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A unitary eikonal model for multipion production is analyzed from a statistical
point of view. We show how the knowledge of the square of the elastic amplitude
may be used to find the form of the pion distribution if the two-nucleon source
is coherent, chaotic, squeezed or a combination of them.

1. Introduction

It is generally accepted that any realistic model of multiparticle production
in hadron physics should satisfy the constraint imposed by unitarity. There are
a number of solvable unitary models in which multiparticle production is domi-
nated by the multiperipheral mechanism®~#. These models are mainly based on
the eikonal approximation, which offers a useful framework for discussion of high-
energy phenomena. Usually, the results obtained within the QED relativistic ei-
konal model are accepted as a guide assuming that at high energies multiple ex-
changes between incident hadrons, in our case protons, are also uncorrelated in
the impact-parameter space. This, however, is not valid if the constraints imposed
by energy-momentum conservation®*® and other additive quantum numbers,
such as charge and isospin?’, are introduced for the production amplitude.

The eikonal model is therefore a good approximation if it is possible to neg-
lect the fragmentation of incident particles (leading-particle effect). In this case,
the production of particles is predominantly in the central region (pionization
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region) of the rapidity plot. The S matrix is then diagonal in the rapidity diffe-
rence and the relative impact parameter of the two incident protons. It is also an
operator in the space of pions.

In the present paper we discuss an eikonal model with a unitary S mawix at
high energy in which the two-nucleon system is treated as a stochastic c-number
source of pions. We derive several classical pion distribution functions in the im-
pact-parameter space.

In Section 2 we present the derivation of the model and define the pion-
density matrix operator using the coherent-state representation.

In Section 3 we discuss the multiplicity-distribution function that follows
from a particular choice of the pion-density operator.

2. The model

It is often possible to understand many results in hadron-hadron collisions
in terms of the simple idea that the outgoing particles may have three origins:

beam + target — (beam fragments) 4 (target fragments) + (central production),

i. e. fragments of beam particles, fragments of target particles and the central
production.

To isolate the central production, we adopt high-energy longitudinally do-
minated kinematics, with two outgoing leading particles approximately saturating
the energy and beam-direction momentum conservation laws. The essential re-
strictions are as follows:

(i) the leading-particle effect,
ily<-9Y Y=ln%, e>0, (1)
(iii) |g7| small,
1
(iv) {(n) < 5?2 5 {n) = particle multiplicity.

Here, y and ¢, denote, respectively, the rapidity and the transverse variable of a
secondary particle, and Y is the (relative) rapidity of the incident two-proton
system.

Using the following set of 37 + 2 independent variables Y, 2, (¢i1> ¥1), ¢ =
=1, 2, ..., n, the n-particle contribution to the s-channel unitarity is

- 1 - i -~ - A ~
An(Y, 3) = 7 [ @B IL 44| To (Y, B3 44 . 4% @
where

A — N dzq dy
g =(din ) d41='('2;;%4—7:s
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and the normalization is such that

Aq (Y, 0) = s50,(Y),
3)

T (V) = X 01 (¥).

The connection between T,,(Y,§ 341 ..-4n) and the elastic amplitude is
obtained through unitarity. At high energy, the elastic amplitude may be written
as

T (Y, p) = 2is [ d*B(1 — S(Y, B)) exp (ipB) = [ d2B exp (ipB) T (Y, B),

4
where
T (Y, B) = 2is(1 — S(Y, B)). (5)
The two-particle unitarity constraint on T (Y, §) is
Im T(Y, B) = - |T(¥, BY? + 501 = |S(¥, B, ©)

Here, s(1 — |S (Y, §)| 2) denotes the overlap function F (Y, §) of Van Hove®
in the impact-parameter space. It is defined as the contribution of inelastic colli-
sions to the unitarity equation for elastic scattering:

- - ] o n N -
s(1—|S(YV,B)|) =F(Y,B) = - 21 ) nl:dq,|T,,(Y, B;l1..m)% (1)
ne=a L]
The total inelastic cross section is
l - —
Ounet (V)= — [ 42BF (Y, B)=[ d’B(1 — |S (¥, B)?). (®

The reference to the leading-nucleon states is in the diagonal variables Y and ﬁ:
where B can be interpreted as the transverse distance between nucleons. The dis-

cussion of unitarity and other properties of the production amplitude T, (Y, B H
g1 ... ) can be made more transparent if we write the S matrix as a unitary ope-

rator S (Y, E) in the space of pions. The initial state vector for the pion field is

S (Y, §) |0>. The »clean« vacuum state |0) is disturbed by the presence of two
nucleons. Because of the leading-particle effect, two nucleons are always present
and act as a pion source. Therefore, the vacuum state for pions is in fact a two-
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nucleon state. The elastic scattering amplitude is the matrix element of S (Y, B_S

between the states with no pions, i. e.

