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THE LIMITING CASE IN THE SOBOLEV EMBEDDING
THEOREM AND RADIAL-SYMMETRIC FUNCTIONS

PETER GRANDITS
TU Wien, Austria

ABSTRACT. Denoting by Br, the open ball with radius 7o, centered
at the origin, we consider the so called “limiting case” in the Sobolev em-
bedding theorem, WIiT™P (B, ) — W7 4(By,), namely the case mp = n,
1 < p < g, where the embedding for ¢ = co does not hold. We show that
in the case j = 1, contrary to the case j = 0, radial-symmetric counterex-
amples, that is radial-symmetric functions in W™m+LP (B, )\ W1 (B,,)
do not exist, if one assumes C?-regularity away from the origin. Moreover,
we characterize in dimension n = 2 the set W™m+LP (B, )\ WL (B,,),
i.e. W22(By,) \ W1>°(B;,) within a reasonable large class of functions.

1. INTRODUCTION

The famous Soboloev embedding theorem describes the continuous em-
bedding of Sobolev spaces into spaces of (Holder) continuous functions on
the one hand side, and the embedding of certain Sobolev spaces into other
Sobolev spaces with different indices, see, for example, [1], Theorem 4.12.
More precisely, we have in the latter case, if mp > n or m =n and p = 1, the
continuous embedding

Wjer,p(Q) N Wj’q(Q),

for p < ¢ < oo, where € is a domain satisfying a cone condition. Moreover,
there is the so called “limiting case”, mp = n, p > 1, where we only have
(1.1) W-Hm’p(Q) — W”(Q),
for p < ¢ < 0o, which means, for example, that functions in W™?(Q), with
mp = n, p > 1, are not necessarily bounded.
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This limiting case found some interest in the literature. For example,
Trudinger showed in [9] that W™P(Q) can be embedded in an Orlicz space
with a defining function of exponential type, see also [1], Theorem 8.27.

Moreover, both, the classical Sobolev embedding and the “Trudinger em-
bedding”, can be generalized, using more complicated spaces like Lorentz
spaces, resp. even more complicated spaces, described in [4]; see also [7].

Now, the failure of the embedding W"™P(Q) — L>(2), with mp = n,
p > 1 is illustrated by a radial symmetric function in Example 4.43 of [1].
Moreover, it is claimed that this example multiplied by the distance to the
origin r can serve as radial-symmetric counterexample for ¢ = oo in the case
j = 1in (1.1) above, see Example 4.44 there. Unfortunately, this seems
to be not correct. Roughly speaking, the reason, why it doesn’t work is
the following: the final “deciding radial integral” for membership in WP
of Example 4.43 has an integrand of the form %(—111 r)~P, such that the
radial integral in the vicinity of zero is clearly finite. On the other hand, the
corresponding integrand of Example 4.44 has the form %(ln(— In7))?, which
leads clearly to an infinite integral, see Section 2 below.

For convenience, we shall restrict our considerations to the case {1 = B,,.
Motivated by the failure of the mentioned example, one can pose the question,
whether there are radial-symmetric counterexamples in the case j = 1 at all.
It turns out that this is not the case, if we assume C?-regularity away from
the origin.

Furthermore, we can characterize the set of possible counterexamples
within a reasonable large set of functions in the two-dimensional case.

The schedule of our paper is the following. We give details to the cal-
culation of Example 4.44 of [1] in Section 2. In Section 3 we solely consider
the two-dimensional situation. In the first subsection we show that radial-
symmetric counterexamples are not possible at all (under the mentioned reg-
ularity assumption), whereas in the second one we give the characterization
of counterexamples mentioned above. Finally, we show in Section 4 that, also
for general dimension n, radial-symmetric counterexamples are not possible
for functions C? away from the origin.

It would be an interesting question, whether similar characterization as
in Subsection 3.2 can be given for general dimension n and/or values of j > 2.

