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Abstract. Let 𝐺 be a connected semisimple Lie group with finite center. We prove a formula for the inner product of
two cuspidal automorphic forms on 𝐺 that are given by Poincaré series of 𝐾-finite matrix coefficients of an integrable
discrete series representation of 𝐺. As an application, we give a new proof of a well-known result on the Petersson
inner product of certain vector-valued Siegel cusp forms. In this way, we extend results previously obtained by Muić for
cusp forms on the upper half-plane, i.e., in the case when 𝐺 = SL2 (R).
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1. Introduction

In [5], Muić gave a representation-theoretic proof of a formula for the Petersson inner product of two cusp
forms in 𝑆𝑚 (Γ), where 𝑚 ∈ Z≥3, Γ is a discrete subgroup of finite covolume in SL2 (R), and one of the cusp
forms is given by a Poincaré series of polynomial type that lifts in a standard way to a Poincaré series of a
𝐾-finite matrix coefficient of an integrable discrete series representation of SL2 (R). Let 𝐺 be a connected
semisimple Lie group with finite center. In this paper, by generalizing the methods of [5], we prove a formula
for the inner product of two cuspidal automorphic forms on 𝐺 that are given by Poincaré series of 𝐾-finite
matrix coefficients of an integrable discrete series representation of 𝐺. As an application, we give a new
proof of a well-known result on the Petersson inner product of certain vector-valued Siegel cusp forms.

To explain our results in more detail, let us fix a maximal compact subgroup 𝐾 of 𝐺 and a Haar measure
𝑑𝑔 on 𝐺. Let 𝔤 denote the Lie algebra of 𝐺, and let Z (𝔤) denote the center of the universal enveloping
algebra U (𝔤) of the complex Lie algebra 𝔤C = 𝔤 ⊗R C. Let (𝜋, 𝐻) denote a discrete series representation 𝜋
of 𝐺 acting on a complex Hilbert space 𝐻, and let 𝐻𝐾 denote the (𝔤, 𝐾)-module of 𝐾-finite vectors in 𝐻.

It is well known that for all ℎ, ℎ′ ∈ 𝐻, the matrix coefficient 𝑐ℎ,ℎ′ : 𝐺 → C,

𝑐ℎ,ℎ′ (𝑔) = ⟨𝜋(𝑔)ℎ, ℎ′⟩𝐻 , (1)

belongs to 𝐿2 (𝐺) [12, §4.5.9]. Moreover, by the Schur orthogonality relations [12, Theorem 4.5.9.3], we
have 〈

𝑐ℎ,ℎ′ , 𝑐𝑣,𝑣′
〉
𝐿2 (𝐺) =

1
𝑑 (𝜋) ⟨ℎ, 𝑣⟩𝐻 ⟨𝑣′, ℎ′⟩𝐻 , ℎ, ℎ′, 𝑣, 𝑣′ ∈ 𝐻, (2)

where 𝑑 (𝜋) ∈ R>0 is the formal degree of 𝜋, i.e., the Plancherel measure of 𝜋 [1, Proposition 18.8.5]. On
the other hand, if (𝜎,𝑉) is a discrete series representation of 𝐺 that is not equivalent to 𝜋, then we have〈

𝑐ℎ,ℎ′ , 𝑐𝑣,𝑣′
〉
𝐿2 (𝐺) = 0, ℎ, ℎ′ ∈ 𝐻, 𝑣, 𝑣′ ∈ 𝑉.

Next, suppose that (𝜋, 𝐻) belongs to the integrable discrete series of 𝐺, i.e., we have 𝑐ℎ,ℎ′ ∈ 𝐿1 (𝐺) for
all ℎ, ℎ′ ∈ 𝐻𝐾 . Let Γ be a discrete subgroup of 𝐺. Then, given ℎ, ℎ′ ∈ 𝐻𝐾 , the Poincaré series(

