m + 1, m + 2, . . .  , N

(21) 
(22) 

which are obtained from ( 10) and ( 14), respectively. The wave function tJ> (rn) is then calculated at each grid point using Eq. ( 19). 
3. Results

As a typical application of the above method, we have calculated binding energy (BE) and wave function of deuteron with the Reid sot't core potential 5 > as the nucleon-nucleon interaction. Calculated binding energy (in double precision on �1000/A700 computer) for various choices of stepsize (p) by this method has been presented in Table 1. The convergence behaviour for RN method as a function of p is shown in Fig. 1. The dotted curve corresponds to the wave function with sharp cut off tail (for large r) which is usually employed 1 > while the conti­nuous curve representes the calculation with the correct exponential asymptotic tail. (Note the different scales used for these two curves as indicated in Fig. I). One immediately notices from Table I and Fig. l_ that the correct exponential tail
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Fig. 1 .  Convergence of BE by RN method (dotted curve for sharp cut off tail (right side scale) 
and continuous curve for exponential tail (left side scale)). 
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0.30 
0.25 
0.20 
0. 10
0.08
0.06
0.04
0.03
0.02
0.01

TABLE 1. 

BE (MeV) 

With sharp cut off With exponential 
tail tail 

2.20962 
2.1 1298
2.08703
2.06613
2.06403
2.06379
2.06050
2.060SO 
2.0S885
2.05803

2.32845 
2.25404 
2.23347 
2.22126 
2.22078 
2.22055 
2.22041 
2.22046 
2.22046 
2.22046 

Calculation of deuteron binding energy. 

for the RN method gives a much better result than the conventional 1 > sharp cut off tail. Furthermore, as p is decreased, BE decreases gradually and attains con­vergence. This feature is unusual as compared to other numerical methods and indicates that the RN method does not satisfy Rayleigh-Ritz criterion. 
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PRIMJEDBE NA RENORMALIZIRANU NUMEROVU METODU PRI RJESAVANJU VEZANIH DIFERENCIJALNIH JEDNAD.ZBI ZA VLASTITA STANJA 
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Originalni znanstveni rad 

Ovdje iznosimo zapazanje da renormalizirana Numerova metod.a (RN), koja se obicno koristi pri rjesavanju sistema vezanih diferencijalnih jednadzbi ( CDEE) za vlastite vrijednosti, ima neocekivano konvergentno ponasanje kad.a se duzina koraka smanji. Daljnja ugradnja odgovarajuceg asimptotskog ponasanja valnc funk­cije, umjesto ostrog rezanja, poveca energiju vezanja za oko 10%. Kao ilustraciju rjesavamo problem osnovnog stanja deuterona s Reidovim potencijalom mekane sredice i dobivamo konvergentno ponasanje kao funkciju duzine koraka. 
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