S(Y, B) = <0| $(Y, B)|0>.

The n-pion production amplitude is then given by (n # 0)

iTo (¥, B8y 80) =25Chy . 80 S(Y, B)|0)
and we write

[T, (Y, B30y . ) =42 Tr{o (Y, B) |Gy - §ud Gy e )

where the pion-density operator g (Y, B_S is defined as
e (¥, B)= $(v, B)|0) <0| 5t (v, B),
together with the normalization condition
Tr{e(Y,B)} =1

which follows from the unitarity of $ (Y, lf)
Using the pion-number operator

d - -
N J‘i(2 q)g 4 a (QT:J’) a(?r:y)’
we can write
|S (Y, B)|? = Tr{e (¥, B) : e~ "3,

where : : indicates the operation of normal ordering.

3. Mulupliciry distributions

The pion-multiplicity distribution P, for n > 1 is given by

p, =2

fdzBTr{g(B) —e'”}

aiuel Oinel

®

(10)

(11)

(12)

(13)

(14)

(15)

(16)

For simplicity, in (16) we have suppressed the dependence on the variable Y.
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Both the pion-multiplicity distribution and its factorial moments may be
derived from a pion-generating function

6@=3 t-ah=s [ Teed e e gam a7

Cines

A simple calculation shows that for n > 1

P, =L 6 @ (18
and
= 1) =1+ D> = (= o G (] smo (19
with the normalization
G() =0,
G(0) =1. (20)

Let us now discuss some of the multiplicity distributions that follow from a

particular choice of the pion-density operator ¢ (Y, E). A wide class of pion-den-
sity operators may be described by means of the »diagonal« coherent-state repre-
sentation”*®,

Coherent states |Y, B ; a) are defined as eigenstates of the pion annihilation
operator a (), that is
a(3)|Y, Bsay=a(Y, B; )|V, B; o). 1)

For any complex function a, we have

vEo—ap[-tn@Eo|en @B, ()
where
c(Y,B) = [ d§ a* (Y, B39 a(§), (23)
and
[c(Y, B), ¢t (Y, B)] = n (Y, B; o) = [ d§ |a (¥, B; 3)|2 (24)
We write
0 (Y, B)=[ 2 [a] ® [4] | Y, B; a) <V, B; o, (25)
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where [ 2 [a] indicates a functional integration over all possible forms for the
function a(...), and @ [a] is an arbitrary functional of a. The condition

Tr{o(Y,B)} = 1 (26)

[P [a) D [a] = 1. 27

implies

Real physics enters the problem when we specify the form of @ [a]. Ideally, one
would like to derive @ [a] from the knowledge of the underlying dynamics. Lacking
such knowledge, one is usually tempted to follow an analogy with the generalized
Ginsburg-Landau theory of superconductivity®? in retaining only the first few
terms in a series expansion of —In @ [a] in powers of a and its derivatives. The
derivatives of a either with respect to the rapidity y or with respect to the trans-

verse momentum ¢, give rise to short-range correlations in the rapidity or the
transverse momentum space, respectively.

By making an appropriate choice for @ [a], we can obtain a wide class of pion-
emission distributions ranging from chaotic to highly coherent. The pion-distri-

bution functions in the impact-parameter space B are most easily studied using
the generating function (Eq. (17)) which we write in the coherent-state represen-
tation as

6@ =2 aBg B2 (28)
inel
where
g(ﬁ;z)=w(z)—w(1),

p@) =[ 2P [ e® = T (1 — 2, (B) (29)

with
paB)=[ 2 10 [y LOL B il (30)

and

20(B) =|SBN? = [ 2 [n] D [n) 7P

Note that the average number of produced pions is

{n) =

f d2B ¢(n (B), (31)

Oinel

where
(B)y = 2 npa(B) = [ D [n) D [n] n(B).
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For a given p, (ﬁ) it is sometimes possible to find the unknown functional
@ [n]. The formal solution is

@ [n] = e® T (1) p, (B) 8 (n(B)), (32)

where 6 is the n derivative of the functional d-function. For a coherent or Pois-
sonian distribution where

exp [— <n (B))),

Dn (E) = <"_ i?_))n

@, [n] = 6 (n(B) — <n(B)), (33)

and for a chaotic or Gaussian distribution where

- B)Sn
pn(By = —E° (34)
(L4 <n(BP)+"
we find
By [n] = — - exp (— "(,B)—)-
{n (B)> {n(B)>
This gives the following generating function in B space:
¥ (2) = (1 — z < (B)y)~ . (35)

