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SPHERICAL GENERALIZED HELICES IN 3-DIMENSIONAL
LORENTZ-MINKOWSKI SPACE
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University of Zagreb and University of Osijek, Croatia

ABSTRACT. In this paper we analyze generalized helices lying on
the non-degenerated quadric surfaces in 3-dimensional Lorentz-Minkowski
space, i.e. on a pseudosphere and in a hyperbolic plane. We provide their
characterizations in terms of curvature and torsion and analyze their pro-
jections onto planes orthogonal to their axes. We show that these pro-
jections appear as Fuclidean or Lorentzian cycloidal curves, so we also
introduce natural equations and parametrizations of Lorentzian cycloidal
curves.

1. INTRODUCTION

A curve of a constant slope or generalized helix is a space curve whose
tangent vectors make a constant angle with a fixed straight line, called the
axis of a generalized helix. In 1802 Lancret stated, and in 1845 de Saint
Venant first proved that these curves are characterized by the constant ratio
of its torsion to curvature. Thus, generalized helices are well known in classical
differential geometry and it is noteworthy to study them with some additional
property, such as lying on a quadratic surface. Since quadratic surfaces can be
considered as spheres in a new ambient geometry, this analysis can be carried
out as the analysis of spherical generalized helices. In particular, curves lying
on non-degenerated quadratic surfaces can be regarded as spherical curves in
either Euclidean or Lorentz-Minkowski geometry. This new ambient geometry,
whether with positive definite, indefinite or degenerate metric, can be obtained
by endowing a 3-dimensional affine space with a new metric in the sense of
Cayley-Klein geometries.
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In this paper we discuss spherical generalized helices in 3-dimensional
Lorentz-Minkowski space and their several properties — their characterization
in terms of curvature and torsion (see Theorems 4.3 and 4.4), their plane
projections and their natural equations. In Euclidean space, the orthogonal
projection of a spherical generalized helix onto a plane normal to its axis is an
epicycloid, [7]. This property is quite disregarded despite the fact that epicy-
cloids, among other cycloidal curves, are widespread in physics (e.g. [2, 8, 10]),
as well as in robotics (e.g. [12, 20]). Therefore, we were motivated to analyze
Lorentzian analogues of the property, which is a much richer due to the various
types of induced plane geometries. In Lorentz-Minkowski space the induced
plane metric can be either positive definite, indefinite or isotropic and appears
in spacelike, timelike or lightlike planes respectively. The paper is organized
as follows. First, we summarize conditions that characterize spherical curves
in Lorentz-Minkowski space R}. Spherical curves in Lorentz-Minkowski space
are those lying on a pseudosphere (Lorentzian spherical curves) or in a hy-
perbolic plane. In terms of their curvatures, results on spherical curves in
3-dimensional Lorentz-Minkowski space can be found in e.g. [16, 17, 18, 19].

Furthermore, we analyze spherical generalized helices in R and their
planar projections in the direction of their axis. In Lorentz-Minkowski space,
generalized helices are studied in e.g. [13], where their analogous characteri-
zation to the Euclidean counterparts is presented. Null helices are studied in
[9]. Spherical generalized helices have many other properties, e.g. they appear
as the tangent and binormal indicatrices of slant helices in Euclidean, [11], as
well as in Minkowski space, [1]. A slant helix is a curve whose normal lines
make a constant angle with a fixed direction. The tangent indicatrix of a
curve of constant precession is also a spherical helix [15].

Projections of spherical generalized helices in 3-dimensional Lorentz-
Minkowski space onto planes orthogonal to their axis were studied in the
fourth section. It is shown that in the case when the axis is a timelike vec-
tor, the projection can be a Fuclidean hypocycloid or Euclidean hyper- or
paracycloid, depending on a causal character of a curve and the belonging
sphere, while in the case when the axis is a spacelike vector, the projection
can be Lorentzian hyper- or paracycloid or epi- or hypocycloid, depending
on the same factors; see Theorems 5.1 and 5.2. Furthermore, the Lorentzian
counterparts of cycloidal curves were analyzed in greater detail in the fourth
section. The canonical examples of the planar projections of spherical gener-
alized helices are given in Tables 5 and 6.

2. PRELIMINARIES

Let R$ be Lorentz-Minkowski space, that is, the vector space R? equipped
with the indefinite symmetric bilinear form (a pseudoinner product)

Ty =2T1Y1 + T2Y2 — T3Ys3.