2. A RADIAL-SYMMETRIC EXAMPLE

We have already mentioned Example 4.44 of [1] in the Introduction.
It is claimed in [1] that the function v(z) := |z|In(ln(4R/|z|)), with
x = (z1,22,...,2,) € R", is an element of W ?(Bg), but not an element
of Wh(Bg) = C%(Bg). Here (m — 1)p = n and p > 1 have to hold, Bg
is a ball with radius R, centered at the origin. The aim of this section is, to
show that this assertion is not true. As this example was the starting point
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for our consideration in the subsequent sections, we provide details of the
calculations.
More precisely, we claim the following.

LEMMA 2.1. Let v(z) :=r In(In(1/7)), r = /2l + 23+ +22. Then
we have for (m — 1)p = n,p > 1, that v ¢ W™P(B,,), for arbitrary small
radius Tg.

PROOF. Set © = In(In(1/r)). Leibniz’ rule implies, using the notation
k) . 0%
T ok

m
(2.1) o™ = Z (m) rF5m=k) " for 1 > 0.

Note that, if v would be an element of WP (B, ), by the definition of Sobolev
spaces, see for example [1], Definition 3.2b, its distributional derivatives up to
order m have to be in LP(B,,). Since our candidate function v is smooth away
from the origin (which has Lebesgue measure zero), the classical derivatives
of v, away from zero, would have to be in LP(B,,). Hence, we need Leibniz’
rule only for 7 # 0, and we shall prove finally, that these classical derivatives
are not in LP(B,,).
By induction one finds

(k) _ Qk(xla Z2, ... 7xn)
= 72k—1 '

where @, denotes a homogeneous polynomial of order k in z, that is Qi (Ax) =
M Qp(z), for all x € R™ and A € R. For example

Qs3(x1,22,...,2,) = —3;1:1(933 +- 4.

In Example 4.43 of [1] one finds

m—k —3

~(m— —2(m— 1 !

pim=k) — z:l Pk j(x)r 2(m—k) <ln(r)> , k<m,
iz

where the P, ; are homogeneous polynomials of degree m — k in x. Hence,
for r < rg, 79 > 0 small, we have, denoting a generic constant depending on
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m, which may vary from place to place by C,,

(2.2)
m—1 m m—1
r (k) g(m=F) (k)| |5(m—k)
()] <3 o s

3 I I (T

k=0 j=1

—1m-—1 m—k
|Qk ()| _o(m-—
) F2k—1 2m=h) Z | Prn—,5 ()
j=1

1 RS r* —2(m—k),.m—k 1 1 - 1
< Cp ( In( kz 7'2’“*17“ r =Cp | In - o

On the other hand, one has

m~  Qm(xi,22,..., 2y 1
(2.3) rmp = ( 1T27j_1 )ln In -

As @, is clearly not identically zero, we choose a vector & := (Z1,...,Tn),

such that % > ¢ > 0 holds. Here ¢ denotes some positive constant, and 7
denotes the length of the vector Z. In the following ¢ will denote some generic
positive constant, which may vary from place to place.

Since the fraction ‘Qm(mlﬁf’”"m")‘ depends only on the direction of the

vector (x1,xa,...,T,), for example,
Q3(w1,22,...,2n) | ! x3 - x2
" =BT TR
we can write |Q’"m = f(e1,e2,...,€,), where ¢; = % forall i =1,2,...,n
with a clearly continuous function f. Hence, we can find a vicinity of e :=
(é1,€2,...,€,), say U(€) of unit vectors, say €, such that we have
f(€&) >c>0,

for all € € U(e). Therefore we can find a spherical cone, say S, with center
vector Z, such that w > ¢ > 0 holds, for z € S. By a spherical cone we
understand the intersection of an infinite cone and a ball with radius rg. This

implies
1
7 In (ln ()) , x € S.
T

(2.4) ‘ (m) ‘ >
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By (2.1),(2.2),(2.4) and the triangle inequality, we get

m—1

QIS @?) (B) 5(m—)
k=0

m—1
M (k) (m—k)
k
=0
1 -t
In(=
T rm—1
( (1))
Z —
r
on S for r < rg, with small rg and a ¢ > 0.
Finally, we find

/‘v(m)‘ dx> ST(m = (m( (i)))p de p
eA (ks:*maBl)/ S <1n1<ln (i))) dr

Y

-

(2.5)

