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ABSTRACT. The notions of a 2MP-inverse, a MP2-inverse, and a
C2MP-inverse are extended from the set of all m X n complex matrices
to the set R of all Moore-Penrose invertible elements in a unital #-ring R.
We study properties of these hybrid generalized inverses and thus general-
ize some known results. We apply the (b, ¢)-inverse of a € RT to determine
a special case of a 2MP- or MP2-inverse of a and then use these inverses
to solve certain equations which lead to least-squares solutions and the
normal equation.

1. INTRODUCTION

Let R be a *-ring, i.e., a ring equipped with an involution *. There are
many generalized inverses that may be defined on R and two of the best
known are the Moore-Penrose inverse and an inner generalized inverse. We
call an element a € R Moore-Penrose invertible or x-regular with respect to
x if there exists € R that satisfies the following four equations:

(1.1) ara =a, zar=ux, (ax)"=ax, (ra)*=za.

If such z exists, we write z = a' and call it the Moore-Penrose inverse of a.
It is known that a' is unique if it exists. The set of all -regular elements
in R is denoted by Rf. We say that a € R is regular if there exists z € R
that satisfies the first equation in (1.1). Such z, if it exists, is called an inner
generalized inverse or {1}-inverse of a, and we write z = a™, i.e., aa”a = a.
The set of all {1}-inverses of @ is denoted by a{l1} and we denote the set of
all regular elements in R by R(M). If there exists z € R that satisfies the
second equation in (1.1), then such z is called an outer generalized inverse or
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{2}-inverse of a, and we write z = a®>~, i.e., a®>"aa®~ = a®>~. The set of all
{2}-inverses of a is denoted by a{2}, and we denote the set of all elements in
R that have an outer inverse by R(?).

A ring R where every element is #-regular is called a *-regular ring. An
example of a x-regular ring is the set M, (C) of all complex n x n matri-
ces where A* denotes the conjugate transpose of A € M, (C). The above
generalized inverses are defined in the same way on the set M, ,(C) of all
m x n complex matrices, and it is known that every matrix A € M,, ,(C)
has an inner generalized inverse A~ € M, ,,(C), an outer generalized inverse
A%~ € M,,,,(C), and the unique Moore-Penrose inverse AT € M,, ,,(C). Two
new types of hybrid generalized inverses were introduced and studied in [3] on
My, 1 (C) (see also [9]). Let A € M, ,,(C). For each outer generalized inverse
A%~ of A, the matrices

APMP — A2= AAY and AMP2 = ATAA%-

are called a 2MP-inverse and a MP2-inverse of A, respectively. Observe that
A2MP A — A2~ A and AAMP2 = AA%~ and thus

(1.2) AAPME A = AA*~ A = AAMP2 4,

Since there may be many outer generalized inverses A%~ of A, A?MP and
AMPZ are (in general) not unique. In the case when the range and the null
space of A2~ are fixed, the 2MP-inverse and the MP2-inverse of A reduce to
the unique OMP inverse and MPO inverse, respectively, proposed in [7, 8]
as follows. Let A2T7_S denote the (unique) outer generalized inverse of A €
M, (C) with the range T' and the null-space S. Then

AT = AQTTSAAT and AH®) = ATAA2T,_S

are called the outer Moore-Penrose (or OMP) inverse and the Moore-Penrose
outer (or MPO) inverse of A, respectively.

Recall that the Drazin inverse of A € M, (C) is the unique matrix X €
M,,(C) that satisfies

XAX =X, AX =XA, AFt1X = A

for some nonnegative integer k. The Drazin inverse, which exists for every
A € M,(C), is denoted by AP. Note that AP is an outer generalized inverse
of A. In [6], a CMP-inverse of a matrix A € M, (C) was introduced as

At = AT A, AT

where A is the core part in the core-nilpotent decomposition of A, i.e.,
A = AAPA. As a generalization of CMP-inverses from square to rectan-
gular matrices, another generalized inverse was introduced and studied in [3].
For A € M, ,(C) and for each outer generalized inverse A%~ of A, we call
the matrix

O = AA’~ A
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a 2MP core-part of A (see (1.2)). For each outer generalized inverse A2~ of
A € My, »(C), the matrix

ACPME — ATCH AT

is called a C2MP-inverse of A. Note that for A € M, ,(C), Cs' and AC2MP
are not (in general) unique. Also, for A € M, (C), take A2~ = AP and
observe that then A“2MP = Act,

The aim of this paper is to extend the concepts of 2MP-, MP2-, and
C2MP-inverses to the set R' of all s-regular elements in a *-ring R, and
present some characterizations and properties of these hybrid generalized in-
verses.