𝑃Γ𝑐ℎ,ℎ′
)
(𝑔) =

∑︁
𝛾∈Γ

𝑐ℎ,ℎ′ (𝛾𝑔)
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converges absolutely and uniformly on compact subsets of 𝐺 and defines a smooth, left Γ-invariant, Z (𝔤)-
finite, right 𝐾-finite function that belongs to 𝐿 𝑝 (Γ\𝐺) for every 𝑝 ∈ [1,∞] (see, e.g., [8, Lemma 3.2]). If
𝐺 = G (R) for some Zariski connected semisimple algebraic group G defined over Q, and Γ is an arithmetic
subgroup of G (Q), then the function 𝑃Γ𝑐ℎ,ℎ′ is a cuspidal automorphic form for Γ [6, Lemma 4-2(i)].
Miličić proved that

spanC
{
𝑃Γ𝑐ℎ,ℎ′ : ℎ, ℎ′ ∈ 𝐻𝐾

}
is dense in the 𝜋-isotypic component 𝐿2 (Γ\𝐺)[𝜋 ] of the right regular representation of 𝐺 on 𝐿2 (Γ\𝐺) [7,
Lemma 6.6].

The main result of this paper is the following generalization of Schur orthogonality relations.

Theorem 1. Let 𝐺 be a connected semisimple Lie group with finite center and a fixed Haar measure 𝑑𝑔,
and let Γ be a discrete subgroup of𝐺. Let (𝜋, 𝐻) be an integrable discrete series representation of𝐺. Then,
we have the following:

(i) (Inner product formula) For all ℎ, ℎ′, 𝑣, 𝑣′ ∈ 𝐻𝐾 , we have〈
𝑃Γ𝑐ℎ,ℎ′ , 𝑃Γ𝑐𝑣,𝑣′

〉
𝐿2 (Γ\𝐺) =

1
𝑑 (𝜋) ⟨ℎ, 𝑣⟩𝐻

(
𝑃Γ𝑐𝑣′ ,ℎ′

)
(1𝐺), (3)

where 1𝐺 denotes the identity element of 𝐺, and 𝑑 (𝜋) denotes the formal degree of 𝜋.

(ii) Let (𝜎,𝑉) be an integrable discrete series representation of 𝐺 that is not equivalent to 𝜋. Then, for
all ℎ, ℎ′ ∈ 𝐻𝐾 and 𝑣, 𝑣′ ∈ 𝑉𝐾 , we have〈

𝑃Γ𝑐ℎ,ℎ′ , 𝑃Γ𝑐𝑣,𝑣′
〉
𝐿2 (Γ\𝐺) = 0.

Our proof of Theorem 1 is inspired by [5, proof of Theorem 2.3] and it relies on the results on the
Poincaré series 𝑃Γ𝑐ℎ,ℎ′ proved in [7].

As an application of the inner product formula (3), in Section 3, we give a representation-theoretic proof
of a well-known formula for the Petersson inner product of certain vector-valued Siegel cusp forms (see, e.g.,
[10, Lemma 1.2]). To explain this in more detail, let 𝑛 ∈ Z>0, and let (𝜌,𝑉) be an irreducible polynomial
representation of GL𝑛 (C) of highest weight 𝜔 = (𝜔1, . . . , 𝜔𝑛) ∈ Z𝑛, where 𝜔1 ≥ . . . ≥ 𝜔𝑛 > 2𝑛. We equip
𝑉 with the Hermitian inner product ⟨ · , · ⟩𝑉 with respect to which the restriction 𝜌

��
U(𝑛) is unitary. Let Γ be

a discrete subgroup of Sp2𝑛 (R) that is commensurable with Sp2𝑛 (Z).
A Siegel cusp form of weight 𝜌 for Γ is a𝑉-valued holomorphic function 𝜙 on the Siegel upper half-space

H𝑛 =
{
𝑧 = 𝑥 + 𝑖𝑦 ∈ 𝑀𝑛 (C) : 𝑧⊤ = 𝑧 and 𝑦 > 0

}
with the following two properties:

1. 𝜙((𝐴𝑧 + 𝐵) (𝐶𝑧 + 𝐷)−1) = 𝜌(𝐶𝑧 + 𝐷) 𝜙(𝑧) for all 𝛾 =

(
𝐴 𝐵

𝐶 𝐷

)
∈ Γ and 𝑧 ∈ H𝑛.

