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SUMMABILITY OF SOLUTIONS TO SOME DEGENERATE
ELLIPTIC EQUATIONS
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ABSTRACT. This paper deals with boundary value problems for elliptic
equations with degenerate coercivity whose prototype is

—div (a(z)|Vu(z)|P~2Vu(z)) = f(z), =€ Q,
u(z) =0, x € 09,

with 0 < a(z) < 8. Some summability properties of solutions are given.

1. INTRODUCTION AND STATEMENT OF RESULTS

The purpose of this paper is to study the boundary value problem

(1.1) —divA(z, u(z), Vu(z)) = f(z), z€Q,

' u(z) =0, x € 09,

here 2 stands for a bounded open subset of R™, n > 2, 912 is the boundary of
Q, Az, 5,£) : QxR xR™ — R” is a Carathéodory vector (that is, measurable
with respect to z for every (s,&) € R x R™ and continuous with respect to
(s,&) for almost every = € Q) satisfying the following assumptions: there exist
1 < p <, a function a(z) and a constant 3, 0 < a(z) < 8 < oo, a.e. Q, such
that

(1.2) Az, 5,6)€ = a(z)|€]”,
and
(1.3) |A(z, 5,6)| < BlEPT.
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As far as the datum f in (1.1) is concerned, we assume that it belongs to the
Lebesgue space L™(2), or the Marcinkiewicz space M™(2), respectively.
A prototype of A(z,s,£) : Q@ x R x R™ — R” satisfying (1.2) and (1.3) is
Alz,5,€) = a(x)|€[P%¢, 0 <a(z) < B.
Let us first recall the definition of Marcinkiewicz space, also called weak

Lebesgue space, which is defined as follows: if m > 1, then the space M™(Q)
consists of all measurable functions g on 2 such that

1
(1.4) supt|[{z € Q: |g(z)] > t}|™ < 4o0.
>0
This condition is equivalently stated as
1
gl = sup — [ lgldz < .
ECQ |E|m' E
|E|>0

It is well-known that M ™ () is a Banach space under || - [[,, and, moreover,
if the supremum in (1.4) is denoted by 4,,(g), then

(1.5) An(9) < llglll,,, < m An(g).
A useful result is
16) searmany e o
: <o em 2 (lol7) = An(9),
g7z < 725 gl

In fact, by (1.4),

A (

o
o 1 1 1
gl7) = sup|{lgl” > t}| = (supta|{g| > ta}|m)
t>0 t>0

) — A%(9),

— (suptltlal > 1)
>0
which together with (1.5) implies

ag m ! g
lHgtlls < (Z) Az (lgl7) =

Another useful result is, see Proposition 3.13 in [3], if f € M™(Q2), m > 1,
then there exists a positive constant B = B(|| f||,,,m), such that for every
measurable set £ C (),

(1.7) /E |fldx < B|E|" .

The alternate name, the weak Lebesgue space, of M™(Q) is due to the
fact that, if (2 has finite measure, then

(1.8) L™(Q) € M™(Q) € L™5(9),

m m
AT (g) <
m—o m(g)*m—a

gl
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for every m > 1 and every 0 < ¢ < m — 1. For a detailed analysis of
Marcinkiewicz spaces we refer to [8].
In the following, for 1 < p < n, we shall use the symbol p* which is

defined as:
p* — {'n:npp’ p<mn,

any constant > p, p=n.

DEFINITION 1.1. Let f € L™(Q), m > (p*). A function u € Wy*(Q) is
called a solution to (1.1) if

(1.9) /QA(aj,u(x),Vu(a:))V@(a:)dx:/Qf(x)gp(x)da:, V(p(a:)EWOLP(Q).