2. PRELIMINARIES

In this section, let R be a x-ring with the (multiplicative) identity 1. If
for p € R, p? = p, then p is said to be an idempotent. A projection p € R is a
self-adjoint idempotent, i.e., p = p?> = p*. The equality 1 = e; +ea + -+ e,
where ej,e2,..., e, are idempotents in R and e;e; = 0 for ¢ # j, is called
a decomposition of the identity of R. Let 1 = e; +ea+ -+ e, and 1 =
fi+ fo+ -+ fn be two decompositions of the identity of R. We have

n

z=1-z-1=(er+ex+-Fep)z(fr+ fot -+ fn)= Zeixfj.

i,j=1
Then any x € R can be uniquely represented in the following matrix form:

Ty s Tip
(2.1) x

Tpl °° Tpn exf

where x;; = e;zf; € e,Rf;. With e x f we emphasize the use of the de-
compositions of the identity 1 = e; +es + --- + e, on the left side and
l=fi+fo+ -+ fnontheright sideof x =1-2-1. If 2 = (x;5)exs and
Y = (Yij)exs, then z +y = (i + Yij)exs. Moreover, if 1 = gy + -+ gy, is
another decomposition of the identity of R and z = (2;;) x4, then, by the
orthogonality of the idempotents involved, zz = (}_)_, xikzkj)exg' Thus, if
we have decompositions of the identity of R, then the usual algebraic opera-
tions in R can be interpreted as simple operations between appropriate n x n
matrices over R. When n = 2 and p,q € R are idempotents, we may write

T T
r=prg+pr(l—q) +(1—plzg+ (1 —p)x(l—q) = [ Ill x12 } .
21 P22 |, 0

Here 11 = prq, v12 = px(1 — q), 721 = (1 — p)2q, T22 = (1 — p)2(1 — q).
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By (2.1) we may write
*
xll .. "Z:

*

*
Lip 0 Tpp f*xe*

where this matrix representation of z* is given relative to the decompositions
of the identity 1 = ff +---+ frand 1 =e] +---+e€), .

Let a € R and let a° denote the right annihilator of a, i.e., the set
a® = {z € R : ax = 0}. Similarly we denote the left annihilator °a of a, i.e.,
the set °a = {x € R : za = 0}. Suppose that p,q € R are such idempotents
that °a = °p and a® = ¢°. Observe (or see [1, Lemma 2.2]) that °p = R(1—p)
and ¢° = (1 — ¢)R. It follows that then a = pag, i.e.,

(2.2) a= { 8 8 qu.

Let a € R®), x € a{2}, and let us represent 2 with
. [ T 1o } .
To1 T2 |,

R AT AT a 0 Tl T12
rar =\ 5 T 0 0 T T
21 T22 |, pxq L P21 T22 | o

B { T11aT11 T110%12 ]
gxXp

Then

21011 T210T12

Since xar = Z, it follows that T11 = 11011, 12 = X110T12, T21 = T2104T11,
and z9o = xo1ax12. Let t = ax1o and u = x91a. Then zos = (x210)212 =
ux12 = ux1i(azi2) = uzyrt and thus

| T it
L uzit ‘
11 IRLIN PRV
Conversely, let

| ®1n a1t ]
Tr =
gxp

L uril lelt
with 2117 = 2110211, t € pR(1 — p), and u € (1 — ¢)Rq. Then
T 11t ] a 0 T T11t
rar = {uxn uajlt [O 0} [umu uxnt}
11 ut Jo, pxaq 11 IS L
_ [ r110711  T110x11t } _{ r11 Tt } —
ur11ax11 uxllaxllt axp uri1 uxllt axp
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Let a € R and suppose that there exist idempotents p, ¢ € R such that
a has the matrix form (2.2). We showed that then x € a{2} if and only if

- [ T 2ut ]
uxril U(L’llt axp
where t € pR(1 — p), and u € (1 — ¢q)Rq are arbitrary (but fixed) elements
and 11 — X11a027171-

3. 2MP-INVERSES IN RINGS

Let R be a ring with identity 1 and let a € R(®). We next define a binary
relation ~; on the set a{2} as follows. For a®>~,a?~ € a{2} we write

a’” ~ya*= it a2 2

Ta=a""a.
Clearly, ~; is an equivalence relation and for a given a®~ € a{2} its equivalence
class is the set
21 _ g 2= L 2= 2
a ]Nz ={a*~ €a{2}: a*a=a""a}.