I
o
>
~
wn
D
Q
oS}
it
—
c\
S
S| =
/_\
]
N
]
RS
3
N———
N——
N———
S
[
3
|

where A denotes the surface measure, and S the infinite cone corresponding
to S. Hence, v(™) ¢ LP(B,,), and therefore v ¢ W™P(B,,). 0

3. THE TWO DIMENSIONAL CASE

In this section we shall only consider the two-dimensional case, that is
n = 2. We shall prove two results. On the one hand side, we show that
radial-symmetric functions in W™?(B,,) \ W1 (B,,), with (m — 1)p = n,
ro > 0, that is, since we have n = 2, radial-symmetric functions in W22(B,,)\
Whe°(B,,) are not possible at all, if we, motivated by the examples in [1],
assume that our functions are C* away from the origin.

On the other hand, we shall give a characterization of such functions in
a set of “well-behaved” functions.

The reader finds these results in the next two subsections, respectively.

Let us note that we shall prove in Section 4 an analogue to the result in
Section 3.1 for general dimension n. But as the proof in the two-dimensional
setting is much easier, we found it worthwhile, to present it.

3.1. Radial-symmetric examples don’t work. Let us define the set of
radial-symmetric functions by

H = {v(x1, 22)|v(21, 22) = f(r) € C%((0,70])}, 70 >0,
with r = \/2? + 23, as usual. Then we have the following statement.
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ProproSITION 3.1. For n =2, one has
W2(B,,) NH C Wh*°(B,,,) N H.

PROOF. Let v(z1,22) = f(r) € W*%(B,,) N ‘H. We have to show that
v e WHe(B,,), that is f' € L°((0,r9)).
A simple calculation gives for the partial derivatives

Vgy :f/( )7_ f( )COS( )
as well as
vers = 1) e0s?(9) + T sin (),

Using our assumption that v € W2?2(B,,), one finds for arbitrary 1, l5, with
0 <y <l <rg, and some positive finite C'

C’>/ 02 4, day dzs
Bi,\Biy

27 lo / r 2
- / d¢ [ drr (f”(r)2 cos* () + ! 7{2) sin?(¢)
0 I
+72f’(rif”(r) sin?(¢) cos2(¢))
_ 3w [ f’( 2 20"
T4 I drr (f (r ) 3r )
3 g £ )
=7 A drr ( drr "

lo " T
> —7r/ dT’I"M = — (f (12) - f/(ll)z)-

I T 2

Note that we have used the absolute continuity of the function f’ in the last
step, which we shall show in Remark 4.2 of Section 4, for general n.
As I and Iy are arbitrary, this proves the proposition. 0

3.2. Characterization of functions in W22(B,,) \ W1*°(B,,). We have
seen that radial-symmetric functions in G := W22(B,,) \ W%*(B,,) do not
exist, under the regularity assumption that we are considering only functions,
which are C? away from the origin. In this section we shall show that, within
a certain class of “well-behaved” functions, we can characterize functions in
G very precisely. We look for functions V with an isolated singularity of
VV, situated at the origin, and which are C? elsewhere (as we have assumed
already in Section 3.1). Moreover, we assume here that V' can be written
as a product of a regularly varying function, a product of a power and a
slowly varying function (like logarithms, iterated logarithms and powers of
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logarithms) in the radius 7 and a C2-function in the angle ¢. Without loss of
generality we assume also V(0) = 0. More precisely, we consider

(3.1) M ={V(r,¢)[V(r,¢) = f(r)2(¢), [" € R([0,70]) N C((0,70]),
' [F/(04)] = 00, f(0) = 0,® € C*[0,27]},

where R are the regularly varying functions, which we define now (for more

information on these kind of functions, see for example [3]).

DEFINITION 3.2. A positive or negative measurable function L(r) on [0, 7]
1s called slowly varying, if we have

lin% L(Ar)/L(r) =1, for all x> 0.
r—

We write L € L.
Furthermore, we call a function f(r) of regular variation, if we can rep-

resent it as f(r) = rPL(r), for some p # 0 and some slowly varying function
L(r).