2. sup𝑧∈H𝑛




𝜌 (𝑦 1
2

)
𝜙(𝑧)





𝑉
< ∞.

Siegel cusp forms of weight 𝜌 for Γ constitute a finite-dimensional complex vector space 𝑆𝜌 (Γ), which we
equip with the Petersson inner product

⟨𝜙1, 𝜙2⟩𝑆𝜌 (Γ) =
1

|Γ ∩ {±𝐼2𝑛}|

∫
Γ\H𝑛

⟨𝜌(𝑦)𝜙1 (𝑧), 𝜙2 (𝑧)⟩𝑉 det 𝑦−𝑛−1
∏

1≤𝑟≤𝑠≤𝑛
𝑑𝑥𝑟 ,𝑠 𝑑𝑦𝑟 ,𝑠 .

It is well known (see, e.g., [10, Theorem 1.1]) that the space 𝑆𝜌 (Γ) is spanned by the absolutely and locally
uniformly convergent Poincaré series(

𝑃Γ,𝜌 𝑓𝜇,𝑣
)
(𝑧) =

∑︁
(
𝐴 𝐵
𝐶 𝐷

)
∈Γ

𝜇

((
𝐴𝑧 + 𝐵 − 𝑖(𝐶𝑧 + 𝐷)

) (
𝐴𝑧 + 𝐵 + 𝑖(𝐶𝑧 + 𝐷)

)−1
)

× 𝜌
(

1
2𝑖

(
𝐴𝑧 + 𝐵 + 𝑖(𝐶𝑧 + 𝐷)

))−1
𝑣,
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where 𝑣 runs over 𝑉 and 𝜇 runs over the ring C[𝑋𝑟 ,𝑠 : 1 ≤ 𝑟, 𝑠 ≤ 𝑛] of polynomials with complex
coefficients in 𝑛2 variables 𝑋𝑟 ,𝑠 with 𝑟, 𝑠 ∈ {1, . . . , 𝑛}. In [10], we showed that these Poincaré series lift in
a standard way to Poincaré series of 𝐾-finite matrix coefficients of an integrable antiholomorphic discrete
series representation 𝜋∗𝜌 of Sp2𝑛 (R). By using a variant of this lift to transfer the inner product formula (3)
from 𝐿2 (Γ\Sp2𝑛 (R)) to 𝑆𝜌 (Γ), we obtain the following well-known result that extends [5, Corollary 1.2]
and [9, Corollary 1.4] and illuminates the connection of the Siegel cusp forms 𝑃Γ,𝜌 𝑓1,𝑣 with the reproducing
kernel function for 𝑆𝜌 (Γ) (cf. [2]), as described in detail in [10, Lemma 1.2 and §7].

Corollary 1. Let 𝜙 ∈ 𝑆𝜌 (Γ) and 𝑣 ∈ 𝑉 . Then, we have〈
𝜙, 𝑃Γ,𝜌 𝑓1,𝑣

〉
𝑆𝜌 (Γ) =

dimC𝑉

𝑑 (𝜋𝜌)
⟨𝜙(𝑖𝐼𝑛), 𝑣⟩𝑉 .

2. Proof of the inner product formula

Let 𝐺 be a connected semisimple Lie group with finite center, and let Γ be a discrete subgroup of 𝐺. We
fix a Haar measure 𝑑𝑔 on 𝐺, which induces the 𝐺-invariant Radon measure on Γ\𝐺 such that∫

Γ\𝐺

∑︁
𝛾∈Γ

𝑓 (𝛾𝑔) 𝑑𝑔 =

∫
𝐺

𝑓 (𝑔) 𝑑𝑔 (4)

for every compactly supported, continuous function 𝑓 : 𝐺 → C [4, Theorem 8.36]. Given a finite-
dimensional complex Hilbert space 𝑉 and 𝑝 ∈ [1,∞], let 𝐿 𝑝 (Γ\𝐺,𝑉) denote the 𝐿 𝑝 space of functions
Γ\𝐺 → 𝑉 . We write 𝐿 𝑝 (Γ\𝐺) = 𝐿 𝑝 (Γ\𝐺,C). Given an irreducible unitary representation 𝜋 of 𝐺, let
𝐿2 (Γ\𝐺)[𝜋 ] denote the 𝜋-isotypic component of the right regular representation