Suppose there exist idempotents p, ¢ € R such that °a = °p and a° = ¢°. Let
a have the matrix form (2.2) and let a®>~, a*= € a{2} with

! ! !
2— _ | T zut 2= _ | X3 gt
e uxit and o™ = w'azh,  uwaht
11 11 gxp 11 11 gxp

where ¢, € pR(1 — p), u,u’ € (1 — q)Rq, x11 = x110211, and ), = z} ax);.

Suppose a?~ € [aQ_]l. Since then a?=a = a®>~a, we obtain

{mua 0} {m’ua 0}

urpa 0 ] o | Walie 0 axa

and hence z11a = 27,0 and uxi;a = v’z a. It follows that z1; — ), € °a and
uryy —uw'xl; € °a. From °a = °p we get x11p = x},p and uz11p = vz} p, but
since x11,x]; € ¢Rp we obtain that x1; = 2, and uxz1; = v'z};. Conversely,
if x17 = 2, and uxy; = W'z}, then z1;0 = {0 and uzr11a = vz} a, and
thus a*~a = a®~a. We proved that a*= € [aQ*]NZ if and only if z1; = 2/,
and uxy; = v'z};. So, for a®>~ € a{2} with

(3.1) 2 = [ r11 z1nt }
uril uxllt axp

where t € pR(1 — p), u € (1 — ¢)Rq, and x11 = 1102711, it follows that

!/
[GQ_}NZ = { [ v ol } :t' e pR(1 —p) is arbitrary} .
axp

uriy U.Tllt/

If we pick t' = 0, we get a representative

[ 0]
uril 0 axp
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of this equivalence class and hence a complete set of representatives of the
partition of a{2} induced by ~; is given by

Rep,., = z1n 0 :u € (1 —q)Rq is arbitrary and z11a211 = 11 ¢ -
L uUri11 0 axp

From now until the end of Section 3, let R be a *-ring with identity 1.

REMARK 3.1. Suppose a € R and let p = aa’ and ¢ = ata. Then p and
q are projections. Moreover, pa = a and aq = a, and so °a = °p and a° = ¢°.
We may thus write a in the matrix form (2.2). Let a®>~ € a{2} be represented
with the matrix form (3.1). It follows that

a27a,(1,1— = a27p = |: :L.ll xlltt :| |: g 8 :|
urilp uril axp PXP
_| zup O _ | run O
uzryp 0 uxy1; 0 ’
axp gxXp
Here x11ax11 = x11. Thus, every element of Rep., can be factorized as

a’*~aa' for a € RT and for some a®~ € a{2}.

We now extend the notion of a 2MP-inverse to the set of all *-regular
elements in a *-ring.

DEFINITION 3.2. Let a € RT. For each a®>~ € a{2} we call the element
a*MP = ¢®~qal
a 2MP-inverse of a. We denote
a{2M P} = {a2*aaT: a®” €a{2}}.

REMARK 3.3. Observe that a®?™¥ is the most simple representative of the
equivalence class [aQ*]Nl. Since at € a{2M P}, it follows that a{2M P} is

nonempty for every a € Rf. Also, clearly, 0 € a{2M P}. Suppose a € R is
written as (2.2) where p = aa’ and ¢ = afa. Then

a{2M P} = {[ f;l 8 } :u € (1 — q)Rp is arbitrary and z11ax11 = @171 9.
11 axp

We prove the following result in the same way as [3, Proposition 2.3].

PROPOSITION 3.4. Let a € RY. Then there exists a bijective map between
the quotient set a{2}/~; of a{2} by ~; and the set a{2M P}.

For a € RT and for each a®~ € a{2} we define

(3.2) 4 = aa®MPq
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and call this element the 2MP core-part of a. Since a*MF ¢ [a2’} o We have

a?MPq = g2~ ¢ and thus

(3.3) s = aa’"a.