Note that we allow also negative slowly varying functions, hence negative
regularly varying function. This is to avoid cumbersome notation as +L.
Negative representatives of these classes can therefore written as a standard
representative times (—1).

Our next theorem shows that for functions in G N M, the function ®
has to be a linear combination of the cos and the sin function, whereas the
slowly varying ingredient of f” has to fulfill a certain equality and a certain
inequality. We have the following result.

THEOREM 3.3.

GNM=K,
with
L
K= V(- 9)IV = F(r)2(6), 8(0) = Acos(9) + Bsin(g), /() = 2},
where L is a slowly varying function in C((0,r0]), fulfilling 07“0 Lgr) dr‘ —

2
and foro LT(T) dr < 0o, whereas A and B are real constants.

PRrROOF. Let V(r,¢) = f(r)®(¢) € G N M. By definition of the set M,
we conclude that f” is a regularly varying function, hence, it can be written
as f(r) = LT(: ), for some slowly varying function L and some real constant
.

L(r)

CASE I: @« =1, that is f"(r) =

, for some slowly varying function L.
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A lengthy but elementary calculation provides

fe,

fo,

Vo (1, ¢) = cos? ¢ Vyp + —— sz ¢ Vo — sin 2¢ Vi sin® ¢ Vi 4 511;22(;5 v
Vyy(r,¢) =sin® ¢V, + —5— cos” ¢ Vs + sin 2¢ Vg + Cof ’ Vi — 8122%5 Vs,
2Viy(r,¢) =sin2¢ V,, — sin 2¢ Voo + : CO: L Vig — Sinr% Ve — 2Ci2 20 Vv

or, using the fact that V € M,
Viw (1, ¢) = cos® ¢ f/'® + —— sin’ ¢ fo" — Sm2¢ 7o+ sin” ¢ P+ sm2¢
V(i) = sin? 6 £ + ¢ e Sm?‘i’ fra s S oy o sf%
W,y (r, ¢) = sin2¢ f"'® — sin 2¢ e 2005 2c0s2¢ o M o
20082, ' r
’f'

L(f“)

Integrating f"(r) =
f/(TO)a

, we find for 0 < r < rg, using the notation C; :=

flir)y=0C1 — /TO @ ds =: Cy — L(r),
f(r)y=_Cir — /OT L(s)ds =: Cyr — rL(r),

where we have employed f(0) = 0. Plugging this into the formulas for the
second order derivatives above, gives, after some calculations,
(3.2)

Vou(r, ¢) = LY) (cos2 6 @) + Lff) (—sin? ¢ " — sin2¢ @)

+ iir) (sin2¢ & — sin® ¢ B) + (’; (sin? ¢ " + sin? ¢ B)
Viy(r. ¢) = Lff) (sin® ¢ @) + iff) (—cos® ¢ " + sin 2¢ @)

+@( sin2¢ ' — cos® ¢ @) + G (cos ¢ ®" + cos® ¢ )

2Vay(r, ¢) = @ (sin2¢ @) + (sin2¢ " + 2 cos2¢ ')

L
20 (Cae0s20 0 4 sin20 @) + L (—sin20 87 — sin26)
r T

o)
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Now we want to express the fact that V' ¢ W1 in terms of the slowly varying
functions L and L. For the gradient of V we find
(3.3)
—_— cos pf'® — 2 fp! cos p(Cy — L)® — sin ¢(Cy — L)®’
- (sin Of D + °°j¢’f<1>/> B <sin $(Cy — L)® + cos p(Cy — ﬁ)@/)'

Now,

— cos pL® + sin pL&’

VV ¢ L* & - N
£ ( sin pL® — cos p L’

)ere
or using the Euclidean norm of the vector above
VV ¢ L™ & [2®2 + [ (@) ¢ L™.