(
𝑅, 𝐿2 (Γ\𝐺)

)
, i.e., the

closure of the sum of closed irreducible 𝐺-invariant subspaces of 𝐿2 (Γ\𝐺) that are equivalent to 𝜋.
Given a unitary representation (𝜋, 𝐻) of 𝐺 and a function 𝑓 ∈ 𝐿1 (𝐺), a continuous linear operator

𝜋( 𝑓 ) : 𝐻 → 𝐻 is standardly defined by the condition

⟨𝜋( 𝑓 )ℎ, ℎ′⟩𝐻 =

∫
𝐺

𝑓 (𝑔) ⟨𝜋(𝑔)ℎ, ℎ′⟩𝐻 𝑑𝑔, ℎ, ℎ′ ∈ 𝐻,

where ⟨ · , · ⟩𝐻 denotes the inner product on 𝐻 [3, (1.8b)]. It is well known that for all 𝑓 ∈ 𝐿1 (𝐺) and
𝜑 ∈ 𝐿2 (Γ\𝐺), we have

(𝑅( 𝑓 )𝜑) (𝑔) =
∫
𝐺

𝑓 (𝑔′) 𝜑(𝑔𝑔′) 𝑑𝑔′ for a.a. 𝑔 ∈ 𝐺. (5)

Moreover, by the dominated convergence theorem, we have the following lemma.

Lemma 1. Let 𝑓 ∈ 𝐿1 (𝐺), and let 𝜑 : Γ\𝐺 → C be a bounded, continuous function that belongs to
𝐿2 (Γ\𝐺). Then, the right-hand side of (5) defines a continuous function 𝐺 → C.

In what follows, we use the notation 𝑐ℎ,ℎ′ (resp., 𝑑 (𝜋)) introduced in (1) (resp., (2)) for a matrix
coefficient (resp., the formal degree) of a discrete series representation 𝜋 of 𝐺. The following lemma is an
immediate corollary of (2).

Lemma 2. Let (𝜋, 𝐻) be a discrete series representation of 𝐺. Let ℎ′ ∈ 𝐻 \ {0}. Then, the assignment

ℎ ↦→ 𝑑 (𝜋) 1
2

∥ℎ′∥𝐻
𝑐ℎ,ℎ′

defines a unitary 𝐺-equivalence Φℎ′ from 𝐻 to the irreducible closed 𝐺-invariant subspace

𝑐𝐻,ℎ′ :=
{
𝑐ℎ,ℎ′ : ℎ ∈ 𝐻

}
of the right regular representation

(
𝑅, 𝐿2 (𝐺)

)
.
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Let 𝔤 denote the Lie algebra of 𝐺, and let 𝐾 be a maximal compact subgroup of 𝐺. Given a unitary
representation (𝜋, 𝐻) of 𝐺, we denote by 𝐻𝐾 the (𝔤, 𝐾)-module of 𝐾-finite vectors in 𝐻.

Lemma 3. Let (𝜋, 𝐻) be an integrable discrete series representation of 𝐺. Let ℎ, ℎ′ ∈ 𝐻 and 𝑣, 𝑣′ ∈ 𝐻𝐾 .
Then, we have

𝑅(𝑐𝑣,𝑣′ )𝑐ℎ,ℎ′ =
1

𝑑 (𝜋) ⟨ℎ, 𝑣⟩𝐻 𝑐𝑣
′ ,ℎ′ . (6)

Proof. By (5) and Lemma 1, the continuous representative of the equivalence class 𝑅
(
𝑐𝑣,𝑣′