REMARK 3.5. Note that if a € R and a?~ € a{2} are represented with
the matrix forms (2.2) and (3.1), respectively, then

c“—[ao} [3311 361113} {a O}
5 =
0 0 pxq uril ’U,l‘llt axp 0 0 pxq
ariia 0O
= |: 81 0 :| = axriia.
pXq

Many new generalized inverses have been introduced recently as solutions
of certain systems of equations (see, e.g., [5, 9]). With the next result we char-
acterize 2MP-inverses in terms of solutions of systems of equations. Observe
that

a 2MP 2 2

Cya =a (a Taa *) aa’ = aa’

“aa’ = Gal.

Since also a?M¥ € a{2} and a?Fq = a®~a, the element a?? is a solution
of the following system of equations: zax = z, ra = a*~a, cx = cfal. It is
easy to prove (or see [3, proof of Theorem 2.5]) that it is the unique solution
of the system.

PROPOSITION 3.6. Let a € RT. For each a*~ € a{2}, the element a?M¥
is the unique solution to the following system of equations

(3.4) (i) rax =z, (i) va=a*"a, (iii) iz = c3al.

Let ImA and KerA denote the image (i.e., the column space) and the
kernel (i.e., the null space) of A € M, (C). Note that for A, B € M, (C) we
have (see [4, proof of Lemma 2.1])

ImA CImB if and only if °BC°A
and
KerA C KerB if and only if A° C B°.
Let A € M,(C) and let A%~ be an outer generalized inverse of A. By
[3, Theorem 2.6], AA*™” is an idempotent matrix with Im (4A?M7) =
Im (AA?2MPA) and Ker (AAMP) = KerA?MP and A*MPA is an idem-
potent matrix such that Im (A*PA) = ImA?*M” and Ker (A2MF A)
Ker (AA?MP 4). We now extend this result to the *-ring setting.

THEOREM 3.7. Let a € RT. For a given a*~ € a{2}, the element a®*MT
satisfies the following properties:
(a) °q2— = oaQMP'
(b) aa®™? s the idempotent with ° (aa*?) = °c§ and (aaQMP)O =
(GQMP)O.
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(¢) a*MPq is the idempotent with ° (a*Pa) = °a*P and (aQMPa)O =
(c5)".
PROOF. (a) Clearly, by Definition 3.2, °a®*~ C °a®*MP. Let now 2 €

°a?MP for some z € R. Then 0 = za?>"aa’. Multiplying this equation from
the right sequentially first by a and then by a?~, we get 0 = za?~. So,

oaQ— — OQQMP.
(b) Since aa*Pa = aa®"a and a** = a?>~aa’, we have
2 _ o _
(aaZMP) = (aagMPa) a*MP — ¢ (a2 aa® )acfr = aa’* aa' = aa®M?
and so aa*M” is an idempotent. Let us now prove that ° (aaZMP) = °c§. Let

z € ° (aa®MP) for some z € R. Then 0 = zaa*? = zaa*~aa’ = zcja' and
thus 0 = zc§afa. But since ¢§ = aa?Pa, it follows that c§a‘a = c§, and
therefore, 2z € °c§. Let now 2z € °c§ for some z € R. Then 0 = zaa*~a and
thus 0 = zaa®~aa’ = zaa®’. So, ° (aa2MP) = °c§.

Let us now show that (aa2MP)o = (aQMP)O. Clearly, (aQMP)O C
(aaQMP)O. If aa®Pz = 0 for some z € R, then 0 = aa®? aa’z and hence
0=a’"aa’"aatz = a’"aatz = a®MP 2. So, (aaQMP)O = (aQMP)O.

We similarly prove (c). |

As a corollary to Theorem 3.7, we give another characterization of a 2MP-
inverse. First, let us prove an auxiliary result.

LEMMA 3.8. Let p1,p2 € R be two idempotent elements. If °p1 = °ps and
pi = D3, then py = ps.

PRrOOF. From °p; = °ps we have (1 — p1)ps = 0 and so pa = p1ps. By
pt = p3 we obtain py (1 —ps) = 0, L.e., p1 = pips. So, pr = p1p2 = pa. 0

COROLLARY 3.9. Let a € RY. For each a®>~ € a{2}, the 2MP-inverse
a*MP of a is the unique element x that satisfies the following conditions:

(i) az is an idempotent with

°(ax) =°c§ and (ax)’ = (cgaT)o,
(i) °a®~ C °z.