Now, since L and hence f/, as well as ﬁ, are continuous away from the origin,
the above condition is equivalent to L2(0+)®2 4+ L2(0+)(®')% ¢ L™, with
L(04) = lim,_,0 L(r). As ® € C?([0,27]) and non trivial, either |L(0+)| or
|L(0+)| has to be equal to infinity, which is the same as L?(0+)+L?(0+) = oo,
and we end up with

(3.4) V¢wh® o [2 412 ¢ L™

Next, we analyse the asymptotic behaviour of the involved slowly varying
functions L, L, L: Since L is slowly varying, we conclude by [3], formula (1.5.8)
that L, defined by L(r) = [ L(s) gs, is also slowly varying and satisfies

T S

(3.5) lim

r—0

Note that the result is formulated there for the limit » — oo, but a simple
inversion of the independent variable reveals, that it holds for » — 0 too.
Moreover, Karamatas theorem gives that L, defined by

L(r) = i/ori(s) ds,
fulfills
(3.6) tim 0 _ .
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We rearrange now V, from (3.2) to get

Vﬂb(ra ¢)
= @ (—sin® ¢ ®” —sin2¢ @') + Lir) (sin2¢ @ — sin® ¢ @)
- (sinzga’ —sin? 60) + X (5o 0’ —sin? 6 ) + o 1)
L(r) L(r)

== (—sin® ¢(®” + D)) + of ),

where we have used (3.4)-(3.6). Hence, necessary for [, V2 drdy < oo is,
70
?"(¢) + ®(¢) = 0, or

r

(3.7) ®(¢p) = Acos ¢ + Bsin ¢,
for some real constants A and B. This implies
L L(r) - L
(3.8) Viu(r,¢) = L) (cos® ¢ @) + Lr) = L) (—sin®¢ @ —sin2¢ @').
r T

Our next step is, to determine the asymptotic behaviour of f/(r) — f/(r)
Integration by parts yields

L(r) = 71“/(: L(s)ds = % (]z(r)r - /OT L'(s)s ds> = L(r) — 71"/(; L'(s)sds.
This provides
L)1) =1 [P =1 [s (-2 ) as= -1 [ads~ 200,

where the last asymptotic relation holds for » — 0, and is true by Kara-

matas Theorem. As the ¢-dependent coefficient functions of @
L(r)—L(r)

, respectively

are obviously linear independent, we get as necessary and sufficient
condition for [, V72 dxdy < oo the validity of (3.7) and
0

(3.9) /07“0 Loy dr < 0.

r

Because of (3.6), (3.4) is equivalent to |L(04)| = oo, which by definition of L
is equivalent to
T0 L
/ —(T) dr‘ = 00.
0 r

(3.7),(3.9) and (3.10) prove the Theorem in Case I, since the argument for
Vyy and 2V, works out in an identical way.

Casg Il « € (1,2), that is f'(r) = Lfl), for some slowly varying function

(3.10)

L.
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Karamatas theorem gives

I Cifa)

r ro L(r),
fr) CQ(O‘)L(T)

for r — 0, with known constants C;, depending on «.. Using the expressions for
the second order derivatives above, gives, after some elementary calculations,

AV ~ LT(:) {Z_i“ oz 1)1<a—2>q)/1}'

If we want the Laplacean of V' to be square integrable, the curly bracket has
to be identically zero, which gives

(3.11) "+ (2—a)?® =0,
or
(3.12) O(¢p) = Acos (2 — )¢ + Bsin (2 — )¢,

for some real constants A and B.
For 2V, we get analogously

L(r) a . 2 , 1
2 ~ (0] 2 —® 2 _
Voy ~ ~a {a—l SIn2¢ ATy P OS2 TR T

Again, the curly bracket has to vanish identically, and one shows, using (3.11),
that this is equivalent to (2 — a)® + cot 2¢0®’ = 0. Solving this ODE, gives

®(¢) = C(cos 29) >~ /2,

®" sin 2¢} .

with some constant C', obviously contradicting (3.12). Hence, Case II is im-
possible.
CasE III: a = 2, that is f"(r) = Lr(;'), for some slowly varying function

L.

