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Dynamic Model of Spur Gear with Friction and Crack in Tooth Root

Ale$ BelSak*, Matej Ozebek, Mario Hirz

Abstract: A mathematical model developed to support investigation of pairs of gears is presented. It includes the effects of actuation, the loads, the changing tooth stiffness, and
the changing friction between tooth flanks during engagement. Friction between the tooth flanks generates an alternating non-symmetrical periodic function and the behaviour
during the contact. The system actuation is modelled for different sources and the tooth stiffness. The mathematical model of the mechanical system of gear has the form of a

system of two non-homogeneous nonlinear second-order differential equations.
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1 INTRODUCTION

A number of measurements and numerical analyses is
necessary for the diagnostics of mechanical systems prior to
developing advanced algorithms for predicting damages and
the remaining life-time of the system. This applies
exemplarily for gear sets. Here, it is required to use
mathematical models for analyses and optimization, which
depend to a great extent on the quality of the applied
diagnostics and the perception of the mechanical system.

This paper deals with a mathematical model that is
developed to support investigation of pairs of gears. The
accuracy of the model depends on the modelling
requirements and the quality of observation, and available
mathematical tools and software play an important role when
developing relevant models.

In the past, various mathematical models have been
developed by a number researchers, primarily focusing on
gear dynamics, considering a multitude of different
influencing quantities.

Exemplarily, a nonlinear time-varying dynamic model of
a spur gear pair is studied by [1] for the prediction of
modulation sidebands, which are caused by different
modulation internal excitation. They pay attention to
backlash, modulation time-varying mesh stiffness, and
modulation transmission error.

The impact of dynamic backlash and rotational speed on
the six-degrees-of-freedom model of the gear system with the
time-varying meshing stiffness is studied by [2]. Here, it is
possible to determine the relationship between dynamic
backlash and centre distance.

A dynamic model of three shafts and two pairs of gears
in mesh, with 26 degrees of freedom, with the effects of
variable tooth stiffness, pitch and profile errors, friction and
a localized tooth crack on one of the gears is presented by [3].

A two-stage planetary gearbox is presented by [4]. They
establish a system coupling torsional dynamical model,
which takes into account the time-varying mesh stiffness,
friction forces and interstage coupling factors. The friction
and lubrication states are classified in order to analyse the
calculation of friction coefficients under various conditions.

The dynamic performance of the gear is dealt with by
[5]. In the dynamic model, the profile deviation between
involute gear and microsegment gear is considered as a
displacement excitation.

An analytical model for helical gears is proposed by [6];
their model characterizes the contact plane dynamics and
captures, owing to the sliding friction, the velocity reversal
at the pitch line.

A dynamic wear prediction methodology is described by
[7] to research the coupling effects between surface wear and
dynamics of spur gear systems. Here, a quasi-static wear
model and a translational-rotational-coupled nonlinear
dynamic model are combined.

On the basis of the Coulomb model, [8] deal with an
analytical analysis of tooth friction excitations in errorless
spur and helical gears.

In their paper, [9] deal with a new gear surface roughness
induced noise source model, with the sliding contacts
between meshing gear teeth being considered. They use a
linear time-varying model of a spur gear pair (with sliding
friction) for the calculation of the instantaneous sliding
velocity between pinion and gear teeth.

The dynamics of the gear pair is connected with sliding
friction and a crack in the tooth root is associated with
different loading level by [10].

As an enhancement of the topics treated in the different
cited works, in our work we address the impact of wear upon
the vibrations of gears. For this purpose, a mechanical model
with reduced masses is developed. In this model, the function
of friction is defined by taking into consideration the
knowledge of the engagement conditions and theories of
friction in the Hertz contact. Besides, function of stiffness
changes along the line-of action at the gear tooth surface and
an error function in the form of a fatigue crack in the tooth,
by which the stiffness is reduced, are added to the model..

2 GEAR PAIR MODEL

The engaged pinion and gear can be substituted by a
variety of alternative mechanical models (oscillating
models), thus allowing observations of responses by the
dynamic system. Different approaches and forms of
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alternative mechanical models can be found in literature [11-
14].