SPHERICAL GENERALIZED HELICES IN LORENTZ-MINKOWSKI 3-SPACE 149

A vector x in the Lorentz-Minkowski 3-space is called spacelike if -z > 0 or
x = 0, timelike if -z < 0 and lightlike if z-2 = 0 and « # 0. The pseudonorm
of a vector x is defined as the real number

(2.1) ]| = /[ - | = 0.

In the following text we will abbreviate by 22 = x - z.
The Lorentzian cross-product of vectors x,y is defined by

(2.2) zxy=J(xcy),
where on the right-hand side, x. denotes the Euclidean cross product and
1 0 O
J=10 1 0
00 -1

In R$ the following quadrics are introduced

Sip.r)={a€R:(¢—p) - (a—p)=r"},

H2(p,r) ={g €R}: (¢ —p)- (¢ —p) = —r"}.
We will consider these sets as counterparts of spheres in the Lorentz-
Minkowski space R}. The set S%(p,r) is called the Lorentzian sphere or
a pseudosphere with center p and radius r > 0, the set H?(p,r) a hyper-
bolic plane with center p and radius r > 0. For the unit spheres we put
S? = §%(0,1), H? = H?(0,1). The set S?(p,r) inherits a pseudo-Riemannian
metric of index 1 from the ambient R} (a pseudo-Euclidean space), H?(p, )
a Riemannian metric (and it appears as the model for the hyperbolic plane,
therefore the name).

Angle between two non-null vectors is introduced as follows in the Table
1.

TABLE 1. Angle between vectors in R}

x and y are timelike | z and y are different | z and y are spacelike and span
causal character a spacelike (timelike) plane
zy : |z -yl Ty |z -yl
coshp = ———s sinh ¢ = cosp = cosh p =
BNz ENE EI ENEL

The local theory of curves in Lorentz-Minkowski space can be found in
e.g. [13]. The curvature x and torsion 7 of a curve are given by formulas

e x &) det(¢, &, &)
= T =

3 . .2
€l llex €l

where the norm is given by (2.1) and the cross-product by (2.2).
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For a unit speed curve ¢ whose vector fields T, N, B are all non-null, Frenet
formulas are of the form, see [13],

T 0 K 0 T
N' | = | —eek 0 T N |,
B’ 0 —€1657 O B

where eg = T? = +1,¢; = N2 = £1,e5 = B2 = 41 and €perea = —1. For a
spacelike curve ¢ whose vector fields N and B are null (then c¢ is the so-called
pseudonull curve), Frenet formulas are of the form, see [13],

T 0 O T
N =] o0 r o0 N |,
B’ -k 0 -7 B

where k = 0 when c is a line or kK = 1, otherwise. The principal normal vector
field is the null N = ¢”, whereas the binormal vector field B is defined as
the null vector field orthogonal to T, satisfying N - B = 1. Pseudotorsion T is
given by 7 = N’ - B.

3. SPHERICAL CURVES

A pseudosphere S?(p,7) is a (Euclidean) rotational hyperboloid of one
sheet with the axis x3. A curve c(t) lying on it satisfies (c(t) — p)? = r%.
Therefore, a vector ¢(t) — p is always spacelike and orthogonal vectors can
either be timelike, spacelike or lightlike. Such curves can be characterized in
terms of their torsion 7 and radius of a curvature p := 1/x.

In [16, 17, 18] the following theorem is shown.

THEOREM 3.1. A curve ¢ lies on a pseudosphere S2(p,r) with r > 0 and
centered at p when

1. when c is a timelike curve if and only if

(3.1) P’ + () = r?r2

/

li
In particular, when T # 0, (3.1) is written as pT + (p—) =0;
T

2. when ¢ is a spacelike curve
(a) with T' spacelike (e = 1) or timelike (e = —1), if and only if
(3.2) p°1? — (p))? = er’r?.
/N7
In particular, when T # 0, (3.2) is written as pT — (p—> =0;
T
(b) with T" lightlike if and only if ¢ is a circle in a lightlike plane
(a Euclidean parabola with the axis parallel to the lightlike direc-
tion);
3. when c is a lightlike curve if and only if ¢ is a generator line of a ruled
surface S3(p, 7).
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Note that at every point of S?(p,r), there exists two null lines contained
in S?(p,r), [9], which corrects the claim stated in [18] that there are no null
(lightlike) curves lying on the Lorentzian sphere.