We note that in the above definition, we restrict ourselves to the case
f e L™(Q), m > (p*). Sobolev embedding ensures ¢ € LP (Q) for p(z) €
WP (), thus the right hand side integral of (1.9) is well-defined. We note
that there is a function a(z) in condition (1.2). If a(z) > a > 0, a.e. 2, then
we are in the usual coercivity sense. The results for this equation are very
rich, we refer, among others, to the classical monographs by Ladyzenskaya-
Ural’ceva [16], Gilbarg-Trudinger [13], Heinonen-Kilpeldinen-Martio [14] and
Boccardo-Croce [3]. But if a(x) is not bounded from below by a positive
constant, then the coercivity is degenerate, as the following example shows.

EXAMPLE 1.2. Let us consider the case p = 2. We claim that the differ-

ential operator —divA(x, u(x), Vu(z)) with A satisfying (1.2) and (1.3) is not

coercive on Wy*(2), even if it is well defined between W,**(€) and its dual.

To see that it is sufficient to consider the sequence

m(l—n

)
U (2) = |22 — 1, m=1,2,...,

and
a(z) = |z|

defined in B;(0), the unit ball centered at 0 in R™. It satisfies

/ | Dy 2d <m(" 1)>2/ L o=+
Uy |"de = | —F——= ——55dr = +o0,
B1(0) 2(m+1) B1(0) |z Gt

for every m > n — 2, so

(1.10) ||um||W5,2(Q) = 400, for every m >n —2.

At the same time, for all m =1,2,...,

2
-1 1
(1.11) / a(x)| Dy, [2dx = (m(n)) / —rde < +o0.
B (0) 2(m+1) B1(0) || 1




92 A. ZHANG, P. TIAN AND H. GAO

(1.10) together with (1.11) implies

1
7/ a(x)| Dy, |*de = 0, as m — +oo.
||Um||W01>2(Q) B1(0)

For some recent developments related to elliptic equations with degenerate
coefficients, we refer to Boccardo-Croce [3] and Bella and Schéftner [5, 6]. If
there is no restriction on the function a(z), then one can not expect any
regularity results for the boundary value problem (1.1). We now assume

1 1
(1.12) 0< — € L7°(Q), a>max{n,},
a(x) p'p—1
then we will have some summability results.
We first consider the case when
npo

(1.13) feM™Q), m>

npcrfn—nUerU'

THEOREM 1.3. Assume (1.2), (1.3), (1.12) and (1.13). Let u € WOI’p(Q)
be a solution of problem (1.1).

(i) If m > p(’;fn, then there exists a positive constant c, depending upon

n,p,o,|Q,m, |2||po@) and || fll,,, such that

|l oo (@) < e

(ii)) If m = p:fn, then there exists a positive constant A\, depending upon

n,p,o,m, ||éHL”(Q) and |||f|||m7 such that

Ml e LHQ).
nm(p — 1)o

(1.14) uwe M™(Q), — 7
nm — mpo + no

If 0 < a < a(z), that is, the function a(x) is bounded from below by a
positive constant a, then ¢ = +o00 in (1.12). In this case, we have the following
corollary of Theorem 1.3.

COROLLARY 1.4. Assume (1.2) with a(z) > a > 0, (1.3) and [ €
M™(Q),m > (p*) = Th. Letu € WyP(Q) be a solution of problem
(1.1).

(i) If m > %, then there exists a positive constant c, depending upon

n,p, |Ql,m,a and || fl,,, such that

m’

]| oo () < e
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(ii) If m = Z, then there exists a positive constant A, depending upon
n,p,o,m,a and || f|,,, such that
Ml e LHQ).
(i) If (p*)" <m < 3, then
—1
(1.15) weMT(Q), r=me=1

n—mp

In case of p = 2, the above results (i), (ii) and (iii) coincide with [3,
Theorems 6.11, 6.13 and 6.12], respectively.

