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ON A CONJECTURE OF LEVESQUE AND WALDSCHMIDT

ToBIAS HILGART AND VOLKER ZIEGLER
University of Salzburg, Austria

ABSTRACT. One of the first parametrised Thue equations,
[X? = (n—1)X?Y — (n+2)XY? -Y3| =1,
over the integers was solved by E. Thomas in 1990. If we interpret this as
a norm-form equation, we can write this as
[Ni/g (X —XY)| = [(X = XY) (X — A1Y) (X — XY)| =1
if Ao, A1, A2 are the roots of the defining irreducible polynomial, and K is
the corresponding number field.

Levesque and Waldschmidt twisted this norm-form equation by an
exponential parameter s and looked, among other things, at the equation

[Nkjg (X = 25Y)| =1.

They solved this effectively and conjectured that introducing a second
exponential parameter ¢t and looking at |NK/Q (X - /\SAtIY)| = 1 does not
change the effective solvability.

We want to partially confirm this if

min {|2s — ¢|, |2t — s|,|s + t|} > e - max {|s], [t|} > 2,

i.e., the two exponents do not almost cancel in specific cases.

1. MOTIVATION AND STATEMENT

Ever since the work of Baker [1], we know how to effectively solve any
Thue equation, i.e., a Diophantine equation F'(X,Y) = m over the integers,
where F' is an irreducible homogenous polynomial of degree at least 3. And
if we can solve one, then we can solve a finite number of them.

Thomas [9] was amongst the first to study infinitely many (non-binary)
Thue equations by looking at parametrised equations F,, (X,Y) = 41, where
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F,, € Z[n|[X,Y] gives a Thue equation for each n € N. He proved that
(1.1) FuX,Y)=X3—(n-1X?Y - (n+2)XY? - Y3 =+1

has only a few trivial solutions for large parameters n while giving a com-
plete list of all solutions for small parameters n. Because of the symmetry
F_,,_1(X,Y) = F,(-Y,—X), only positive integers n need to be considered.

Levesque and Waldschmidt [6] took this equation one step further and
twisted it by an exponential parameter ¢ in the following way: we can write
Thue equations as norm-form equations, e.g., we first factorise the polynomial
F,(X,1) of equation (1.1) into its complex roots Ag, A1, A2 (and forego to
denote their dependency on the parameter n). Then equation (1.1) can be
written as

Ng (X = AY) = £1,

where K = Q(Ao) and Ng g denotes the norm relative to K/Q. Levesque and
Waldschmidt twisted this equation by an integer ¢ and looked, among other
things, at the equation

Ngjg (X = AY) = =£1,

for which they managed to prove that there exists an effectively computable
number  such that any solution (z,y,n,t) to the above equation with either
|z| > 2 or |y| > 2 satisfies max {|z]|, |y|, |n|, [t|} < &, i.e., there are but finitely
many solutions and we, at least in theory, could find them all.

One conjecture Levesque and Waldschmidt posed in their paper is whether
a twist by multiple exponential parameters, i.e., the norm-form equation

Nijg (X = A5AY) = £1

can be tackled analogously, working with the existing tools used to study
Thue equations—a conjecture we want to give a partial positive answer to in
this paper. Our theorem is as follows.

THEOREM 1.1. Let Ay = Ag(n), A1 = A1(n), Aa = Aa(n) be the roots of the
integer polynomial

fX)=fX;n)=X3-(n-1DX’—(n+2)X -1
and
F(X,Y)=F(X,Y;n,s,t)= (X - AgXiY) (X =AY (X — A;ABY) .
Let (x,y;n,s,t) € Z5 be a solution to the Thue-equation
(1.2) FXY)| =1,
with ly| > 2,n > 3, st # 0, and let us assume that, for a given € > 0, we have

(1.3) min (|2s — ¢|, |2t — s|, |s + t]) > e - max (|s], [¢]) > 2.
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Then there exists an effectively computable constant k > 0, depending only on
e, such that

max {|z[, [y],n, [s], [t]} < k.

2. OUTLINE OF THE PROOF

We strive to improve the readability of our paper by separating the con-
ceptual proof from the necessary detailed work. Thus we first give an outline
of the proof of Theorem 1.1, which follows the general strategy to solve Thue
equations via Baker’s bounds on linear forms in logarithms. At the inter-
mediate steps that require careful technical consideration, we refer to the
corresponding lemmas in the subsequent section, where we also collect other
auxiliary results that we use in the process.