ProOF. Condition (ii) is satisfied by Theorem 3.7. Also, aa?*MF is an
idempotent with ° (aaQMP) = °c%, and since cfa’ = aa?"aa’ = aa®M", the
element = = a?MP gatisfies also conditions in (i).

Let us prove the uniqueness. Suppose that 1,29 € R satisfy both (i)
and (ii). Then ax; and azy are idempotents with ° (az1) = °c% = ° (axz) and
(az1)° = (cgat)” = (ax2)°, and therefore by Lemma 3.8, azy = azs. From
(ii), °a®~ C °x N °x9. So,

(1 — a2_a) 1 =0= (1 — a2_a) To

and thus z1 = a*"ax1 = a®> " azs = 2. 0
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The following characterizations of a 2MP-inverse can also be verified.

THEOREM 3.10. Let a € R and x € R. For a given a®>~ € a{2}, the
following statements are equivalent:

(i) =z = a?MP,
(i) 2R = a> R and axr = aa®* aa'.
(ii) 2R C a®>~R and ax = aa®* aa’.
(iv) *R = aa'(a*")*R and zva = a* a.
(v) 2*R C aR and xa = a*~a.
ProOOF. (i) = (ii): Since z = a?M¥ = a2~ aal, it follows that az =

aa?"aa’ and

2R =a*>"aa'R = a*> " aR = > R.
(ii) = (iii): This implication is clear.
(iii) = (i): The hypothesis #R C a?~R implies x = a®~u, for some u € R.
Hence, by ax = aa®*"aal,

2 2 2

r=a*"ala* u) = a®* (ax) = (a*~

aa® aa’ = a*MP,

In a similar manner, we check the rest. ]

Let a,b € R. If aR C bR, then a = bu for some u € R, and thus °b C °a.
Suppose now there exists v € R such that bvb = b, i.e., b € v{2}. If °b C °q,
then (1 — bv)a = 0 which implies aR C bR. Consequently, we obtain by
Theorem 3.10 more characterizations of a 2MP-inverse.

COROLLARY 3.11. Let a € R and x € v{2} for some v € R. For a given
a’?~ € a{2}, the following statements are equivalent:
r="°(a®") and ar = aa® aal.
(iii) °z D °(a®>") and ar = aa® aal.
°laa’(a®>7)*] and xa = a®*~a.

Let us recall the definition of the (b, ¢)-inverse which is a special kind of
the outer generalized inverse. For a,b,c € R, an element x € R is a (b, ¢)-
inverse of a if zax = z, 2R = bR and Rz = Rec. The (b, ¢)-inverse of a
is unique, if it exists, and denoted by all(®¢) [2]. Applying a 2MP-inverse
determined by the (b, ¢)-inverse all®¢) in place of an outer generalized inverse

a®~, we prove solvability of the next equation.

THEOREM 3.12. Let a € R and b,¢,d € R. If all®©) egists, the general
solution to the equation

(3.5) cax = caa'd
s expressed as
(3.6) z = al®9aatd + (1 - all®9q)z,
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for an arbitrary z € R.

PrOOF. By Rall®9) = Re, notice that ¢ = uall®® and all®9) = ve, for
some u,v € R. Thus,

caa®9) — 4all®:0) gall0:0) — yalle) — o
For x expressed by (3.6), we therefore get
cax = caa®9aa’d + ca(1 — al®9a)z = caald,
i.e., z is a solution to (3.5).
If equation (3.5) has a solution z, then, by all(®¢) = ve,
al®9az = v(caz) = (ve)aatd = all®Daald.
Thus, « has the form (3.6):
z=a®aatd + 2 — dl®9az = ol ®Daatd + (1 — all®9a)z.
O
Since ¢ = uall®9) and a!l®9) = ye, for some u, v € R, note that equation
(3.5) is satisfied if and only if
60 gz — 00 gt

Hence, any solution to (3.5) is a solution to all®®az = all®>aa’d and vice
versa.

As a consequence of Theorem 3.12, we obtain the solvability of equation
(3.6) with the constrain d € aR.

COROLLARY 3.13. Leta € RY andb,c,d € R. If all®9) exists, the general
solution to the equation
car =cd, de€aR

18 expressed as
z=al®ag 4 (1-— al\(lw)a)z7
for an arbitrary z € R.

PROOF. The assumption d € aR gives d = aa’d. The rest is clear by
Theorem 3.12. ]

We now study when equation (3.5) has the unique solution.