We have the following expression for the Laplace operator AV =
1@ (8) + L0 (g) + LDa7(g). As f7(r) = HE, we have by Kara-
matas theorem f/(r) = —@, with L(r) ~ L(r), for » — 0. Moreover,
flro) = f(r)y=—=[" L) g5 holds. Hence, we can conclude, as for (3.5), that

S

lim, 0 |f(7)/L(r)| = oo holds. Finally, we find

o L2 1O L O]
r=0 | f'(r)/r| r=0|rf/(r)]  r=0]|L(r) 7
as well as
tim | 20| _ i |0V
r—0 f”('r) r—0 L(’I’)/TQ
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The last two relations imply

f @//

rz

AV ~

which gives easily that AV is not square integrable. Therefore, Case III is
impossible too.
CASE IV: a > 2, that is f"(r) = L) for some slowly varying function

roa

L.
Here we have

2

TV = (7P 4 Ty s (e

which shows V' ¢ W12 hence V ¢ W22, Case IV is not possible too.

CASE V: a < 1, that is f"(r) = LT(Z:), for some slowly varying function L.

This gives immediately that VV € L% (B,,) holds. Summing up, the
only interesting case is case I, which we have handled above.

Up to now we have proved that the functions in K are exactly those,
fulfilling the proper integrability conditions. Finally, it remains to show that
the classical derivatives, which exist away from the origin, are the correct
distributional derivatives (see [1], Definition 3.2b). This means, that we have
to show, see for example [8], 6.13 (2),

(3.13) /‘WMW@ZFW/ V pus da dy,
Bry By,

for all p € C§°(B,,), the other second derivatives working out analogously.
Hence, we have to show

lim Viezpdxdy = / Vpuz dx dy,

0 B(rg,0) Bry

where B, ¢y := By, \ Bc holds. We use now the divergence theorem, see for
example [5], chapter 0, equation (1.1),

/divﬁ:/ FidsS,
Q o0

with Q = B¢, F = (pVe,0) and 7 denoting the exterior normal unit
vector to the boundary 0€). This gives

lim Vizpdrdy = — lim Vips dr dy 4+ lim / pVenidS,
e—0+ B(ro,e) e—0+ B(ro,e) e—0 90

where n; denotes the first component of the vector 77. Using on the one hand
side the explicit form of V., given in (3.3), and on the other hand side that
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p € C§°(By,) holds, shows that the last limit vanishes. Indeed,

/ pVany dS‘ S/ |men1|dS+/ |pVxn1|dS:/ |pVini| dS
o0 9By, 9B, 9B.

<lolle= [ (Dy+ Dalll+ DalL]) as
OB

= lIpllz (D1 + DalL(e)] + DslL(e)]) Ale),

where the D; depend on the constant C; of (3.3) and the Cl-norm of ®, and
A denotes the surface measure of dB,. As A(e) = 2err, and L(e), respectively
I:(e), are slowly varying, which means that they grow slower than any power,
the last expression tends to zero for e — 0+.

This provides

lim Viezpdrdy = — lim Veps dx dy.
e—0+ B(ro,e) re e—0+ B(ro,e) rhe

Using the divergence theorem once again, shows

lim Vizpdrdy = lim Vppe dxdy = / V pzo dx dy,
o0+ B(’“()vf) =0+ B(To:‘») B"O
concluding our proof. ]

We construct now an example of a function in W22(B,,) \ W1*°(B,,).

EXAMPLE 3.4. We set in Theorem 3.3, B=0, A=1, L(r) =1/(—1nr)
and rg = 1/2, that is f”(r) = m Integrating twice and using f(0) = 0,
provides

f(r)y=Dr+rln(—Inr) + Ei;(—Ilnr),
for some constant D, and FEi; denoting the exponential integral, defined by
Eiy(z) = [° e;:z dk, see, for example, [2]. Hence,

=N
V(r,¢) =cos¢ (Dr 4+ rin(—Inr) + Ei;(—Ilnr)).

4. THE n— DIMENSIONAL CASE

In this section we show an analogue to Proposition 3.1 in n dimensions,
that is, we claim, using

H = {V(xy,m2,...,2,)|V(21,22,...,7,) = f(r) € C*((0,70])}
THEOREM 4.1. For (m — 1)p = n, we have
W™P(B,,)NH C Wh(B,,) NH.