If we weaken the summability hypotheses on f, then the gradient of u
(and even wu itself) may no longer be in L'(2). However, it is possible to
give a meaning of solutions for problem (1.1), using the concept of entropy
solutions which has been introduced in [1] by Bénilan et al. In order to give
the definition of entropy solution, we define, for £ > 0, the truncation function

s,
k sgn(s),

DEFINITION 1.5. Let f € LY(Q). A measurable function u is called an
entropy solution of (1.1) if Ty(u) belongs to Wol’p(Q) for every k > 0 and if
(1.16)

/A(I,u(z),Vu(x))VTk(u(:c) da:</f VT (u o(x))dz,

Q
for every k > 0 and every o(x) € Wy P(Q) N L>®(Q

Tk (s) = max{—k, min{s, k}} = {

|s| <k
|s| > k

We have the following result.
THEOREM 1.6. Suppose (1.2), (1.3), (1.12), and

npo

feMm™Q), 1<m< ,
npo —n — no + po

then for any entropy solution u of problem (1.1), one has uw € M™(Q) with T
be as in (1.14) and
—1
Vul € MY (), y= mP=bDo
nm — mo + no

In case of a(x) > a > 0, we have the following corollary.

COROLLARY 1.7. Suppose (1.2) with a(x) > a > 0, (1.8) and f €
M™(Q),1 < m < (p*), then for any entropy solution u of problem (1.1),
one has u € M™(Q) with T be as in (1.15) and

nmlp — 1)

n—m

[Vu| € M¥(Q), v =
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The above corollary coincides with [15, Theorem 1.7, i), ii)].

In Theorems 1.3 and 1.6, we deal with the case when f lies in
Marcinkiewicz space. We now assume that f belongs to Lebesgue space,
that is,

(1.17) FeL™Q), m> npa

npoc —n —no +po’
We have the following statement.

THEOREM 1.8. Suppose (1.2), (1.3), (1.12) and (1.17). Let u € W, (Q)
be a solution of problem (1.1).

(i) If m > 22— then u € L>®(Q).

po—n’ - 3
(ii) If m = S22, then eMul e LY(Q) for every X > 0.
(ili) If s Eetpe S M < 5075 thenu € LT(Q) with 7 be as in (1.14).

In case of a(xz) > a > 0, we have the following corollary.

COROLLARY 1.9. Suppose (1.2) with a(x) > a > 0, (1.8) and f €
L™(Q),m > (p*). Letu € Wol’p(Q) be a solution of problem (1.1).
(i) If m> %, then u € L>(9).
(ii) If m = 7, then eMul e LYQ) for every X > 0.
(il) If (p*) < m < 7, then uw € L™(Q) with T be as in (1.15).
In case of p = 2, the above results (i), (ii) and (iii) coincide with [3,
Theorems 6.6, 6.10 and 6.9], respectively.
We end this section by the following remarks: we note that Theorem
1.3 (i) is a particular case of [7]; we note also that, the present paper deals
with elliptic equations with variable coefficients, the original regularity results
related to variable coefficients go back to results due to Trudinger [18] and
Marthy-Stapaccha [17], and in the linear case p = 2, Theorem 1.8 is essen-
tially contained in [18, Theorem 4.1]; we refer to [4] for some similar results
related to elliptic equations with degenerate coercivity, and to [2] for some
Marcinkiewicz estimates for solutions of some elliptic problems with nonregu-
lar data; we point out that the monograph [3] by Boccardo and Croce provides
fruitful ideas.

2. PROOF OF THE MAIN THEOREMS

In order to prove Theorems 1.3 and 1.6, we need the following Stampac-
chia lemma, which can be found, for example, in [19, Lemma 4.1].

LEMMA 2.1. Let ¢, , 8 be positive constants and ko € R. Let ¢ : [ko, +00)
— [0, +00) be nonincreasing and such that
c

(2.1) o(h) < m[‘ﬁ(k)]ﬁ
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for every h,k with h > k > ko. It results that:
(i) if B> 1 then (ko + d) =0, where
d* = clp(ko))* 1277,
(ii) if B =1 then for any k > ko,
_1
p(k) < pko)e! ~tee) = (k=ho),
i) if 0 < B <1 and kg > 0 then for any k > ko,
iii) if 0 < B <1 and ko > 0 then f k>k

R = 1 o 1 ﬁ
() < 2757 Lot 4 (2k0) 7 (ko) } <k> .

95

For some remarks on the classical Stampacchia lemma we refer to [11].