THEOREM 3.14. Let a € RT and b, ¢, d € R such that all®®®) exists. Then
all®aatd is the unique solution in bR to (3.5).

PrOOF. We firstly observe that all®9aafd € all®9R = bR. Theorem
3.12 implies that a/l(®*®aatd is a solution to (3.5).
For two solutions y € bR and z = all®aatd to equation (3.5), we get

cax = caa'd = cay
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and thus

y—x € (ca)°NOR.
Note that Rall®¢) = Rc implies (ca)® = (a/l®9)a)°, and that all®*) gall(®¢) =
all®:¢) yields bR = all#9IR = all®:9)qR. Thus,

y—a < (d®9a)° nallIaRrR = {0}.
Thus, y = = = all®aatd represents the unique solution in bR to (3.5). O

4. MP2-INVERSES IN RINGS

Let R be a ring and a € R. Similarly to Section 3, we define an equiva-
lence relation ~, on the set a{2} as follows. For a®>~,a?~ € a{2}, we write

a®>" ~pa®= if ad® = ad®.

Consider now a new ring Q = (R, o) where
(4.1) aob:=ba
for a,b € R. Tt is then easy to see that b € a{2} in the ring R if and only if
b € a{2} in the ring Q, and that b ~,. ¢ in the ring R if and only if b ~; ¢
in the ring Q. Also, if R is a *-ring, then * is also an involution in @ which

yields that a € R if and only if a € QF.
From now on, let R be a *ring with identity.

DEFINITION 4.1. Let a € RT. For each a®>~ € a{2} we call the element

aMP2 — a’[aa27

the MP2-inverse of a. We denote
a{MP2} = {a'aa® : a*" € a{2}}.

Note that b € a{M P2} in the ring R if and only if b € a{2M P} in the
ring Q. For a € R observe that z € °a in the ring R if and only if z € a° in
the ring 9, and z € °a in the ring Q if and only if z € a° in the ring R.

The next two results thus follow immediately if we apply (4.1) to Propo-
sition 3.6 and Theorem 3.7, respectively.

PROPOSITION 4.2. Let a € RT. For each a*~ € a{2}, the element a™ 2
1s the unique solution to the following system of equations:

(i) zax =z, (ii) xa = aa®~, (i) xcd = a'cs.

THEOREM 4.3. Let a € RT. For a given a*~ € a{2}, the element a™ 2
satisfies the following properties:

(a) (a27)° = (aMF2)°.
(b) a™P2a is the idempotent with ° (a™F?a) = °a™? and (aMpza)o =

(c5)°.
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(¢) aa™P? is the idempotent with ° (aa™??) = °c§ and (aaMP2)0 =
(aMP2)°.

We may similarly obtain other results and observations, analogous to the
ones from Section 3.

5. C2MP-INVERSES IN RINGS

In this section, we extend the concept of C2MP-inverses to the set of all
-regular elements in a *-ring. Recall that for a € R and for each a®~ € a{2},
c§ is defined with (3.2) (see also (3.3)).

DEFINITION 5.1. Let a € RY. For each outer generalized inverse a*~ of
a, the element
aC?MP — aTcgaJr
is called a C2MP-inverse of a. We denote
a{C2MP} = {aT (aa®MPa) at: a*MP ¢ a{2MP}} .

Since a{2M P} is nonempty, it follows that a{C2M P} is also nonempty
for every a € RT. Also, since 2MP-inverses are not unique, the same holds
also for C2MP-inverses.

REMARK 5.2. Suppose that a € R and let p = aa’ and ¢ = afa. Let
a®*~ € a{2} be represented with the matrix form (3.1) with respect to projec-
tions p and gq. By Remark 3.5 we have

oC2MP t t

=a arjjaa = qri1p

and since x17 € ¢Rp, we may conclude that
aC2MP _ g
Recall here that z11ax11 = x11.

We now list four propositions that may be proved in a similar way as cor-
responding results for matrices in M, ,(C). The proof of the first proposition
is the same as the proof of [3, Proposition 4.3].