PROOF. CASE 1: m=2,p =n.
We start the proof in this case with the following remark.
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FIGURE 1. a spherical cone in 3 dimensions with central vec-
tor (1,0,0)

REMARK 4.2. For a function V € W2P(B,,), one has VV € WP(B,,).
Hence, if V is radial-symmetric, one has f/(r)% € W'P(B,,) for all i =
1,2,...,n, hence f'(r) € WHP([l1,15]), or f'(r)P € Whi([l1,13]) for arbitrary
0<ly <y <rg.

We can now apply [10], Theorem 2.1.4, to get an absolutely continuous
version of f'(r) on [l1,ls], which we shall use in the sequel.

Let V(21,22,...,%,) € W™ (B,,) N ‘H and we continue with the calcu-
lation of
2 U =2 !
Ve = 702 + LOT . pracost o+ L ginz g,
r ror r
where we have used 72 := 22 + - -- + 2.

Consider now (n+1) disjunct, congruent, truncated n—dimensional spher-
ical cones S;,i = 1,2,...,n+ 1. By a truncated spherical cone we mean the
difference of two spherical cones, with identical central vector and radius s,
resp. l1, with 0 < [; < Iy < rg. Moreover, we denote the first component
of the unit central vectors by 0 < apy1 < ap < -+ < a; < 1. Finally, we
denote the surface measure of the spherical part of our spherical cones with
radius equal to one, by 6"~!, where & is small. More precisely: Let S; be
the spherical cone with radius equal to one, corresponding to S;. § is a small
quantity, chosen in a way such that the surface measure of the spherical part
of S’i, that is S; N By =: F;, is equal to 6"~ '. The reader finds a picture of a
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spherical cone in 3 dimensions with central vector (1,0,0) in Figure 1 above
(a truncated spherical cone being just the difference of 2 such objects with
identical central vector). Moreover, we provide in Figure 2 below a plot of the
set Fy, for the same central vector. Note that we have used [6] to generate
the figures. Let C' > 0 be some positive constant. Then we calculate, using
the well known volume element in spherical coordinates,

C > / Vo, |" dxy - - dayy > / Vi dxy - - day,
Si

i

2
= / ol dr/ Sin" "2 by sin" "> g - - - sin @y

L Pi
! r n
(f”(r) cos? ¢y + fir) sin? (151) dor -+ -dep_1 > —C,

T
where ¢,_1 € [0,27], and ¢; € [0,7], e = 1,...,n — 2 holds, and p; denotes
the area, where the angles vary to produce the sets F;, defined above. We
give a description of the set p; in spherical coordinates in 3 dimensions in the
remark after the proof, assuming that the central vector is given by (1,0,0)
as above.

Now, the last but one term in the previous chain of inequalities, can be

written as

(4.1) snt 2": : drr™! (n) f”(r)kck7]“(74)7171C sTR = 0 (0).

i n—k %
k=0"h k "

Indeed, we have

2
/ 1 dr/ Sin" "2 ¢y sin" " g - - Sin @y,

1 pi
(f”(r) cos” ¢y + @ sin” ¢1) ’ doy -+ dpn—

n lo
= Z/ ot dr/ sin" "2 ¢y - sin gy o (Z) "(r)F cos® ¢

k=0 l Pi

7y

Tnfk

ol wewd ) F
:Z/l r 1<Z)f (r)* rZ—k dr

k=0v"1

sin2(n—Fk) 1 ddy - dp_q

/ SIn™ "2 ¢y - - sin B cos?F ¢y sin®"H) @y dopy - - dp—

n Lo / n—
_ Z/ 7ﬂnfl <Z)f//(r)kf’£z)_k kci?s?_k dr
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/ Sinn_Q ¢1 -sin ¢n—2 d¢1 e d¢n—1

—Z/l2 () L g,

where we have used in the last but one equality the mean value theorem. Since
the cones become narrower and narrower with decreasing d, ¢; converges for
§ — 0 to a? =: b; € [0,1], which was defined above. Analogously, s; —
1 —a? =1—b; holds, for § — 0.