REMARK 3.2. A curve in the statement 2(b) of Theorem 3.1 is a
pseudonull curve. It is known that such curves are planar, contained within a
lightlike plane, [3, 6]. Therefore, if a pseudo-null curve ¢ also lies on S?(p, ),
it is a Euclidean parabola with the lightlike axis (see Fig. 1, left).

A hyperbolic plane H?(p, r) is a (Euclidean) rotational hyperboloid of two
sheets with the axis x3. A curve c(t) lying on it satisfies (c(t) — p)? = —rZ%.
Therefore, a vector ¢(t) — p is always timelike and the orthogonal vectors can
only be spacelike. Analogously as in the previous situation the following result
can be shown (see [19]).

THEOREM 3.3. A spacelike curve c lies on H?(p,r) with r > 0 and centered
at p when:

1. T’ spacelike (e = 1) or timelike (e = —1), if and only if
(3.3) P’ — (p))? = —er?r.

/

i
In particular, when T # 0, (3.8) is written as pT — (p—) =0;
T
2. T" lightlike if and only if ¢ is a circle in a lightlike plane a Euclidean

parabola with the axis parallel to the lightlike direction (see Fig. 1,
right).

FIGURE 1. A circle in a lightlike plane (a Euclidean parabola
with the axis parallel to the lightlike direction) on a pseudo-
sphere S?(p, r) and in a hyperbolic plane H?(p, )

4. SPHERICAL GENERALIZED HELICES

A generalized helix is a regular unit speed curve defined by the property
that its tangent vectors have constant pseudoinner product with constant
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vector u € R3, u # 0. A line with the direction u is called the axis of a helix.
We denote o := T - u = const. For a spacelike or a timelike generalized helix
the following holds

(4.1) T = const = A,
K

and conversely, for a curve ¢ with non-lightlike normal vectors (Frenet curves,
[13]). Furthermore, the relation between constants A and « is presented in
the Table 2. The proof is analogous to the Euclidean case, where A = cot ¢
and a = cos .

TABLE 2. Constant A = 7/ for a generalized helix

T and w are timelike | 7" and u are different | 7" and u are spacelike and span
causal character a spacelike (timelike) plane

A = coth ¢ where A = tanh ¢ where A =cotyp (A= cothyp) where

a = —cosh a = |sinh ¢ a=cosp (a=|coshy|)

Let u be a unit spacelike or timelike vector, 6 = u - u = +1. Let ¢ be the
projection of ¢ on a plane orthogonal to u, that is

(4.2) é¢=c—0(c-u)u.

THEOREM 4.1. Let ¢ be a unit speed generalized helix with respect to a
unit spacelike or timelike vector uw. Then ¢ is:

1. spacelike if T and u are both timelike, T is spacelike and u timelike, or
T and u are both spacelike and span a spacelike plane,

2. timelike if T is timelike and u spacelike, or T and u are both spacelike
and span a timelike plane.

The curve ¢ has a constant speed, and the curvature of ¢ and of ¢ are related
by
(4.3) RA(T? — 6a*)? = k2.

PROOF. Statements concerning a causal character of the curve ¢ follow
from the analysis of the speed of a curve, (¢')? = T2 — §a?, and the fact that
the constant a can be related to the angle between the Frenet curve ¢ and wu,
see Table 1. Expressions for (¢)? are given in the Table 3.

We prove the relation (4.3). Let s be the arc length parameter of ¢ and §
of ¢. Differentiating (4.2) with respect to s yields

~ds

(4.4) T£ =T —-46T uwu
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what gives

(4.5) H H = H H = VIT? = 5a2| = const.

which implies that ¢ is of constant speed. Now, from the definition of a
generalized helix we have N - u = 0 and differentiating (4.4) again, we get
k(s)N(s) = %(5)]\7(5)(%)27 where & is the curvature of & Therefore, N, N
are of the same causal character, and formula (4.3) follows (see [14]). 0

TABLE 3. Causal character of ¢ depending on causal charac-
ter of T' and u

T and u are timelike (&) = sinh® ¢
T is spacelike and u is timelike (&) = cosh? ¢ ¢ is spacelike