For some generalizations we refer to [10, 9, 12].

PROOF OF THEOREM 1.3. Suppose (1.2), (1.3), (1.12), (1.13) and let u €
W, *(€2) be a solution to problem (1.1) in the sense of (1.9). Define, for s € R

and k£ > 0,
Gr(s) = s — Tk(s).

If we take G (u) as test function in (1.9) and use hypothesis (1.2), we then

obtain

/ a(x)|Vu|pdx§/.A(x,u,Vu)VGk(u)dx

(2.2) Ax h

— [ fGuwds < [ IfIGuwds,
0 Ay,

where Ay = {x € Q : |u| > k} is the superlevel set of u. Let us denote ¢ =
with o the number in (1.12). It is obvious that 1 < ¢ < p < n and ﬁ

(1.12), (2.2) and Holder inequality give

< (/Aka(x)w”dx)
22 < ([ iniciwia)’ ([ (g5) )
<(/ iewia) 27
< (f, e (oo AL,

po

1+o
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Sobolev inequality yields

4
il

(2.0 [;WWMAWQWWMZQ(LWWWWO |

where ¢* is Sobolev exponent for ¢ and C, is a positive constant depending
upon n and gq.
(2.3) and (2.4) merge into

(2.5) (LM@W@Y%<é

The condition ——27
npo—n—no—+po

and (1.7) to get

(/Q Gk(u)|q*dx> L

1

a

g ( )/ ( *q)/
i 7 dx) o
LWAAM

< m is equivalent to (¢*)" < m. We use (1.6)

1 1y# @@
2.6 < = {BA 1-{ ]
(2:6) — CillallLo (o) A

11y Ca (%u)—

N B@r|A m (¢*)'p

CillallLe (o) T A ’

where B is a constant depending upon || f||,,,n,p,o. Let h > k > 0, then
(h = k)?" [Ap|a?

27) - (/A = k)q*dx> # - (‘/Ah Gk(u)|q*dx> "

h
= /IG (u)|”d s 1H1 Y pu|A |(1‘“‘3)')ﬁ
> 0 kU X >~ Cg allze @) k )
from which we derive
(CL)q ’ e B(Z:f/p ( ( *)’) =5/
‘ “llre(@) 1)) iy
2.8 Ayl < A m ) (a*)p ,
28 A< A
The assumption (2.1) of Lemma 2.1 holds with
1 q*p/ 1 qu*l *p’
k) = |Ag|, == ‘7 B, = q",
<P( ) | kl ¢ (C*) allLo(Q) @ ¢

*\/ * ./

8= (1— (g )) q*pl and ko = 0.
m /(¢*)'p

We now divide the following proof into three cases.
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CASE 1: m > 2% In this case § > 1. Lemma 2.1 (i) tells us that there

po—
, >0, h that

{lu| > d}[ =0,

1

a

exists a constant d = d (n,p, o, |, m,

thus |u| < d, a.e. Q.

CASE 2: m = =22 In this case § = 1. We use lemma 2.1 (ii) to get, for

po—n’
any k > 0,
@9 Hlul > B} < |{jul > 0}el =) Hk < e Fx,
thus
> (ce)iék [e%e] (ca)fék B
Ze 7 lul >k} < Ze |Qee () =k
(2.10) k=0 =0

e’} 1

= |Q\ez e T < oo,
k=0

Proposition 6.4 in [3] states that for A > 0,

o0
/ AMildy < 0o = Ze’\k|{|u| >k} < oo.
@ k=0

(ce)”@

We use this fact for A = “=5—. Note that X is a constant depending on

1
a

n,p, o, @’ IIfll,,- We use the above proposition and (2.10) and we
Lo (Q

derive that

/ eMuldr < oo,
Q

. npo no : :
CASE 3: npo—n—no+tpo <m < po—n" In this case 0 < B < 1. Since

the assumption (2.1) of Lemma 2.1 holds with ky = 0, and Lemma 2.1 (iii)
requires kg > 0, then one can use the fact that the assumption (2.1) of Lemma
2.1 holds with kg = 1 and we have