When it comes to modelling gears, an approach based on
reduced masses and displacements is often used. The reduced
masses are calculated on the basis of the moment of inertia
of the gear and the rotations are transformed into translations.
The gear pair is modelled as a system of non-homogeneous,
non-linear second-order differential equations — a system of
equations of motion. Different forms of excitation, damage
to the tooth and the mechanism of friction at the contact point
between the tooth flanks in the system’s pinion and gear
geometry are represented in the selected model. The stiffness
of the tooth during engagement and the engagement
conditions at a rotational frequency are changed to excite the
model internally. The first model involves linear contact
stiffness of tooth flanks, whereas the improved model
involves non-linear stiffness and it depends on the point of
contact of the tooth flanks. The connection between the discs
is modelled as a shock absorber with stiffness K and damping
C that transmit the drive torque in the form of tangential force
from pinion to gear. Both masses are rotated by the drive
torque within the selected time-varying form. The model of
pinion and gear is divided into two free masses with all the
external influences, Fig. 1. The translation x of the spring and
damper and the rotation 6 of the gear are included in the
differential equations. The equilibrium Euler’s dynamic
equation is defined for each gear. Two non-homogeneous
second-order differential equations form the system of
equations of motion for the gear pair. Drive torque M, and
the output torque My, provide excitation. Below is the system
of equations of motion [11]:

J16, + My +C(y +5,)R, + K(x, + )R, = M,

) M
Jb + My +C (i +%,)R, + K (x, + xR, = M

mi, Ji, Z1

Figure 1 The model of gears

It is possible to divide the model of the pinion and gear
set, Fig. 2, into two single masses, each of them as a body
with rotational inertia J; and with all external influences,
depending on the translational displacements x;=06,R; and
x,=00>R>, damping C and the stiffnesses of springs K, acting
on the radius R;. In polar coordinates, the second derivative
of the rotation is the angular acceleration of the rotational
body. M, refers to the friction in the bearing.

For each body with external forces and torques acting on
it, it is possible to define Equilibrium Euler dynamic Eq. (2).

Considering small rotations in the same rotational directions
as the two bodies, Fig. 2, it is possible to write as follows [10]

J16,+ My +C(00,R, —060,Ry)R, + K (86, R, £ 06, Ry)R, = M, 2
J,0, + M +C(00,R, —06,R)R, + K(06,R, T OO,R )R, = M ,,

M,=F R, 5 KxR,
Mp,:](sin()‘k‘2

M,=F R, >KxR,
M,=Ksin6,R,’

Kx, > Ko0R,
Kx, > KaOR,

0 - Qq\
R L i, > COOR,
Cx, > Co6,R,

Figure 2 Forces and torques acting on gears

X2

The gear pair is modelled precisely when the following
factors are taken into consideration: rotation, the time-
dependent changes of the drive torque M,,, the output torque
M, damping C and the stiffness K of the tooth pair, as a real
gear pair. If the tooth pair’s stiffness, area pressure, Hertz
contact relationship and the friction model during the contact
are taken into consideration, the level of the model is
improved.

16, = My =My £ Fy Ry — COORR, + COO, Ry R, ~ KOO R Ry + KOOR,R, (3)
Joby =My =My £ Fypp Ry = COOR Ry + COO,Ry Ry — KOO R R, + KOO, Ry R,

The above system of equations of motion (Eq. 3) is
edited so that excitations of the external torques M, and M,
appear on the right, whereas all the other variables are on the
left. In the model, K stands for the replacement stiffness
coefficient and C for the total damping of the gear pair.

Ji6, =My =My £F Ry —COOR R, +CO0,R, R, - KOOR R, + KOO, R, R, (4)
Joby =My, =My £ Fy Ry ~COOR R, + COO,R, Ry — KOO R R, + KOO R, R,

For solving the system of equations of motion (Eq. 4),
direct numerical integration is used. The torque transfer
between the engaged teeth involves the force from tooth to
tooth, which includes friction.

The friction force direction is tangential to the flanks of
the tooth at the current point of engagement. On the basis of
the engagement conditions it is clear that the tooth force is
oriented in the direction of angle a with respect to the
engagement curve. The force acting on the tooth is not
constant anymore. It, however, varies in mode (single,
double) and the position and direction on the tooth flank and
the radius of the associated engagement point. If the position
of associated tooth engagement point changes, the tooth
stiffness K changes in accordance with the position of the
engagement point. Simultaneously, the friction, representing
the damping, becomes an additional exciting force of the
mechanical system.
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Normally, pinion and gear work have no backlash, and
the bearings are not completely rigid. This forms additional
sources of excitation. Inertia moments for both pinion and
gear are necessary for the equations of motion of the
developed system. The following data is considered when
calculating the inertia moments: material density p, modulus
m, the number of teeth Z and width b and the coefficient of
profile shifting x [10].

nZi4 Byx; |( m, !
/i (3—2 m J(Hj o ”

B, =—2818,2+267,74Z, —837.38Z7 +0.84437> (6)

3 STIFFNESS OF THE TEETH PAIR

On the pitch diameter, the contact gear force can be split
into tangential and normal components. In the mechanical
model, the actual force acts on the spring K and the damper
C on the pitch radius.