T and u are spacelike and span a spacelike plane | (&')% = sin? ¢

T is timelike and u is spacelike (&)2 = —cosh? & is timelike

T and w are spacelike and span a timelike plane | (&)% = —sinh®¢

REMARK 4.2. From the previous theorems we excluded the cases when
either a curve c or a vector u is lightlike. The lightlike (null) generalized helix
(parametrized by the pseudoarc length) is characterized by a constant pseudo-
torsion (lightlike curvature), [9, 13], and it is congruent to one of the following,
c(s) = (% cos(as), L sin(as), £), ¢(s) = ( — £, 5 cosh(as), 25 sinh(as)) or to
so called null cubics ¢(s) = (—3 — £,%,% + £). Their axes are timelike,
spacelike and lightlike, respectively. None of them are spherical in Lorentz-
Minkowski space.

Next, in the case when a projection plane is lightlike, i.e. when a vector u,
the orthogonal projection of ¢ is given by ¢ = ¢+ (¢~ u)v, where v is a lightlike
direction such that w-v = —1, [4]. Differentiation yields T% =T+ av,
T (%)2 = T’, hence T’,T' are of the same causal character. Furthermore,
since T-u =0, T -u = 0, vectors T and T” are either lightlike or spacelike.
If both 7" and 7" are lightlike then ¢ is a spacelike generalized helix with
lightlike normal. It is spherical if and only if it is a Euclidean parabola in a
lightlike plane. If both T’ and T" are spacelike, then T and T are lightlike, i.e.
¢ is a lightlike (null) generalized helix, which is never spherical, as discussed
before.
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4.1. Generalized helices on a pseudosphere S?(p,r).

THEOREM 4.3. Let ¢ be a unit-speed generalized helix with respect to a
unit vector u that lies on a pseudo-sphere S2(p,r) and let & be a projection of
¢ on the plane orthogonal to u.

1. If ¢ is a timelike curve, then the curvature and the torsion of ¢ are

given by
1 A?

2 —
2 _ A2g2’ | (s) = 2 _ A2g2°

The radius of curvature p(3) = 1/k(8) of ¢ satisfies

K2(s) =

2 =2
S pe
(4.6) o + ohe 1,
2 2
where a? = 29 |1:{26a L b2 = r2(1 + 6a?)?;
2. if ¢ is a spacelike curve, then its curvature and the torsion are given
by
1 A?

2 _ 2 —
w(s) = er? + A2s27 (s) = er? + A252’
where e = N? = £1.
The radius of curvature p(3) = 1/R(8) of ¢ satisfies

(4.7) —— 4+ —= =k,

201502
where a? = 3% |A2f5a L b2 = r2(1 — 602)2.

ProoF. CAsSe 1. If ¢ is a timelike spherical curve, then the curvature
and torsion of ¢ satisfy (3.1). From (4.1) we have 7 = Ak, A = const., and
therefore p? = A%(r?k% — 1). Now,

2 !

K K
— =A% or ———— =+4A.
kA (r?k? —1) K2V/r2K2 — 1
1 1
Integration gives —v/72k2 — 1 = +As and therefore k2 = ICRTICE where
K r2 — A2s

is a radius of a pseudosphere and s the arc-length parameter of ¢. The torsion
of ¢ is obtained from (4.1).
Since c is timelike, 7% = —1, then (4.3) and (4.5) written as §% = |1 +
§a|s? (up to a constant) imply
o 1
(%)= (14 0a2)?r2 — |1 + da?|A252

(4.8) i2

which implies the formula for the radius of curvature p? = (14 da?)%r? — |1+
§a?|A%5?, and gives the formula (4.6).
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CASE 2. Analogously, if ¢ is a spacelike spherical curve, then the curvature
and torsion of ¢ satisfy (3.2). Then (4.1) implies p’? = A2(1 — er?s?), that is,

I€/2 9 Ii/
R | or ———— =+4A.
k(1 — er?k?) K21 — er?k?
1 1
Integration gives —v/1 — er2x2 = +As and therefore k2 = ——————, where
K er? + A2s2

r is a radius of a pseudosphere, s the arc-length parameter of ¢ and the
constant A is given by (4.1). The curvature % of the projection is obtained
from (4.3) with 7?2 = 1 and the relation (4.5) between arc-length parameters
(up to a constant) 52 = |1 — da?|s%. We have

1
er2(1 — 0a2)? + |1 — da?|A252

(4.9) 72(5) =

which implies the formula for the radius of curvature p* = er?(1 — da?)? +
[1 — 6a?|A%52, and gives the formula (4.7). 0

4.2. Generalized helices in a hyperbolic plane H?(p,r).

THEOREM 4.4. Let ¢ be a unit-speed generalized helix with respect to a
unit vector u and let it lie in a hyperbolic plane H?(p,r). Then the curvature
and the torsion of ¢ are given by

1 A2
20 204) — '
w(s) = —er? 4 A2s2’ T (5) —er? + A252
The radius of curvature p(8) = 1/k(8) of a projection ¢ of ¢ on the plane
orthogonal to u satisfies
52 ﬁ2

211502
where a? = %, b2 =1r2(1 —da?)2.