Let us start by briefly mentioning the degree of restriction we placed
on the theoretical solution (x,y; n,s,t) of equation (1.2). There are infin-
itely many solutions where |y| < 2, e.g., (1,0; n,s,t) and (0, 1;n,s,t), hence
the condition |y| > 2 is necessary. Due to the symmetry F_,,_1(X,Y) =
F,.(-Y,—X), we only have to consider n > 3, while we drop the n smaller
than 3 so that log(n) and log(log(n)) positive reals. But we could alternatively
take n > 3 to be the absolute value of the integer parameter and conduct the
same proof, where we just have to be mindful of taking A\ in absolute value as
well. Finally, Condition (1.3) is the degree to which we could solve Levesque
and Waldschmidt’s conjecture and can be read as: no quotient of two con-
jugates of A3} is allowed to be too close to 1, for the whole argument falls
apart otherwise.

We want to improve the readability of the terms and equations and thus
introduce several shorthands. First, we want to hide constants in our expres-
sions that do not affect their asymptotics without immediately resorting to
O-notations. So when we write z < 2/, we mean z = O(z’), i.e., that there
exists an effectively computable constant ¢(d), which does not depend on z
or 2/, but which may depend on 4, such that z < ¢(d) 2’. If both z < 2’ and
2/ < z, we write z = 6 (2').

Let furthermore 7 := max (|s|, |¢|) and

— )\S\t . \S\t L\ S\t
Qo = )\0)\1, a1 = /\1/\2, Qg ‘= /\2/\0,

2.1
( ) Bo =2 — ooy, 1=z — oy, B2 1= x — any.

In this notation, «;, §; resp., is the image of g, [y resp., under the
automorphism that maps Ag to A;. The numeration of the roots Ag, A1, Ag is
chosen such that \g is close to n, Ay is close to 0 and A5 is close to —1. The
exact inequalities used are given here in Lemma 3.2, from [5, Lemma 10].

One particular §; stands out as being very small, or % is a good rational
approximation to one particular a; respectively. We denote this one as 3;,
i.e., |B;| = min{|Bo|,|B1],|B2|} and the remaining two, in no particular order,
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as B and ;. For the corresponding «a;, we define
i if | > ,

(22) aj,k — aﬂ 1 |aJ‘ |ak|
o, if |Oék| > |Oéj|

and «a;; analogously.
By the triangle inequality, we have that

(2.3) 2(Bk| > 18k = Bl = [y (o — ax)l,

and the same for ;. In Lemma 3.5we make sure that the distance between
any two of the three algebraic numbers o, o, and g is not too small. Having
done that, we can use the above inequality in combination with |5;8:06| =
|F(x,y)| =1 to derive the upper bound

1 Lemma 3.5 1

1851 <

1
< — —_—
BBl |y |y — an| oy — e [yl™ |kl et

Using Lemma 3.6, the simple property that the product of pairwise max-
ima of positive real numbers multiplying to 1 is bounded from below by an
appropriate root of the global maximum, we get

max {|a;| , ||} max {lay|, e[} > v/max {Jao|, [e1], [az[}.

We ascertain that at least the largest of the algebraic numbers a; behaves
as expected, and indeed, by Lemma 3.7, the above square root is at least neT.
We thus get that our bound for |3;| is indeed small, namely

1

2 2 °f1 .
Wl gl logd  lyfPn? 7

(2.4) 18| <

We then use this information to rewrite Siegel’s Identity into a unit equa-
tion, where we now know one addend to be very small. Stating the identity

(2.5) Bilar —ar) + Biley — ag) + Br(aw — ) =0
and dividing by the last addend with flipped sign gives
Bjow —ou | Broj—ag

2.6 + =1
(2:6) Broaj—oy  Broy—og

The first addend on the left-hand side is very small: We use the inequal-
ity from equation (2.3) again, in combination with the bound from Inequal-
ity (2.4) derived above to get

Bj ar — a o — max {|o|, [ou]}

Br aj — oy

> n lo; — ol |a; — au y n T v el v

We differentiate the cases according to whether o; has the maximal ab-
solute value or not in Lemma 3.8 and resolve the quotients of the various
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maxima with an upper bound of 2|y|. We thus have
1

2
lyl" n

Bjar —
Br o — oy

)
T

‘1
2

and, unless both n and 7 are small, we can assume this to be smaller than %
Note that neither of the two addends in equation (2.6) is zero: none of the
B; are, since each q; is irrational and any two «,ay are distinct. The latter
fact can be seen by looking at equation (3.1) from the proof of Lemma 3.5,
together with the fact that log Ao, log|A\2| are Q-linearly independent, since
Ao, A2 give a fundamental system of units for Z[Ag] by Proposition 3.4, and
st # 0.
This gives, from equation (2.6), that
Brogmon g Biow—ar g
Bk aj — Br aj — ay
and taking the logarithm, using the relation |log (1 — v)| < 2|v| for |v| < 1,
yields

ﬁz‘ aj — oy Bj ar — oy 1

2.7 0< (log|=|+log|—|| < 2| C
( ) g’ﬂk & a5 — oy ﬂk o — o |y‘2n71'r
and we denote the linear form log ‘BTZ + log 722:‘;’; = AL