PROPOSITION 5.3. Leta € RY. For a given a®™F € a{2M P}, the element

a®?MP satisfies the following properties:
(a) aC2MP — gMP2qq2MP
(b) a®*MP = ¢t qa?MP gqt,
(c) a®?MP ¢ q{2}.
(d) aa®*MPq = c§.
(e) aa®*MP = cgal = aa®M7P.
(f) a®?MPq = alcg = aMP2q.
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By properties (c), (e), and (f) of Proposition 5.3, a®?” is a solution of
the following system of equations: zazx = z, ax = c§a', za = a'c§. Tt is easy
to check (see [3, proof of Theorem 4.4]) that a“>M* is the unique solution of
this system.

PROPOSITION 5.4. Let a € RY. For each a®MT € a{2M P}, the element
a®?MP s the unique solution to the following system of equations:

(i) xax = x, (ii) ax = c2a’, (iii) za = afcs.

By using Proposition 5.3, we may prove the next proposition in the same
way as [3, Proposition 4.6].

PROPOSITION 5.5. Let a € RY and let p = aa' and ¢ = ata. For each
a’~ € a{2}, the element a®*MF satisfies the following properties:
) a“?MP ¢ {1} if and only if a>~ € a{1}.
) aC?MP = ga2=p = qa®MPp,
) a“?MP ¢ a1} N cg{2}.
) c2aC2MP = qqC2M
)
)

(
(b
(c
(d

a
(e aCQMch _ aCQMPa:
(f) pezq = 5.

PROPOSITION 5.6. Let a € RY. For each a®>~ € a{2}, the following
statements are equivalent:

(i) aC’2MP _ aT'

) ¢§ =a.
iii) o~ € a{l}
) a®>~ € a{l}Nna{2}.
) a' = 11 where a and a
tively.
(vi) a®2MP ¢ a{1}.

2= are represented with (2.2) and (5.1), respec-

PROOF. We may prove the equivalence of statements (i), (ii), (iii), (iv),
and (vi) by Proposition 5.5 and the arguments from the proof of [3, Theorem
4.8]. Equivalence of statements (v) and (i) is a direct corollary of Remark 5.2.

O

We end the paper with a result that extends [3, Theorem 4.10].

THEOREM 5.7. Let a € RV and let p = aal and ¢ = afa. For each
a*~ € a{2} written as in (3.1), the following statements are satisfied:
) (aCZJVIP)T T

(a = T11-
C2MP

(b) (af) = z where z € pRq with za'z = 2.
(c) (aC2MP)T = (aT)C2MP if and only if xJ{l = z where z € pRq with

zalz = z.
(d) a®*™MP = g* if and only if a = x3;.
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(e) a®?MP — 0 if and only if a®*~ =0 if and only if cg =0.

PROOF. Statement (a) follows directly by Remark 5.2.

(b) Note that
GJT o aT 0
1 0 0 ’
qxp

Also, (aT)Jf = a and so there exists (aT)Z_ € (a) {2}. In accordance with

(3.1), we write
(aT)Q_:[ z  zn ] 7
mz  mzn
PXxq

where m € (1 — p)Rp, n € ¢R(1—q), and z = za'z. Then
al CRME af Jrc“T at f_ aat (6N ata=p ()’ q==
( ) 2 p q

Statement (c) follows directly by statements (a) and (b).
(d) By Remark 5.2, a®?MP = g1, and thus a“*™" = ¢* if and only if
a* = x1; which is equivalent to a = z7;.

(e) Since a®?MP = x,;, we have that a“?F = 0 if and only if >~ = 0.
Since ¢§ = aa’*~a, a®~ = 0 implies ¢§ = 0. If ¢ = 0, then aa®~a = 0 and
thus

211 = an’p =qf (aaQ*a) at =0.
So, a®>~ = 0. |
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O 2MP-, MP2- I CMP2-INVERZIMA U «-PRSTENIMA

J. MarovT 1 D. Mosié

SAZETAK. Pojmovi 2MP-inverza, MP2-inverza i C2MP-inverza prosiruju
se sa skupa svih kompleksnih m x n matrica na skup R svih Moore—
Penrose invertibilnih elemenata u unitalnom x-prstenu R. Proucavamo
svojstva tih hibridnih generaliziranih inverza te time generaliziramo neke
poznate rezultate. Primjenjujemo (b, ¢)-inverz elementa a € Rt kako bismo
odredili poseban slucaj 2MP- ili MP2-inverza elementa a, a zatim koristimo
te inverze za rjesavanje odredenih jednadzbi koje vode prema rjeSenjima u
smislu metode najmanjih kvadrata i normalnoj jednadzbi.