PROOF. If ¢ is a unit-speed in H?(p,r), then c is a spacelike curve whose

curvature and torsion satisfy (3.3). Then (4.1) implies p'? = A%(1 + er?x?),

that is,

H/2 9 ﬁ/
_— = A or —_—— = :l:A.
k(1 + er?k?) K21 + er?k?
1 1
Integration gives —v/1 + er2x2 = +As and therefore k2 = ——————. The
K —er? + A2s2

curvature % of the projection is obtained from (4.3) with 72 = 1 and from
the relation (4.5) between arc-length parameters (up to a constant) 32 =
|1 — da?|s? imply

1

—er2(1 —da?)? + |1 — da?|A%32

(4.11) 7(8) =
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which implies the formula for the radius of curvature p? = —er?(1 — da?)%+
|1— 00| A252%, and gives the formula (4.10). ad

5. CYCLOIDAL CURVES IN LORENTZ-MINKOWSKI PLANE

In Euclidean plane, cycloidal curves are curves traced by a generating
point P of a circle which rolls without slipping on another circle. When a
circle rolls inside (outside) a fixed circle, the traced curve is a hypocycloid
(an epicycloid). In Euclidean plane, epicycloids and hypocycloids are given
by their common parametrization

c(t) = ((R+r)costfrcos (t+ ?t),(R+r)sint77’sin (t+ gt)),

where R, r are the radii of a fixed and moving circles respectively (the radius r
of a moving circle is considered to be negative for hypocycloids). The natural
equation of an epicycloid (hypocycloid) in Euclidean plane is given by
§2 2

(5.1) S5 =

where d < ¢ (d > ¢). When such a rolling occurs, vertices of a cycloid lie a
concentric circle k to the fixed circle k. For epi- and hypocycloids, both these
circles are real. By letting k (resp. k) be imaginary, the so called hypercycloids
(resp. paracycloids) are defined, [5]. Their parametrizations can be written

respectively as

c(t)= (a cosh (%)sint—kbsinh (%)cos t, —a cosh (%)cost—!—bsinh (%)sin t)
or

c(t) = (b cosh (%)cost—i—asinh (%)sin t,bcosh (%)sint—asinh (%)cos t).

The natural equation of hypercycloids (paracycloids) is of the form
2 2 2 2
(5.2) S (5 —’L=1),

2 @2 RS
(a® +0%)° o _ (e +0)?
2 ) 2 :
Now we consider cycloidal curves in a Lorentz-Minkowski plane with a

pseudoinner product

where ¢? =

LY = T1Y1 — X2Y2-
Notice that circles in Lorentz-Minkowski plane are Euclidean equilateral hy-
perbolas. Furthermore, since considered circles are tangent to one another at
their point of contact, they need to be of the same causal character.

Let, for instance, a fixed circle be a timelike circle of radius R parametrized
by ¢1(t) = (Rcosht, Rsinht) and a moving circle be a timelike circle of
radius r that rolls inside a fixed circle. Its parametrization is given by
ca(u) = ((R—7)+r coshu,rsinhu). The generated curve will be a Lorentzian
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hypocycloid generated by a point P with starting position P = ¢;(0) =
c2(0) = (R, 0).

In order that a rolling without slipping occurs, we assume that that the
arc-lengths from the starting position of P to the point of contact ¢; (t) = ca(u)
are the same along both curves, that is

/ el dt = [ el

Next we introduce the moving coordinate system with the origin in a
tangency point of two circles, and z-axis (y-axis) normal (resp. tangent) to
the fixed circle in that point. The moving system is obtained from the fixed
by translation for the vector v = (Rcosht, Rsinht) and hyperbolic rotation
by an angle ¢. Then coordinates (z,y) of a point T in a fixed system and its
coordinates (z/,%4’) in a translated system are related by z = 2’ + Rcosht,
y =y’ + Rsinht and with coordinates (2, y") in a rotated system by ¢ related
by 2’ = 2" cosht + y"” sinht, y' = y” cosht + 2" sinh t.