With some extra effort exerted in Lemma 4.1, this allows us to directly
derive an upper bound for log |y|, without troubling, say, Bugeaud and Gy6ry’s
result [4], which holds much more generally. We get that

log ly| < 7 (logn)®(log T 4 loglogn).
Returning to the linear form in logarithms A, we managed to derive the
bound for log |y| by shifting the dependence on the exponents s,t from the

logarithm of ‘% into its coefficient. If we manage to do the same for the

Qj— O
Qj—og

second logarithm log ‘ ‘ as well, then the tools we used before will give

us, also using the bound for log |y|, an absolute bound for the parameters n
and 7, thus proving the theorem.
To that end, we extract o, from the denominator and «;; from the

.k
Gl

numerator. We can then separate the factor log , and the remaining

logarithm is at most 4n~“1" by Lemma 3.5. We shift this into the upper
bound and get a new small linear form in logarithms A’, where

Q;j 1
(2.8) |A'] = |log Bl’ +log | 2E|| < —
Bk (67N nz"

Note that we can no longer argue that A’ is non-zero by construction. We
must argue that it is indeed non-zero, which we do at length in Lemma 4.2.
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We end up either way with a (possibly different) linear form A” in loga-
rithms of By, 81, o, o, o and 2, for which inequalities of the form

0< N < —
n2"

hold again. We can now again explicitly shift the dependency on s, ¢ into the
coefficients and write A” = Alog|Xo| + Blog|A2| — C'log2, where A, B are
linear-combinations of s,¢t and C is 0 or 1. We can use the bounds for the
coefficients, heights and log |y| we already established in Lemmas 3.9-4.1 to
subsequently use bounds for linear forms in logarithms again and derive in
Lemma 4.3 that

T < c3lognloglogn.

With this information, we can say that, in all our decompositions of «;
and 3; into powers of Ag, A2, the second power is of no consequence unless n
is already sufficiently “small”, i.e., n < &, since log |A2| = 6 (1) goes to zero,
even pitted against the logarithmic bound for the exponents s, t.

Carrying out a rigorous case-differentiation for the type j and the order
of the |a;| in Lemma 4.4 gives a contradiction to |y| > 2 in each case under
the assumption that n > x is sufficiently large for the powers of Ay to be of
no consequence.

This gives n < x, which gives a bound first for 7 by Lemma 4.3 and then
log |y| by Lemma 4.1, and concludes the proof of Theorem 1.1.

3. AUXILARY RESULTS

We first define the absolute Weil height and Mahler’s measure for the
sake of completeness—see, e.g., [3] or [7]. If K is a number field of degree d =
[K : Q], and for every place v one writes d, = [K, : Q,] for the completions
K,,Q, with respect to v, we normalise the absolute value |-|, so that

1. if v|p for a prime number p, then [p|, = p~@/9,

2. if v|oo and v is real, then |z|, = |a:|1/d,
3. if v|oo and v is complex, then |z|, = \ac|2/d7

where |z| denotes the Euclidean absolute value in R or C. Given this normal-
isation, the product formula

[Tlel, =1

v

holds for every o € K*. The absolute height of o € K is then defined as
H(a) = [[max{1,]al,},

and the absolute logarithmic height as h(«) = log H(«). The absolute height
is then equal to the Mahler measure M (m,) of its minimal polynomial mg,
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ie,if my(X) =aq H?Zl(X — ) € Z[X] is the minimal polynomial of o € K,
then

d
1 1
h(a) = p log M (mg) = i (log laq| + Zlogmax{l, |a,|}> .
i=1

After the notion of height, we next give the fundamental tool for solving
Thue equations effectively, namley lower bounds for linear forms in logarithms.
We give the version of Wiistholz and Baker himself [2].

ProprosITION 3.1. Let 7v1,...,7v be algebraic numbers that are not 0 or
1in K =Q(v1,...,7), which is of degree D. Let by,...,by € Z and

A=bilogvy + -+ bylogvy, #0.
Then
log|A| > —C - hy---hg -log B,
where C = 18(k + 1)!k*t1(32D)**+2log(2kD), B > max {3, |b1],- - - , |bx|} and
hi > max {h(v;),log |v;| D~',0.16 D~ "}

forie{l,... k}.

Next, we make some observations about the roots Ag, A1, Ay of the poly-
nomial f.