It has been observed experimentally!® that hadronic multiplicity distri-
butions show a significant departure from the standard Poisson-like distributions
(Eq. (33)). It has also been found that particle multiplicity (P,) may be well fitted
with the negative binomial distribution (NB) which in our approach corresponds
to the generating function

Vn (@) = (1 _ z“’_(,f»_) (36)

For & - oo,

Yre (2) > pp(2) = e 5D,
that is, it reduces to a Poisson generating function. The parameter 1/k thus mea-
sures the deviation from the Poisson, i. e. from the independent particle emission
in B space.
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The parameter & may be related to the correlation length L (Y) within the
considered rapidity range Y. If Y/L is large, we may consider 2 ~ Y/L as an
average number of independent sources of pions acting within the two-nucleon
system.

There is also the possibility of constructing more complicated multiplicity
distributions by combining two or more generating functions together. For example,
the Poisson-NB combination is given by

Ve-wa(2) = (1 — <n”k(B—») e, (37)

Another class of generating functions which also show a strong departure
from the Poisson are the one obtained from squeezed coherent states'!). These
are obtained by a canonical transformation of the pion creation and annihilation
operators using a unitary operator S (4):

S (1) = exp [% At — z'; A], (38)

where

A=[dja(da(.
We can show that

(330 = St(W)a @) S(A) =ch[M a(@) + Ti‘l sh |4 at (g) (39)

and bt (¢ ; A) satisfy the same commutation relations as a (§). The squeezed cohe-
rent states are then defined as eigenstates of b (g; 1), that is

b(g; A |a; A = a(§)|a; ). (40)

For 4 =0, |a; 2) becomes the ordinary coherent state of the annihilation opera-
tor a (q).

If |p) is any state vector of the pion system, then S () |p) represents the
same system but compressed in position space by a factor e—l4 and expanded
in momentum space by a factor eldl.

The pion-multiplicity distribution may then be calculated using the density
operator

o (B) = a3 2 <a3 4 (a1)
which gives the following generating function:
v1(2) = Ca; A|: e7*": |a; A). (42)
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4. Conclusions

Within the unitary eikonal model we have studied the pion-multiplicity dis-
tributions in pp scattering at high energy.

Using the notion of a pion-density operator we have shown that its coherent-
state representation enables one to construct various pion-multiplicity distribu-
tions. We have found an explicit form of the pion generating function in the im-
pact-parameter space for coherent, chaotic and squeezed coherent production. A
comparison with experimental data is to be presented elsewhere.

References

1) G. Calucci, R. Jengo and C. Rebbi, Nuovo Cimento 4A (1971) 330;

2) J. R. Fulco and R. Sugar, Phys. Rev. D4 (1971) 1919;

3) S. Auerbach, R. Aviv, R. L. Sugar and R. Blankenbecler, Phys. Rev. D6 (1972) 2216, deno-
ted as the AABS model; L. B. Redei, Nucl. Phys. B60 (1973) 141;

4) M. Martinis and V. Mikuta, Phys. Rev. D12 (1975) 904;

5) L. Van Hove, Rev. Mod. Phys. 36 (1964) 655;

6) M. Martinis, Proceedings of the I1X Balaton Symposium on Particle Physics, June 12—18,
1974, Vol. 11, Budapest 1975;
Ngee-Pong Cheng, Nucl. Phys. B66 (1973) 381;

7) J. C. Botke, D. J. Scalapino and R. L. Sugar, Phys. Rev. D10 (1974) 1604;

8) Ré J. Glauber, Quantum Optics. Ed. S. M. Kay and A. Matiland. London, Academic Press
1970;

9) V. L. Ginzburg and L. D. Landau, Zh. eksp. teor. fiz. 20 (1950) 1064;

10) G. J. Alner et al. (UAS) Phys. Lett. B160 (1985) 193; B160 (1985) 199; B167 Q1986) 476.

11) H. P. Yuen, Phys. Rev. A13 (1976) 2226;
Bindu A. Bambah and M. Venkata Satyanarayana, Phys. Rev. D38 (1988) 2202.

STATISTICKA SVOJSTVA MULTIPIONSKE PRODUKCIJE
MLADEN MARTINIS i VESNA MIKUTA-MARTINIS
Institut sRuder Boskovice, 41001 Zagreb, p. p. 1016
UDK 539.12

Originalni znanstveni rad

Unitarni eikonalni model za mnogopionsku produkciju analiziran je sa statisti¢-
kog stanovi$ta. Pokazano je kako se poznavanje kvadrata elasti¢ne amplitude mozZe
upotrijebiti za nalaZenje oblika pionske raspodjele ako je dvonukleonski izvor
koherentan, kaoti¢an, stje$njen, ili neka njihova kombinacija.
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