Now, a relative position of a generating point P on a moving circle can be
determined with respect to the moving system — its coordinates in the moving
system are given by (7" cosh (%t) — r,—rsinh (%t)) Therefore, a Lorentzian
hypocycloid can be parametrized by

. . R
implying u = ?t.

ct) = ((R — r)cosht + r cosh (t - %t), (R — r)sinht + rsinh (t - gt))

At the same time, for a path traced out by point of the other branch
of a moving circle the coordinates of a generated point are (—r cosh (%t) —
r, 7 sinh (%t)) and parametrization is

c(t) = ((R —r)cosht — rcosh (t - ?t), (R —r)sinht — rsinh (t - gt))

Analogously, if the rolling outside of a fixed circle occurs, the obtained
Lorentzian epicycloid is parametrized by

(5.3) ¢(t) = ((R—i—r) cosh t—r cosh (t—l—?t), (R+7)sinht—rsinh (t—i—?t)),

or
(5.4) c(t) = ((R—i—r) cosh t+7 cosh (H— gt), (R+7r)sinht+rsinh (t—i— ?t))

Similarly as in Fuclidean space, both Lorentzian hypocycloid and epicy-
cloid can be regarded either as given by (5.3) or by (5.4) respectively, by
letting r be negative. The Lorentzian cycloidal curves of the type (5.3) are
spacelike curves with the natural equation

s p?

(5.5) -5

=1

)
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while the curves of the type (5.4) are timelike curve with the natural equation
s2 2

(5.6) - % "
Parametrization of cycloidal curves generated by a spacelike circle which rolls
along a spacelike circle are obtained by interchanging the x and y coordinates
in previous parametrizations. Their causal character changes whereas their
natural equations remain the same.

The Lorentzian counterparts of hyper- and paracycloids are given respec-

tively by
bt bty bty . . (bt

c(t)= (a cos (E)cosht + bsin (E>smh t,a cos (E)smht + bsin (E>cosh t),
bt bt bt bt

c(t)= (b cos (—)cosht — asin (—)sinh t,bcos (—)sinht — asin (—)cosh t).
a a a a

Their natural equation is
2 2

(5.7) ‘Z—2+§—2:1,
2 b22 2 b22
with o2 = &+ 0) ; N Gkl s ; S

A projection of a spherical generalized helix in R$ should be considered in
the ambient geometry of a projection plane. From Theorems 4.3 and 4.4 we
can conclude that in spacelike planes (u? = —1), projections are curves that
satisfy (5.1) or (5.2), whereas in timelike planes (u? = 1) projections satisfy
(5.5), (5.6) or (5.7) (see Table 4), that is, the following theorems hold.

TABLE 4. Projection ¢ of a spherical generalized helix ¢

Projection ¢

Curve ¢ on spacelike plane on timelike plane
Lorentzian hyper- or paracycloid
timelike on S2(p, r) Eucli(iean lrfypocycloid [;j iz B
2 2 + =1
p s 2 a2
EreET

spacelike on S%(p, r)| Euclidean hyper- or paracycloid Lorentziar; epi—zor hypocycloid
or H2(p,r) 72 P2
Eoas +1 i +1
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THEOREM 5.1. Let ¢ be a spherical generalized heliz in R3.

1. The projection of ¢ on a plane orthogonal to a vector u is a Fuclidean
hypocycloid if and only if the vector u is a timelike vector and c is a
timelike curve that lies on S%(p,r).

2. The projection of ¢ on a plane orthogonal to a vector u is a Euclidean
hyper- or paracycloid if and only if the vector u is a timelike vector
and ¢ is a spacelike curve that lies on S3(p,r) or on H2(p, 7).

THEOREM 5.2. Let ¢ be a spherical generalized helix in R3.

1. The projection ¢ on a plane orthogonal to a vector u is a Lorentzian
hyper- or paracycloid if and only if the vector u is a spacelike vector
and c is a timelike curve that lies on S3(p,7).

2. The projection ¢ on a plane orthogonal to a vector u is a Lorentzian
epicycloid or hypocycloid if and only if the vector u is a spacelike vector
and c is a spacelike curve that lies on S3(p,r) or on H2(p,7).