LEMMA 3.2. The roots Ao, A1, A2 of the polynomial f(X) = X3 — (n —
1)X? — (n+2)X — 1 satisfy the following inequalities:

1 2
n+—<Xd<n+—,
n n

1 <= 1 < 1
ntl T T A+ 1 n+2’
1 o +1 1
—“1l-——<X=- <—-1- .
n 2 Ao n+1

PROOF. See, for instance, [5, Lemma 10]. The asymptotics are also easy
to check directly, e.g., f(n+ 2) is positive and f(n+ 2 — -3) is negative; by

nZ
the Intermediate Value Theorem, the root lies between n+% and n—+ % - n% >
n—+ % For A1 and X, closer bounds are —% + # + % and —1 — % + %, but
the bounds from [5] given above suffice for our subsequent proofs. |

COROLLARY 3.3. The logarithms of the roots of f satisfy the following
inequalities:

2
logn <logAg <logn+ —,
n

2 1
—logn — — <log|\| < —logn — —,
n 2n
1 1

2 1
— = — <log|la| < — + —.
n o n non
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PRrROOF. The proof follows from the inequalities of Lemma 3.2 and the
Taylor expansion of log(1 + £); for example, if (1 <) Ao < n + %, then

2 2
log \p < log <n+ ) = logn + log (1 + 2)
n n

2 1 2
=logn+ — —— +- <logn+ —.
n? n n

d

The following result of Thomas [8] allows us to decompose the various
units in our proof into products of powers of Ay and As.

PROPOSITION 3.4 ([8]). Let Ao, A1,A2 be the roots of the polynomial
f(X)=X3—(n—-1)X%2-(n+2)X —1 and K be the number field gen-
erated by them. Then {Ao, A2} is a fundamental system of units for the order
VALYIE

In the next lemma we show that any two of the algebraic numbers oy,
and asp defined in equation (2.1) are separated.

LEMMA 3.5. Let ap, g € {0, 1, 2} such that |ap| < |ay|. Then there
exists an effectively computable constant ¢y = c1(e) > 0 which, for sufficiently
large n, can be chosen arbitrarily close to e, with the following properties:

1. |ap/ag| <n~a7 <1/2,

2. oy — agl > |agl /2.

PROOF. The second statement follows directly from the first. To prove
lap/aql < n~7 < 1/2, we first use Lemma 3.2 to express the quotient ay,/ay,
via powers of Ag and Ag. For example, if [ag| = [AJAL| < Jou| = [Ag°A;* |,
then the quotient ag/a; = £A5° "\, *T2. We prove in this case |ag/a;| <
n~T < 1/2 by proving —log |ag/a1| > ¢17logn > log2. In the other cases,
the logarithm has the form

(25 —t)log Ao — (—s + 2t) log |X2| if (p,q) = (0, 1),

=< (s —2t)log Ao — (s +t)log | A2 if (p,q) = (0,2),
(s+t)log Ao — (=25 +t)log|A2| if (p,q) = (1,2),

Y

(3.1) log

q

or with flipped signs for the coefficients of log Ag and log |As| if (p, ¢) is (1,0) or
(2,0) or (2,1), respectively. In any case, the absolute value of the coefficient
of log A is greater than e7 by Condition (1.3). Furthermore, the absolute
value of the coefficient of log|As| is at most 37 in each case. Applying the
reverse triangle inequality thus yields

—log’ZP > et log Mg — 37 log |A2] .
q




ON A CONJECTURE OF LEVESQUE AND WALDSCHMIDT 9

Using Corollary 3.3 to estimate the logarithms, we get

3 3
> etlog Ao — 37log |A\a| > eTlogn — LAl —72—,
n n

a
_10g‘1’
Qq

and unless both 7 and n are already small, there exists an effectively com-
putable constant ¢; > 0, dependent only on e, and for sufficiently large n
arbitrarily close to e, such that

31 371
erlogn — — — — > c¢irlogn > log 2.
n n

LEMMA 3.6. Let a,b,c be positive real numbers with abc = 1, then

max {a, b} max {a, c} > y/max{a,b, c}.

PrOOF. If @ = max{a,b,c}, then abc = 1 implies that a > 1 and thus
max {a, b} max {a,c} = a® > y/a holds. If instead, after possibly renaming
b and ¢, the maximum is b = max {a,b,c} then a > % or ¢ > %, with
equality in the case that a = ¢ for abc = 1 to hold. This in turn means that
max {a, b} max {a, c} > % =b. d

LEMMA 3.7. We have
n37 > max {|ag]|, |a1], |az]} > n7.

PrOOF. Analogously to the proof of Lemma 3.5, we have for the maxi-
mum « that

(s —t)log Ao — tlog |Az] if @ = ap,
log|a| = ¢ —slogAg + (—s +t)log|Aa| if @ = ay,
tlog Ao + slog [ Az if « =ay.