)
𝑐ℎ,ℎ′ ∈ 𝐿2 (𝐺)

is given by (
𝑅(𝑐𝑣,𝑣′ )𝑐ℎ,ℎ′

)
(𝑔) =

∫
𝐺

𝑐𝑣,𝑣′ (𝑔′) 𝑐ℎ,ℎ′ (𝑔𝑔′) 𝑑𝑔′

=

∫
𝐺

𝑐𝑣,𝑣′ (𝑔′) 𝑐ℎ, 𝜋 (𝑔)−1ℎ′ (𝑔′) 𝑑𝑔′

=
〈
𝑐ℎ, 𝜋 (𝑔)−1ℎ′ , 𝑐𝑣,𝑣′

〉
𝐿2 (𝐺)

(2)
=

1
𝑑 (𝜋) ⟨ℎ, 𝑣⟩𝐻

〈
𝑣′, 𝜋(𝑔)−1ℎ′

〉
𝐻

=
1

𝑑 (𝜋) ⟨ℎ, 𝑣⟩𝐻 𝑐𝑣
′ ,ℎ′ (𝑔), 𝑔 ∈ 𝐺. □

Let Z (𝔤) denote the center of the universal enveloping algebra U (𝔤) of the complex Lie algebra
𝔤C = 𝔤 ⊗R C. We recall that a function 𝜑 : 𝐺 → C is said to be:

1. right 𝐾-finite if dimC spanC {𝜑( · 𝑘) : 𝑘 ∈ 𝐾} < ∞

2. Z (𝔤)-finite if 𝜑 is smooth and we have dimC Z (𝔤)𝜑 < ∞.

It is well known that, given an integrable discrete series representation (𝜋, 𝐻) of 𝐺 and ℎ, ℎ′ ∈ 𝐻𝐾 , the
Poincaré series (

𝑃Γ𝑐ℎ,ℎ′
)
(𝑔) =

∑︁
𝛾∈Γ

𝑐ℎ,ℎ′ (𝛾𝑔)

converges absolutely and uniformly on compact subsets of 𝐺 and defines a Z (𝔤)-finite, right 𝐾-finite
function on Γ\𝐺 that belongs to 𝐿 𝑝 (Γ\𝐺) for every 𝑝 ∈ [1,∞] (cf. [8, Lemma 3.2]).

The following proposition is a variation of [7, Theorem 6.4(i)].

Proposition 1. Let (𝜋, 𝐻) be an integrable discrete series representation of 𝐺, and let ℎ′ ∈ 𝐻𝐾 \ {0}. We
define the subspace

𝑃Γ𝑐𝐻𝐾 ,ℎ′ =
{
𝑃Γ𝑐ℎ,ℎ′ : ℎ ∈ 𝐻𝐾

}
of 𝐿2 (Γ\𝐺). Then, exactly one of the following holds:

(i) 𝑃Γ𝑐𝐻𝐾 ,ℎ′ = 0.

(ii) The assignment

ℎ ↦→ ∥ℎ′∥𝐻

𝑃Γ𝑐ℎ′ ,ℎ′



𝐿2 (Γ\𝐺)

𝑃Γ𝑐ℎ,ℎ′

defines a (𝔤, 𝐾)-module isomorphism 𝐻𝐾 → 𝑃Γ𝑐𝐻𝐾 ,ℎ′ that extends uniquely to a unitary 𝐺-
equivalence

ΦΓ
ℎ′ : 𝐻 → Cl𝐿2 (Γ\𝐺)𝑃Γ𝑐𝐻𝐾 ,ℎ′ .
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Proof. The assignment ℎ ↦→ 𝑃Γ𝑐ℎ,ℎ′ is obviously 𝐾-equivariant. To show that it is 𝔤-equivariant, we note
that, given ℎ ∈ 𝐻𝐾 and 𝑋 ∈ 𝔤, we have

𝑑

𝑑𝑡

(
𝑃Γ𝑐ℎ,ℎ′

)
(𝑔 exp(𝑡𝑋)) =

∑︁
𝛾∈Γ

𝑑

𝑑𝑡
𝑐ℎ,ℎ′ (𝛾𝑔 exp(𝑡𝑋))