1\ ™7 1\"
<ecl= —c|= >
{|u|>k}|_c(k> C<k‘) , Vk>1,

nm(p — 1)o

where

mn — mpo + no’
the desired result u € M7 (Q) follows from the fact

=<0 (3) +e(3) =0ar+a(3) . wso
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PrROOF OF THEOREM 1.6. For any h > k > 0, we take h — k in place of
k in (1.16), and we use ¢ = Tj(u) as a test function. Note that

Th—p(u—Tk(u)) =0 for z e {|u] <k},

|Th,k(u — Tk(u))| S h—k

and
0, lu| < K,
VTh_k-(’U, — Tk(u)) =qVu, k< |u| <h,
0, lu| > h.

Then (1.2) and (1.16) yield

/ a(z)|VulPdx < / Az, u, Vu)VTh_p (u — Ty (u)) dz
Bk, Q
< [ $Tistu=Tuw)ds < b= ) [ |flda,
Q Ag
where
Bk7h:{x€Q:k<|u|§h}.

As in the proof of Theorem 1.3 we take 1 < ¢ = /7> < p. Holder inequality
gives

q 1 \#
ddr = 7 q d
/Bk:h |Vu|ldz /BM a(z)?|Vu| (a(m)) T

U, (], (i) )*
< ((hk)/Ak |f|dx)% 1

a
1

(2.11) ’

Lo (Q)

<(h—k)?B»

q
LAyl
Lo ()

where we used again (1.7). Sobolev inequality yields

/ Vultde — / VT (G| da
Bi.n Q

a
=

(2.12) >t ( / Th_k(ka))w*dx)

o[ h T (Ga)|” ) :

> CY(h = k)| Ap

a_
FEd

)
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where g* is the Sobolev exponent for ¢ and C, is a constant depending upon
n,q. Combining (2.11) and (2.12) we arrive at

B o2 -
allLo(Q q*
[Anl < | Ay
(h—k)¥
The assumption (2.1) of Lemma 2.1 holds with
. 1 % q* q*
= A = B ] q — = — = = 0.
o(k) =4k, ¢ » O all e o PR B8 o and kg =0
(2.1) }jolds true for ko = 1 as well. Since 1 < m < 27—, then
0< p’in, < 1. We use Lemma 2.1 (iii), and note that
a e _ nm(p—1)o
1-8 1—p‘i;,  mn —mpo +no

We derive that

> i< o0 (1) =garva (1) w0

1
a

. This

where ¢ is a constant depending upon n, p, o, ||, ||| f|||m and @
LU’

shows that uw € M7 (Q).
Let us take h = 2k in (2.11), use (1.4) and the fact u € M7 (Q2), then

1

/ \Vuldz < kv Br||=||” Ao
By,2k allLe(Q)
a _afll % _q_
<k B — AT Tk_T pm/
=mrer a LU(Q)( (u) )
e 1 WO
allLe ()
which yields, for any k& > 0,
(2.13)
o0
/ |Vu|qu§2/ \Vu|9dx
{lu|<k} =0 {2-7-1k<|u|<2-7k}
o0 1 q .
—i1 1(17#) aq L D ﬁ
<Y EITRIEEBE| | A )7
7=0
- 12 .
Sttty Tt 1 E S (e
allLe (@)

<.
Il
o
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Since m < -7 then I(1— %) >0, so
oo
S )E < oo,
7=0

from (2.13) we obtain

a
P a7

A (u)em’ .