Since |a is the maximum of |ag|, ||, |az2], its logarithm is the largest of
the three expressions given above. Since it is either |—s| = 7 or [t| = T, we

can infer
1 1
37logn > log|al > Tlog A\g — 27log |A\2| > Tlogn — 27 ( + 2)
non

in each of the three cases for . We can certainly bound the right-hand side
by c17logn, the same expression as used in Lemma 3.5 but could also use a

constant that does not depend on €, such as 0.19: Since 7 log n—27 (% + %) >
0.19 7 log n if and only if 1 — (Wan + %) > 0.19 which is true for n > 3.
d

LEMMA 3.8. We have
max {|ov|, o[}

<2yl
max (|, [ox]) max {|a;], |}
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PRroor. Irrespective of whether o; has the largest absolute value of the
three or not, we can bound the quotient by its inverse, i.e.,

max (|ag| , o) 1

max (||, [ag]) max {|og], |eul} ~ lag]”

If |oj| = max {|agl, |aa], |az]}, then the right-hand side is at most n=7,
by Lemma 3.7. And unless n and 7 are already absolutely bounded, we can
assume this to be smaller than any constant, say, 4 < 2 |y|.

Otherwise, we use Inequality (2.4), which by the same argument is smaller
still than, say %, and get

1
3 >l —ayyl = |z] =yl lyl -

Since & # 0—the only solutions with = 0 have y = £1—we have |z| > 1
and thus the above inequality can be read as

1
3.2 aj| > ——,
(3.2) |a] y

which proves the assertion. 0

LEMMA 3.9. Let By = £A3\S be the decomposition of the unit By € Z[\o]
into powers of A\g, A2. Then we have

max {|a|, |b|} =0 (ng'il + T> .

PROOF. If By = £A&)\; then, by conjugation, 8; = +A¢\S, and By =
+A2\Y. Depending on the type j, we take the decompositions of the other two
units B and [; and take the logarithm of their absolute values; for example,
if 7 = 0, we look at the system of linear equations

alog |\i] + blog|Ag| =log |54,
alog|Aa| + blog |A\1| = log |B2]

or M (%) = og |G| in matrix notation. Depending on whether j is 0,1
b log | 1]

or 2, the matrix M is, up to switching rows,
M= (log M| log |)\0|> (log [Ao|  log |/\2|) (log [Ao|  log IAzI)
log Az log|A1]/ " \log[A2| log|Ai]) " \log|A1| log|Ao|/
Since log g = 0(logn),log |A1| = 6(—logn) and log |A2| = (%) by Corol-
lary 3.3, we have that |det M| = §((logn)?) in either case. In particular, the
determinant is non-zero, the matrix thus invertible.

We then multiply the system M <Z) = (llzi gk") with the inverse M !
1

and take the column-wise maximum norm. We can calculate it by taking
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the row-wise maximum norm of M and dividing by |det M|, which gives a
0 (1 ) We thus get, with the consistency
ogmn

1 (log|B - log |8
[t )| < ey (el

max {[log | Bk ||, |log | 51|} } '

logn

that

o (lal 11} = 0 {
Furthermore, we have

log | Bk| = log |z — ary + ajy — ojy|
(3.3) Bj

=log |y| + log |a; — au| + log _
yla; — agl

1+ ]

’ )

and since |ay —ay| > 3o > 1 ly|™" by equation (3.2), while 16;] <
ly| "2 n=27 by Inequality (2.4), the last logarithm is very small and can cer-
tainly be effectively bounded by n~2 7. Thus,

max {[log B[, log 8[|} = 0(log |y| + log max {|a; — akl, |a; — aul}).

Finally, we have by Lemma 3.5 that [o; — oy | is at least § max (|oy] , o)),
and it is at most 2 times the maximum. That is to say,

logmax {|oj — ax|, o — cu[} = O(log max {[oy;, [k |, |aul}),
which by Lemma 3.7 is a 6(7logn). This gives us that

max {[log [Bk||, |log |B]|} = O(log |y| + Tlogn)
and thus

]
max {|al , b} = 6 <ffg|yn| +T> ,

which proves the assertion. 0

4. PROOF OF THEOREM 1.1

With most of the technical considerations done in the previous section,
we can formally finish the proof of Theorem 1.1, as outlined in Section 2.
That is to say, we now use bounds for linear forms in logarithms, namely
Proposition 3.1, to deduce bounds for the size of the parameters of our Thue
equations.

LEMMA 4.1. We have, for some effectively computable constant co > 0,

log |y| < ca 7 (logn)®(log T + loglogn).
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PRrOOF. We take the decomposition By = +A3\S and conjugate the ex-
pression to get decompositions for 57 and F2. Only this time, we express
everything in powers of A\g and A\ using the relations from Lemma 3.2. This
gives that By = £AEAS, B1 = A5 *TPA; %, and By = £X; A3 .