Our next goal is to analyze plane projections of generalized helices lying on
pseudosphere S?(p, r) or in a hyperbolic plane H?(p, r) in Lorentz-Minkowski
3-space. Let ¢ be a timelike curve on S%(p,r) and u a unit timelike vector
(6 = —1). By inputting A = coth¢ and o = — cosh ¢ from Table 2 in (4.8),
we can express the curvature 5 of ¢ in arc-length parametrization as

1
5.8 72(3) = .
(5:8) 8) r2sinh? ¢ — 52 cosh? ¢

Then the natural equation of a projection has the form (4.6) with

2 io1d
7= sinh
a? = —_— ¢p7 b? = r?sinh* ®.
cosh”
Notice that b > a > 0. For b # a equation (5.8) can be written as

a
bvaZ — 52
Now, we can reconstruct the projection curve ¢ from its natural equation
(5.9). Since u = (0,0, 1) is timelike the projection plane is spacelike zy-plane.
Let t: I — R be a function

(5.9) R (3) =

#(3) = /O 7(3)ds = %arcsin (2)

bt
a

e(8) = </0§ cost(§)d§,/0§ sint(é)d§> .

and therefore § = asin (ﬁ), ds = bcos (

)dt. The spacelike curve ¢ can be
a

constructed as
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Therefore

x(t) = % (bsin (%) cost — acos (%) sint) ,

) ab ’ (bt)er s (bt)

= —-—— |acostcos | — sintsin (—) | .

Y b? — a? a a

Since a curve c lies on a pseudosphere S%(0,r), its last coordinate z is given
by

z(t) = b2 — sm ( ) > 0.
b? bt 2b2 bt
Furthermore, since 2(t) = cos( ), ét)? = cos? (—), we
b2 7 a — b2 a
can determine the angle between ¢ and u=1(0,0,1) as

e(t) - u 2(t) b

~ le@ el ~ Te®l ~ o

Parametrization for projection curves that are Euclidean hyper- or para-
cycloid or Lorentzian cycloidal curves can be obtained analogously. From
expressions in Table 2 and formula (4.9) and (4.11), we obtain curvature &
of ¢ and we can reconstruct ¢. If ¢ lies in timelike zz-plane and ¢ is timelike
(spacelike) of the form

é(8) = (/05 sinh #(3)ds3, /(;COSht( )ds)

(E(§) = (/05 cosh ¢(3)ds, /05 sinh ¢(§ )ds))

We finish this work with the canonical examples of plane projections of
spherical generalized helices in Lorentz-Minkowski space presented in Table
5, respectively Table 6 (see Appendix A). Their natural equations, as well
as parametrizations, are also given. The case when a = b can be treated
analogously. It occurs if and only if cosh = 1 and then the projection onto
xy-plane or xz-plane is a Euclidean cycloid, respectively Lorentzian cycloid
(see Table 7 in Appendix A).
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APPENDIX A.

TABLE 5. The projection ¢ of a spherical generalized helix ¢

onto a Euclidean plane

¢ is timelike

¢ is spacelike

¢ is a spacelike Euclidean hypocycloid

¢ is a spacelike Euclidean hyper- or paracycloid

Natural e

3 p
A
a? b2 ’
, rlsinhy .
z_sm 90, b? = r?sinh* ¢
cosh? ©

quation of ¢
2 2
P
A
2 g4
g T cosh™ > 9 4
7m,b77 cosh™ ¢

Parametrization of ¢

ab . bt . bt
z(t) = W(bcmtsm(g) - aslntcos(g))

b2 —

ab bt L. bt
y(t) = m(a costcos(;) + bsmtsm(g))

Curve ¢, is the projection from S3(p,r):

ab . bt . bt
x(t) = m(a sint cosh(z) +bcost smh(;))

ab o bt bt
y(t) = m(b sint blnh(;) —acost cosh(;))

Curve & is the projection from H2(p,r):

x(t) (bcost cosh( bt) +asint sinh(%))
y(t) =

a? + b2 a
b bt bt
aQaierQ(b sint cosh(g) —acost sinh(g))
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TABLE 6. The projection ¢ of a spherical generalized helix ¢
onto a Lorentz-Minkowski plane

¢ is spacelike c is timelike
¢ is a Lorentzian epi- or hypocycloids ¢ is a Lorentzian hypercycloid
Natural equation of ¢é

¢ is timelike ¢ is timelike

2 2 2 o1d 2 2 2 4

p s 5, rsinh®¢p o P P s 5 r2cosh®p 5 N

— — — ==*1, a* = ———, b°=r-sinh —+—==1 a0 =—7F5—, b*=1r"cosh™

b a? ’ cosh® ¢ YR Te T sinh® o v
¢ is spacelike

52 2 2 4

p § , risin“p 9 . 4

= - =41, a*=——L, b*=r?sin

b2 a? ’ cos2p ?