Moreover, we have

uniformly in ¢ and the [;. Now, (4.1) can be written as

" Xi(0) .
(4.2) 2:() :l%%zéilz:L“wn+L

k=0

with v, = fllf rE=L " (r)E f'(r)"~* dr. So this is a linear system for the 74,
with a coefficient matrix, which converges for 6 — 0 to

(1 — bl)”{g) bH(1 — bl)"—lé’;) e (L= by)° EZ%
bo(l—bg)" ) L1 — b)) 1(7) - BB (1—b2) i
bn+1(1 - bn+1) (8) b111+1(1 - bn+1)n71(71l) T bn+1(]‘ - an) (2)

Elementary linear algebra shows that the determinant of this matrix is given
by

1 by - b?
I R
1 bupr - by,

with D,, := (3) (") -+ (). Now, the last determinant is the Van der Monde
determinant, which is well known. Summarizing, we get as value for the
determinant of our coefficient matrix D, IT1<;<j<nt1(b; — b;) # 0.

Hence, for ¢ sufficiently small, say equal to dg, the determinant is still
different from zero. So we can solve our system and get a finite solution for
our 7, in particular we get, uniformly in the I;, |y1| < C, for some generic
positive constant C(depending on dy), that is

la
£

l1

<C,

uniformly in the [;. By Remark 4.2, f is absolutely continuous, hence, we get

[(F)"(U2) = (f)" ()] < C,
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0.5

y

FIGURE 2. a plot of the set F; (white color), for the central
vector (1,0,0).

for arbitrary ;. We conclude VV € L*(B,.,), hence V€ W1°°(B,, ), finishing
our proof for case 1.

CASE 2 - the general case: (m —1)p =n,m > 2.

We apply [1], Theorem 4.12, Case C, (4): This yields, denoting the values
there by j4, and so on, and setting j* =m — 1,m* = 1,p* = p,

W™P(B,,) C W™ =555 (B, ).

One easily calculates that (m — 2)p* = n holds, such that the new indices
(m—1,p*) also satisfy the defining relation for the critical case. By induction
one gets

W™P(B,,) C W27n(Bro)-
This finally shows
W™P(B,,)NH C W*™(B,,) "H C W-(B,,)NH,

where the latter inclusion holds by Case 1, concluding our proof. O

REMARK 4.3. As announced above, we provide here a description of the
set p; in 3 dimensions for the central vector (1,0,0) in polar coordinates,
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which are defined as
r1 = 1 COS ¢1,
To = 7 Sin ¢ COS P,
T3 = 78in ¢1 sin ¢o,

where ¢; € [0,7] and ¢ € [0,27] hold. The set p; is defined as p;
{(¢1,¢2)|$1 € [0,v], P2 € [0, 27|}, for a small quantity .

Finally, the connection between v, defined here, and ¢, defined in the

proof above, can easily be calculated, using the equation

v 2m
/ / sin d)l dqbldqbg = (52,
0 0

providing § = /27(1 — cosv) ~ /7, where the last asymptotics holds for

v — 0+.
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GRANICNI SLUCAJ U SOBOLJEVLJEVOM TEOREMU O
ULAGANJU I RADIJALNO-SIMETRICNE FUNKCIJE

P. GRANDITS

SAZETAK. Oznacimo li s B, otvorenu kuglu s radijusom 7¢, centriranu
u ishodistu, u ovom radu razmatramo tzv. “grani¢ni slucaj” u Sobol-
jevovom teoremu o ulaganju, WIit™P(B,,) — W39(B,,), to jest slucaj
kada je mp = n, 1 < p < ¢, a u kojem za ¢ = oo ulaganje ne vri-
jedi. Pokazujemo da u sluc¢aju j = 1, za razliku od slucaja j = 0, ne
postoje radijalno-simetri¢ni kontraprimjeri, to jest ne postoje radijalno-
simetriéne funkcije u W™+1.P(B, )\ W1>°(B,,) ako se pretpostavi C?-
glatkoda izvan ishodista. Stovise, u dimenziji n = 2 karakteriziramo skup
WmtLp(B )\ W1 (By,), tj. W22(By,)\ W1 (By,) unutar razmjerno
giroke klase funkcija.