We can thus write for the logarithm of the absolute value of the quo-

= a'log \g + V' log|Az|, where both a’,b' are the respective

tient, log ’%
linear combination of a,b and can write the linear form in logarithms A from
equation (2.7) as

1

y[>n?7

a; —
0< J k

a’log Ao + b’ log | Aa| + log

a; — Qg

We now use lower bounds for this linear form in logarithms, Proposi-
tion 3.1.
By Lemma 3.9, we have that

log |y|

/ b/
mace{Ja] ¥} < 72 2

+7
Due to the sub-additivity and sub-multiplicativity of the absolute logarithmic

height, we have
h (O‘j_O”“> < 7h(X)
Qj — Qg

and switching to the Mahler measure of the minimal polynomial f of A\g gives
1
(4.1) h(Xo) = M(f) = 3 (log(n + 2) + log [Ao| + log |A2|) = O(logn).

We plug everything into Proposition 3.1 and get for some large effective
constant ¢y > 0, since the constant in Proposition 3.1 is already larger than
104, that

logn

holds, which implies the assertion. ]

1
—co 7(logn)® log (Og|y| + T) < —log|y|

LEMMA 4.2. There erists a mon-zero linear form A’ in logarithms of
Bk, Bi, ag, a1, aa, 2 with coefficients 0 or £1, such that

0< A<

neT
holds.

PRrROOF. If the linear form A’ from equation (2.8) is already non-zero,
then the statement follows immediately for A” = A’.

Assume instead that A’ = 0, which holds if and only if |5a; 1| = |Breyj -
We now differentiate the cases for o and o;; and the sign. For simplicity
we assume |ay| > |oq|, otherwise we swap the roles of k& and [.
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CASE aj, = a;; = ¢ In this case, A’ = 0 if and only if |5;| = [Bk|.
They cannot be equal, since §; = S implies oy = a, which gives s =t =0
due to the multiplicative independence of Ay, Ao. Thus, 8; = — (k.

We substitute §; for — 8 in Siegel’s Identity (2.5) and obtain

Bjla — au) — Br(aj — o) + Br(eu — ;) = 0;
moving the term Bray to the other side and dividing by —28,«; then yields

Bl —o) ok

4.2 = .
( ) 25}€O[j 20éj Zaj

Since |aj| > |ag|, the right-hand side is not 1. Equivalently, the two
et
fractions on the left do not cancel. Applying Lemma 3.5 to the fraction 2—l7
Qj
a
since we also have |a;| > |y, gives ‘21‘ < n~47. By a combination of
o

inequalities (2.3) and (2.4), and by Lemma 3.5 and 3.7, we can similarly
bound
Bj (ar —au)| _ max {jo|,|oul} 1

Zﬂkaj
We then apply the logarithm to equation (4.2). The right-hand side is

not 1, its logarithm non-zero. We can bound both fractions on the left-hand
side by n~“7 and thus

3cy
5 T

3 o 2
[y n 7 oy yl’ n

1
0 < [log |ak| —log|ay| —log 2| < —2=,

so the statement holds for A” = log|ay| — log |a;| — log 2.

CASE o, = ag,aj; = o In this case, we have A’ = 0 if and only if
|Biak| = |Brau]. If the absolute value cancels without a sign change, the term
Bray — Bray, vanishes in Siegel’s Identity (2.5). What remains is

Bj(ar —aq) + By — Pray = 0,

or
_Bilon — o) +1= ﬁ
Brayj Br

The right-hand side is again not 1, since «; # . Analogously to the above
case and then using Inequality (3.2), we have that

Bilax — a;)

ﬁkOéj

|k | 1

WP n 27 o — ajl oy |yPn?FT
and thus
1
0 < [log|Bi| —log |Bkl| < ——-
n—=
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If the absolute value cancels with a sign change, then Sra; — Biar =
—2Bay. Plugging this into Siegel’s identity yields
ik —o) e Bry
26 a, 2ay, 281a
The right-hand side is not 1: On the one hand, we have that

Bray| < |yl lak — oyl o] < [yl o] |yl
and on the other hand that
[yl a] o] < |yl |y — aj] o] < [2Brak] .

Thus, the right-hand side is effectively bounded by ‘ﬂ , which in this
case is smaller than 1, even taking into account the implied constants. We
can similarly effectively bound the fractions on the left-hand side by n= 27,

from which it follows that

ay

1
0 < [log |Bk| — log |Bi] + log |a;| — log |ovk| — log 2| < ——.
n=2
The case where o, = ay, oj; = a; follows analogously. 0

LEMMA 4.3. There ezists an effectively computable constant cz3 > 0 such
that
T < c3lognloglogn.