The position of the engagement point changes on the
tooth flank resulting in changes of the combined tooth
stiffness with time and position. In the substituted model, the
spring K represents the stiffness of the teeth pair depending
on the elasticity of the tooth flank and the local elasticity of
the contact surface. Four serially connected springs are
applied to model the serial set-up of the tooth pair during the
engagement. The stiffness of this spring system is calculated
as a harmonic mean.

LZL+L+L+L_)]{ k]k2k1hzk2hz (7)

koove. ki Ky kg Ko, povp (Ky + ey + ke, + ey, )

The stiffness of the tooth at any radius between the root
and the top land being k; and k&, (n refers to the number of
teeth engaged), whereas kn, stands for the surface stiffness.
Thus, the Hertz surface stiffness, which is given by [14],
represents a part of the overall stiffness. The stiffness of a
pair of contact surfaces is assumably constant during the
entire period of engagement. The modulus £y and the Poisson
ratio v as well as the shape of the contact define the surface
stiffness /.

n-Ey

I 8
41-v?) ®

hz

The friction in the system includes the friction in the
bearings of the shaft and the friction at the Hertz contact point
produced between the tooth flanks. The mechanisms of
friction and relative gliding, and the lubrication within the
dynamic model of the gear pair are taken into consideration.

In Eq. (10) the average sliding velocity is calculated at
any point of engagement Y on the radius ry. In the equation,
the rotation speed v at the pitch radius, the base radius Ry, and
the pressure angle @ are considered.

1 1

A%
Vsr-dsr = ob;dna (E + R_zj Rblﬂrl (10)

A function for describing the friction x4 at a single point
of engagement was developed by [12]:

" —v +agp
Uy = 2A — V1A J‘ npdx (11)
Fpty a0

F stands for the dynamic force transmission, ¢4 for the
thickness of the oil film, v for the relative sliding velocity, ao
for the radius of the Hertz contact and x4 for the dynamic
viscosity of the lubricant.

We took the following factors into consideration when
developing the dynamic model of gear and pinion. The
change of the tooth force, sliding with direction of changing,
rolling friction between the tooth flanks and in the bearings,
and an unsatisfactory driving torque.

The model is primarily stimulated by the engagement
and with the altering tooth stiffness; however, several facts
need to be observed, otherwise a problem related to the
determination of the damping occurs, which must be set up
experimentally by observation. Friction forces for double
(Fra) and single (Fixc) engagements are:

F = uF
trA = Hiha (12)
Fuoc = pbyc
The torque of sliding friction can be as follows:
My = Foyray (13)

The friction torque distribution for typical engagement
of a gear pair is shown in Fig. 3.

A

The material, loads and geometries of the surfaces in M.() B
... . [Nm] Mug)
contact additionally influence the shape of the contact. | i [ M Mo i,
4 FRICTION FORCE AND TORQUE Mic ,E
B c D [E cC A |[B C D [ Point
The transferred torque acts on the tooth with a pulsating " ¢IRAD]
rectangular variable wave force during the operation. The \ -
drive torque is represented by the dynamic forces. N e \
L 1. €= =|:'
M, = (Fgina + Faing onz ©) Lo ITERVAL
Figure 3 Friction torque at the intervals of engagement of tooth pair
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A repetitive engagement behaviour for the gear
calculated with Wolfram Mathematica is presented in Fig. 4.
The frequency of engagement is taken into consideration and
friction torque is calculated with a constant friction
coefficient of 0.5 at constant torque transfer of 20 Nm. [10]

M, [Nm]
8

Average /
6

4

2

- 1 [sek]
0.0005 0.0010 0.0015 0.0020 0.0025

-2

-4

-6

Figure 4 Friction torque distribution for one engagement of tooth pair
5 SOLVING THE MATHEMATICAL MODEL

A system of two second-order, non-linear, non-
homogeneous differential equations forms equations of
motion for the extended model of pinion and gear. The
system of differential equations is prepared for solving, using
numerical integration with software Wolfram Mathematica.
By inserting numerical values for real pinion and gear from
the data in Tab. 1 and the definition of the initial conditions.