(2.14) / |Vul|9dz < ck» =77 B
{lu|<k} allLe(Q)

Thus, for any £ > 0 and ¢ > 0,
{(Vul > 1}
= [{IVal > 8} " {lul > kY + {190l > 6} 0 {Jul < &}

<[t > & +t*q/ Vu|9dz

{lul<k}

<A (W) 4t 9k

—r —q. -1
= Clk + cot kr ™ »m 5
where

a1
1 =A;(u)", ca=cBr|—

Next we minimize this in k, i.e., choose

1
q9_ g9
k Cthq P pWTL’ +
= 4 _ ar )
c2(5 — por)

1vul > )| < 7T

and we arrive at

Q|-

and A, (u).

where c¢ is a constant depending upon n, p, m, o, ||| f|l,, @)

Now we observe that

-1
L, qr _ nm(p )o

g _ 4T _ :
T+p o7 nm — mao + no

Then |Vu| € M (Q), as desired. O
PROOF OF THEOREM 1.8. Suppose (1.2), (1.3), (1.12), (1.17) and let u €
W,*(€2) be a solution to problem (1.1) in the sense of (1.9).

(1) (1.8) and we have f € M™(12).
Theorem 1.3 (i) gives the result.
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(ii) For the case m = -22—_ for every A > 0, k > 0, £ > 0 let us take

po—n"
0= [ep’\T‘fl(G’“(“)‘ —1]sgn(u) € Wol’p(Q)
as a test function in the weak formulation (1.9). Since
Vi = pAeP el Gy, . 1By sier
where
Brpro={xeQ:k<|u <k+/(}

and 1g is the characteristic function for the set E, that is, 1g(x) = 1 for
x € E and 1g(x) = 0 otherwise, then (1.9) gives
(2.15)

p)\/ Az, u, Vu)ePA TG WIgydy :/ f[ep)‘T”Gk(“)l — 1]sgn(u)dz.
Bi,k+¢ Ak

We study the two sides separately. The left hand side of (2.15) can be esti-
mated from below by using (1.2),

A Az, u, Vu)ep)‘T”G’“(“)‘Vudm

By, k+¢

(2.16) > p)\/ a(x)ePATzle(u)\ \Vu|Pdz
B, k+e

= ];\—i\ a(x) ‘V(e)‘T“G"'(“)l - 1)’pdm.

By, k+e

We use the following inequality, satisfied by every t > 1, p > 1 and Q > 1:
P -1<QUt—1P+(1—Q 71) 7 1.
Then the right hand side of (2.15) can be estimated as

f [ep)\Tde (W] _ 1] sgn(u)dx
Ak

</ |f|[ePrTelGR 00l — 1] d
=/,

(2.17) <Q [ |f|(}TrICk0 fl)pdx+C(Q,p)/ |fldz
A Ak

my )" ATelGr()] _ 1P g )™
cof )’ ([, et )
+ C(Q7p)||f||L1(Q)a

where
no
m

-t o= 00,

and we have used Holder inequality.
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Substituting (2.16) and (2.17) into (2.15),

/ a(x) ’V(e’\T’Z‘G’C(“)I - 1)’]) dz
B ke

—1 , m%
(2.18) < QN I fll L (ar) (/ [eATz\Gk(uﬂ _ 1}pm dx)
p Ay

" )‘pilc(Q,p)”fHLl(Q)
p

As in the proof of Theorems 1.3 and 1.6, we take 1 < ¢ = fTUa < p. Holder
inequality together with (2.18) gives

(2.19)
V(e/\Tz\Gk(u)l _ 1)’qu
B k+e
:/ a(z)t |V (ATHICw) _1)“1 (1>de
By ke a(x)
< ‘ ATy |G (u)| R AR
< a(x) |V(e —1)| dzx — dx
Bk‘kJrZ Bk‘kJr[ a‘(x)
<2 '

1 , D7
3 (Q)\p 11 L""(f“k)) (/ [eATzIGk(u)\ — 1]pm dx)
p Ak

X (Aplc<c2,p>||f|y<mﬂ E

p

Lo(Q)

Sobolev inequality gives

/;k,k#»é

:/ ’v(emlck(u)\_l)‘qu
Q
(2.20) A

> O (/ ‘e’\T“G"‘(“)‘ — l‘q* dx)cl*

B Q

el </ ATelG ()] 1“1 dx>q*.
Ay

V(A TelGk W] _ 1)"]@
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where C, is a constant depending upon n and ¢. (2.19) and (2.20) merge into

(.