PRrROOF. By Lemma 4.2, we have a linear form A” in logarithms of Sy, i,
o 0p,0q and 2 with coefficients in {—1,0, 1}, for which

0< A< —

nz2"

holds. We proceed analogously to the proof of Lemma 4.1 and write 8y =

+2E¢)\8 and so on. We do the same for the a, i.e., ag = AgA, = A\j7I A" We

can then write A” alternatively as a linear form in logarithms of Ag, A2, 2.
The coefficients are then linear combinations of a,b, s,t and thus effec-

tively bounded by lﬁ)gg‘i‘ + 7 by Lemma 3.9. Applying the bound for log |y|

from Lemma 4.1 gives, up to effective constants, the bound

7(logn)?(log T + log log n)
for the coefficients of the linear form. We plug this bounds, and the bound
for the logarithmic heights of Ag, A2 from equation (4.1) into Proposition 3.1
and get
Tlogn < (logn)?log((logn)?(log T + loglogn)).

If 7 <« logn, then the proposed bound holds in particular. If logn < 7
instead, then loglogn <« log7 as well and the right-hand side of the above
inequality becomes

7 < lognlog(r®log 7) < lognlogT,
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let us call the implied constant c. Now we do the same thing again with a slight
variation; it is either the case that 7 < 2clognloglogn (from which follows
the statement), or it is the case that 7 > 2clogn loglogn. But combining the
latter inequality with 7 < clognlog 7 yields

2clognloglogn < 7 <clognlogT

and thus 2loglogn < logt or logn < /7. If we go back to 7 < clognlogr
and insert the last inequality, we get 7 < ¢y/Tlog 7, and so T < c3; this again
implies the statement in particular. 0

If we use the bound 7 < c3lognloglogn and plug it into Lemma 4.1, we
get that

(4.3) log |y| < ca(logn)*(loglogn)?,
and plugging both bounds into Lemma 3.9, we get
(4.4) max {|al, |b|} < c5(logn)?(loglogn)?.

All we have left to do is to bound n by an absolute constant, which we
do in the following lemma.

LEMMA 4.4. There exists an effectively computable constant k such that
n<kK.

PROOF. We assume n > k is sufficiently large, such that the powers of
A2 do not influence the following arguments, and will derive a contradiction
to |y| > 2.

We first recall the forms of the 3;, c; in terms of Ao, Ag, i.e., B = £AENS,
B = A TPAT and By = £A;PAG, while ag = A\JTIAS T, ar = AgtAg T
and as = AA5. We differentiate the cases for j. For each j, we denote
according to equation (2.2) by «; the greater of a; and «aj in terms of
absolute value, and by o the greater of a; and «;. We start with the case
j =0 and choose (k,1) = (2,1).

The linear form A’ of equation (2.8) is

Bi

B

and we can write this as a linear form in the logarithms log [Ag| and log |\z],
whose coefficients we call £ and 7. From Lemma 4.3 and equation (4.4), we
have that ||, [n] < cs(logn)?(loglogn)?. We now show that via £ =1 = 0 the
linear form A’ vanishes and then use the information about a,b,s,t derived
from this to proof the lemma.

In a first step, we assume that the coefficient £ of log |A\g| is non-zero, and
thus |¢] > 1. We can then rewrite the linear form A’ and its upper bound in

+log‘w

g @p,2
Q.1

A =log

)

zlog‘g;‘+log o0

1
5T

[€l1og [Ao| — [n| log [Ae|| < ™27,
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or, with Corollary 3.3,
c1 . 1 1 el
logn < [¢]log|Xo| < [n] [log [al| + 7727 < n| (n + n2) +n777

But this gives a contradiction for sufficiently large n > k, since || <
cs(logn)3(loglogn)?, and thus our assumption that & # 0 was false.
Next, we do the same for the coefficient 7 of log |A2|. We assume 7 # 0

and therefore |n| > 1. Together with £ = 0 and Corollary 3.3 this gives

< Inl g el < m %
n o n

This again gives a contradiction: For sufficiently large n, the constant ¢;
from Lemma 3.5 can be chosen arbitrarily close to €. In particularly, such that
et > 2 from Condition 1.3 implies ¢;7 > 2, which makes the above inequality
contradictory for sufficiently large n.

So we have that both £ = 0 and n = 0, and in the following steps we
differentiate their exact forms depending on the cases for a2 and oy, ;.

CASE ap2 = ag,1 = ap: In this case, we have |ag| = max {|ao], |aa], |2l }.
We recall that |agaiae| = 1 and that they are all distinct, so the largest -
|ag| in this case - is strictly greater than 1. Plugging in A§~ A5 " for ap yields
s —t > 0 for sufficiently large n > & - so the logarithm of \;* does not
influence the sign of log |av|.

In the linear form A’,

0,2

Qp,1

log =0

ag
= log ‘
ag

vanishes in this case. If we substitute for 51 and 32, we get that the coefficients
of log |Ao| and log |A\z| are £ = —a + 2b and nn = —2a + b, respectively. Thus,
¢ =n =0 implies that a = b = 0.

But if we plug this into  — apy = Bo = £AZAS, and since qay is irrational,
we derive x = £1 and y = 0, which contradicts |y| > 2.