Table 1 Data of the pinion and gear [10]
Parameters of the gear:

m,=4 module

z1=19 number of teeth for the pinion
z,=34 number of teeth for the gear
i=1.789 gear ratio

n=20s" revolutions for the pinion shaft

M,i(1) =20 Nm drive torque

My (1) = i-My(t) output torque

b1 =b,=0,02m tooth thickness

71=0.03m bearing radius

[=0.02m width of the bearing

o, =20° pressure angle

p=0° helix angle

e=1.61 overall degree of engagement
a=0.106 m wheel base

c=0.08 damping coefficient (the tooth flanks)

k=462.1106 N/m
p = 7800 kg/m’ material density

Ey=210000 MPa Yield point of the tooth material
v=0.3 Poisson’s ratio

oq =500 MPa allowed stress for the tooth material
Ji = 0.00051095054 kgm’ inertial moment of the cylinder —
pinion

inertial moment of the cylinder — gear
mass of the pinion

mass of the gear

average tooth pair stiffness

J>=0.00523938275 kgm’
m; = 0.708 kg
my =2.266 kg

In our model, the influence of a crack in a tooth root is
used as a reduction of stiffness of one gear tooth of the pinion.
We acquired responses of gear rotation from the
numerical integration of differential equations as presented
in Fig. 5. The response of the convergent transition
responding at each change and a semi-stationary form of

repetition are presented in the diagram. An increase in
rotation and change of response indicate the single change in
the stiffness of the gear tooth with a crack in tooth root. The
second square wave shows the response of a tooth pair with
a crack in a tooth root with tooth stiffness reduced by 35 %,
all other responses are from the tooth pair without cracks in
tooth root.

8, (rad) Gear with crack in tooth root — 6,
0.00004 | “ /
|

0.00002

‘f
—
————
—
—

“ - : . [ [sek]
[02 4 0.6[ 0.8 ( 1.0

-0.00002

Figure 5 Detailed response of gear rotations of the considered model

Due to damping or energy dissipation of a non-
conservative model, the amplitude is reduced. In accordance
with the physical properties, any decreasing stiffness of the
tooth causes an increase of the amplitude, whereas the
oscillation frequency does not change.

In Fig. 6, Fig. 7 and Fig. 8, the tooth gear rotation under
the same operating parameters and different lengths of
fatigue cracks is presented, reducing tooth stiffness by 10 %,
followed by 20 % and finally by 35 %.

0.00005

-0.0001

One engagement
-0.00015

Figure 6 Tooth gear rotation with a 10 % reduction of tooth stiffness
(Mp1 =130 Nm)

0.00005

-0.0001

One engagement

-0.00015
Figure 7 Tooth gear rotation with a 20 % reduction of tooth stiffness
(Mp1 =130 Nm)
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0.00005

-0.0001

-0.00015

One engagement

-0.0002
Figure 8 Tooth gear rotation with a 35 % reduction of tooth stiffness
(Mp1 =130 Nm)

In Fig. 6 to Fig. 8 it is shown how a damaged tooth
influences the tooth gear rotation — with the same parameters,
being the drive torque, friction torque and variable stiffness,
which represent additional excitation mechanisms applied in
the mathematical model. If we observe the part of the
diagram presenting the engagement of the gear pair with a
crack in the tooth root, it is evident that in case of an
increasing crack, which reduces tooth stiffness, gear rotation
amplitude is redistributed in time domain. With reduction of
tooth stiffness amplitude, the tooth gear rotation is increased.

6 CONCLUSION

The paper introduces the development of a mathematical
model of a spur gear. The model includes a mathematically
described variable excitation resulting from a friction model
at the contact point of the tooth flanks. The shapes of the
excitations make it possible to compare the model and the
responses of the real gear drives. The excitation with input
and output torque, variable stiffness of the gears, damage of
a pinion with a fatigue crack in the tooth root, variable
friction and damping are used in the replacement mechanical
model of the gear pair. The nonlinear differential systems of
equations are solved by numerical integration. As a result, the
fluctuating nature of friction between the teeth flanks is
confirmed by the developed and introduced excitation
function of friction. The obtained results of the model
represent the basis for comparing the results acquired with
measurements, where it is difficult to locate a fault on the
gear due to various influences. At the same time, the
introduced model enables a more efficient search for suitable
methods for noise reduction or signal filtering of measured
signals in the course of gear investigation and optimization.
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