4
£3

ATelGr(w)| _ 1“1 da:) !

q

98 QA1 . » L T
om) <2 l( ||£|L <Ak>) < /A (TG _ ]? dz)
* k
aq
n ANLC@Q I fllzr)\” H} 5
p allLo(@)
Recall ¢ = 1%7’ m = p:fn, which imply ¢* = pm’ and q% = pgl,. Since
fllzmea,y — 0 as k — 400, then there exists k) > 0 such that
(Ak)
2 (Q T fllman )P LE
—— - < -, Vk >k
Cf( p ) Ha Le©) — 2’ ="

For such k we deduce from (2.21) that

()™= (],

_ 2 Ae@p)lflle |
= 1 p
< +00.

2
FEl

A TelGr(w)l _ 1’(1 dm)

1
a

aq
p

Lo (@)

Let £ — 400, we use Fatou’s lemma and derive that
.
/ﬂ&mwm—1]dx<+m,szm.
Q
Now
[eMu‘ _ 1]11* _ [e)\lTk(u)'FGk(u)\ _ 1]11*

- [6A|Tk(u)+Gk(u)‘ — e etk 1]4*

¢

< 98" LMK [ G _]T 4 9 (M 1y,
Therefore, for every k > kj,
/[EAIU‘ — 17 dx < 27 ~lekd / [6)‘|G’“(“)‘ —1] T da + 20 "1 (M 1) |Q
Q

Q
< +o00.

That is, e*l*! belongs to L4 () for every A > 0. The result (ii) follows with
A=A,

(iii) For the case
fixed and let us take

—— P — <m < 1% let t > 0 be a number to be
PO —n—no—+po po—n

¢ = |Th(u) [P T (u)
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as a test function in (1.9). We use hypothesis (1.2) and we have

é’fl;p /Q o) || Ti(w)| 1P dz = (pt + 1) /Q o) | T () P! [V T (w) P d

<t +1) [ Al V)T Vi (w)ds

— [ A Vo)Vede = [ AP Tz < [ (TP e,
Q Q Q

As in the proof of Theorems 1.3 and 1.6, we take 1 < g = ﬁ_—”d < p, then

A‘V‘Tk(u)|t+l‘qd$:/§2a(,ﬁ)%|V|Tk(u)|t+1|q <a(1x))pdx
(e dw>q </ (9 )m)
= <(;++) FIITk(u )pt+1da:> ( (a(1x>" )

(2.22)

(t+1)P / t1 A
< T (u)| VD™ g - :
( pt+1 ”fHLm ) 1Tl allLe(Q)
Sobolev inequality gives
(2.23) /Q V[T ()| da > O (/Q |Tk(u)|q*<t+1>dx> "
where C, depends upon n,q.
Let us choose ¢ in such a way that
t+1)=(pt+1)m’
This is equivalent to
t+1:(p—1)m’: nm(p — 1)o _T
pm! — ¢* (nm +no —mpo)q*  ¢*
The facts na:’% <m < ;2% imply ¢ > 0 and ql > pm,. (2.22) and
(2.23) merge into
) CR T t1)P
C1 T q (t+1)d < ( . H
([ mopr o) < (G g 1L

Since
git+1)=r
then the above inequality implies, for any &k > 0,

/ | T (w) |4 Vdz < e,
Q
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1

a

. To be
Le(Q)

finished, we apply Fatou lemma (as k tends to infinity) to deduce that

/ lu|Tdx < ¢,
Q

as desired. O

with ¢ a constant depending upon n, p, o, m, || f|| L) and
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SVOJSTVA SUMABILNOSTI RJESENJA NEKIH
DEGENERIRANIH ELIPTICKIH JEDNADZBI

A. Zuang, P. Tian 1 H. Gao

SAZETAK. Ovaj rad bavi se rubnim zadaéama za elipticke jednadzbe s

—div (a(z)|Vu(z)[P2Vu(z)) = f(z), z€Q,
u(z) =0, x € 09,

pri ¢emu vrijedi 0 < a(z) < . Navedena su neka svojstva sumabilnosti
rjeSenja.