CASE ag2 = ag,ap,1 = ay: Here, the relation between the sizes of the
algebraic numbers «; is

lag| > |ag| > || and |az] > 1.
Taking the logarithm gives —s > s —t >t and —s > 0, and in particular

t < 0. If we replace log |ag 2/ 1] for

log

ZO’ = (25— ) log [ o] + (s — 2t) log Aol
1

we get

E=—-a+2b+2s—t=0
and

n=—-2a+b+s—-2t=0.
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From this we can deduce a = —t and b = —s.
Similarly as with equation (3.3) we use log|f32| and log|ag — 2| to ap-

proximate log |y|, and make an error of at most O (n’%T). Using Lemma 3.5

to bound the error going from log oy — a] to log | 2| = log |ag|, we have

Bo

14—
Ylao — az

log |y| = log | 32| — log|ag — az| + log

= log | 82| — log |ag| + O <n7%7> .

We first replace 82 and ag by the respective powers of A\g and A2 and then
substitute a and b for the derived linear combinations of s and ¢, which gives

log ly| = (=b—s+t)log | o| + (a — b+ t)log|A2| + O (Tf%lq—)

= tlog |Ao| + slog|A2| + O (n_%T) .

But in the case ag 2 = ag, 01 = o1 we have t < 0, and so log|y| is negative
for sufficiently large n > k, which contradicts |y| > 2.

CASE a2 = a2, 9,1 = a: Here the relation is

laa| > |ag] > |ea] and |ae| > 1,
from which we deduce —s < 0 in particular. If we calculate log g—g‘, we get
E=—a+2b—s+2t=0and n=—-2a+b+ s+t =0, from which a = s and
b= s —t follows.
Putting this into our approximation of log|y| by log|82| and log | 2| =
log |as| gives

log |y| = log |B2| — log || + O (n_%T)
= (=b—1t)log|Xo| + (@ —b—s)log|A| + O (n_%lT)
= —slog |log | Ao|| + (—s + t) log [X2| + O (n*%T) .

But —s < 0, so this is negative for sufficiently large n > k, which contradicts
lyl > 2.

CASE a2 = ag,0p,1 = a1: In this case, the coefficients of log || and
log|Xa] in A’ are £ = —a+ 2b+ s+t and n = —2a + b+ 2s — ¢, respectively.
¢ = n = 0 then implies that a = s —t and b = —t. But if we approximate
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log |y| again by log [B2| and log |ag 2| = log |a|, we get

log |y| = log |B2| — log |aza| + O (n*%f)

= (=b—1t)log|o| + (a —b—s)log|A2| + O (n_%7>

=0 (n*%T) ,

which is less than log 2 for sufficiently large n > k and contradicts |y| > 2.
In all cases for a2 and ap1, we have derived a contradiction of the

assumption n > k, and thus conclude our proof for the type j = 0. The proof

for the types 7 = 1 and j = 2 follows analogously. ]

By this Lemma 4.4, we have deduced an effectively computable constant
k, which depends implicitly only on € (since the constant ¢; in Lemma 3.5 does
s0), such that n < k. Plugging this into Lemma 4.3 gives a fixed upper bound
for 7, and into Inequality (4.3) a bound for log |y|, and thus also |y|. And if
everything else is bounded, so must be |z|. By abuse of notation, we shall
denote by x the bound that holds for all these parameters, thus concluding
the proof of Theorem 1.1.
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O SLUTNJI LEVESQUEA T WALDSCHMIDTA

T. HILGART I V. ZIEGLER

SAZETAK. Jednu od prvih parametarskih Thueovih jednadzbi,
|X3 — (n—1)X?Y — (n+2)XY? - V3| =1,

je rijesio E. Thomas 1990. godine. Ako ovu jednadzbu interpretiramo u
obliku norme, mozemo je zapisati kao

[Nk /@ (X —XY)| = [(X = XY) (X —MY) (X —XxY)| =1
gdje su Ao, A1, A2 korijeni definirajuceg ireducibilnog polinoma, a K odgo-
varajuce polje brojeva.
Levesque i Waldschmidt su ovu jednadzbu u obliku norme izmijenili
pomocu eksponencijalnog parametra t i gledali, izmedu ostalog, jednadzbu

|Nicj (X = 2Y)] = 1.

Oni su to efektivno rijesili i pretpostavili da uvodenje drugog eksponen-
cijalnog parametra ¢ i promatranje jednadzbe |NK/Q (X - /\gAﬁY” = 1ne
mijenja efektivnu rjesivost.

Zelimo djelomiéno potvrditi ovu tvrdnju ako je

min {|2s — ], [2¢ — 5|, |s + ]} > - max {]s], |¢]} > 2,

tj. ako se dva eksponenta gotovo ne poniste u specificnim sluc¢ajevima.