Parametrization of the projection curve c.

¢ is the projection from S?(p,r):

T and u span a timelike plane, timelike ¢

ab bt i . bt
z(t) = o bz(acoshtcosh(g) - bsmhtsmh(z))

ab . bt -
z(t) = m(a sinh ¢ Cosh(g) — beosh ¢ sinh( ;))

ab bt . . bt
T and u span a spacelike plane, spacelike ¢, z(t) = W(a COShtCOS(g) + bsmhtsm(g))
) = -2 (asinhtsinh(%) — beoshtcosh(Z) | 2(t) = = (beoshsin(™L) + asinh tcos( )
r\l) = —5—5| S111. smn(—) — 0osh T CoS — = — 7 SNt s — S S(—
T T pEles s o cosh cosh(— z 2 plbeos L) tas cos(—

ab . bt . bt
2(t) = pERE (a coshtsmh(g) — bsmhtcosh(g))

¢ is the projection from H?(p,r):

When T and u span a timelike (spacelike) plane,
the coordinates of ¢ are interchanged coordinates of
52 (61)
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TABLE 7. The projection ¢ of a spherical generalized helix ¢

is a cycloid

¢ is timelike

¢ is spacelike

¢ is a projection onto a Euclidean plane

¢ is a projection onto a Lorentz-Minkowski plane

Euclidean cycloid is a spacelike curve

M

Lorentzian cycloid is spacelike (timelike) when 7" and u
span a spacelike (timelike) plane

Natural equation of the projection curve ¢.

5 - 1, a®> =r?sinh?p

§ .
i % =41, a® =r%sinh® o

Parametrizatio

n of the projection curve ¢.

1 1
z(t) = §a(t + 3 sin 2t)

1 .
y(t) = 7§acoszt

Curve is the projection from S?(p,r):

1 .
z(t) = e cosh? ¢

(*)

™

1 1
(t) = ia(nt +t3 sinh 2¢)

n = 1(—1) when T and u span a timelike (spacelike)

plane.
If a cycloid ¢ is the projection of a curve ¢ from H?(p, ),
its coordinates are interchanged coordinates of (x).




SPHERICAL GENERALIZED HELICES IN LORENTZ-MINKOWSKI 3-SPACE

I. Filipan

Faculty of Mining, Geology and Petroleum Engineering
University of Zagreb

10 000 Zagreb

Croatia

E-mail: ivana.filipan@rgn.unizg.hr

7. Milin Sipus

Department of mathematics, Faculty of Science
University of Zagreb

10 000 Zagreb

Croatia

E-mail: milin@Gmath.hr

Lj. Primorac Gajcié

School of Applied Mathematics and Informatics
University of Osijek

31 000 Osijek

Croatia

E-mail: 1jiljana.primorac@mathos.hr

Received: 4.10.2024.
Revised: 3.1.2025.

SFERNE OPCE ZAVOJNICE U

165

LORENTZ-MINKOWSKIJEVOM TRODIMENZIONALNOM

PROSTORU

I. FILIPAN, Z. MILIN S1PUS I LJ. PRIMORAC GAJCIC

SAZETAK. U ovom radu analiziramo opée zavojnice koje leze na nedegener-
iranim kvadrikama u trodimenzionalnom Lorentz-Minkowskijevom pros-
toru, tj. na pseudosferi i u hiperbolickoj ravnini. Dajemo njihovu karak-
terizaciju pomocu zakrivljenosti i torzije te analiziramo njihove projek-
cije na ravnine ortogonalne na njihove osi. Pokazujemo da se te projek-
cije pojavljuju kao euklidske ili Lorentzove cikloidne krivulje, zbog cega
takoder uvodimo prirodne jednadzbe i parametrizacije Lorentzovih cikloid-
nih krivulja.