=
∑︁
𝛾∈Γ

𝑑

𝑑𝑠

����
𝑠=0
𝑐ℎ,ℎ′ (𝛾𝑔 exp((𝑡 + 𝑠)𝑋))

=
∑︁
𝛾∈Γ

𝑑

𝑑𝑠

����
𝑠=0

⟨𝜋(𝛾𝑔 exp(𝑡𝑋))𝜋(exp(𝑠𝑋))ℎ, ℎ′⟩𝐻

=
∑︁
𝛾∈Γ

⟨𝜋(𝛾𝑔 exp(𝑡𝑋))𝜋(𝑋)ℎ, ℎ′⟩𝐻

=
(
𝑃Γ𝑐𝜋 (𝑋)ℎ,ℎ′

)
(𝑔 exp(𝑡𝑋)), 𝑔 ∈ 𝐺,

where termwise differentiation in the first equality is valid since the resulting series converges absolutely
and uniformly as 𝑡 varies over any compact subset of R. Evaluating at 𝑡 = 0, we obtain

𝑅(𝑋)𝑃Γ𝑐ℎ,ℎ′ = 𝑃Γ𝑐𝜋 (𝑋)ℎ,ℎ′ .

Thus, the assignment ℎ ↦→ 𝑃Γ𝑐ℎ,ℎ′ defines a (𝔤, 𝐾)-equivariant map ΨΓ
ℎ′ : 𝐻𝐾 → 𝑃Γ𝑐𝐻𝐾 ,ℎ′ .

Suppose that 𝑃Γ𝑐𝐻𝐾 ,ℎ′ ≠ 0. Then, by the irreducibility of the (𝔤, 𝐾)-module 𝐻𝐾 , ΨΓ
ℎ′ is an iso-

morphism of (𝔤, 𝐾)-modules. Moreover, by [7, Theorem 6.4(i)], Cl𝐿2 (Γ\𝐺)𝑃Γ𝑐𝐻𝐾 ,ℎ′ is an irreducible,
closed, 𝐺-invariant subspace of 𝐿2 (Γ\𝐺) that is unitarily equivalent to 𝜋. By Schur’s lemma [11, §3.3.2],
there exists 𝑐 ∈ R>0 such that the inifinitesimal equivalence 𝑐ΨΓ

ℎ′ of the 𝐺-representations (𝜋, 𝐻) and
Cl𝐿2 (Γ\𝐺)𝑃Γ𝑐𝐻𝐾 ,ℎ′ extends to a unitary 𝐺-equivalence ΦΓ

ℎ′ . By the unitarity of ΦΓ
ℎ′ , we have

∥ℎ′∥𝐻 =


ΦΓ

ℎ′ (ℎ
′)



𝐿2 (Γ\𝐺) =



𝑐ΨΓ
ℎ′ (ℎ

′)



𝐿2 (Γ\𝐺) = 𝑐



𝑃Γ𝑐ℎ′ ,ℎ′



𝐿2 (Γ\𝐺) ,

hence 𝑐 =


𝑃Γ𝑐ℎ′ ,ℎ′



−1
𝐿2 (Γ\𝐺) ∥ℎ

′∥𝐻 . This implies (ii). □

The following proof of Theorem 1 is based on the techniques used in [5, proof of Theorem 2.3] (resp.,
[9, Proposition 7.1]) to compute the inner product of certain cuspidal automorphic forms on SL2 (R) (resp.,
Sp2𝑛 (R)).

Proof of Theorem 1. (i) Let ℎ, ℎ′, 𝑣, 𝑣′ ∈ 𝐻𝐾 . Noting that the inner product formula (3) obviously holds if
𝑃Γ𝑐𝐻𝐾 ,ℎ′ = 0, we suppose that 𝑃Γ𝑐𝐻𝐾 ,ℎ′ ≠ 0.

We have 〈
𝑃Γ𝑐ℎ,ℎ′ , 𝑃Γ𝑐𝑣,𝑣′

〉
𝐿2 (Γ\𝐺) =

∫
Γ\𝐺

(
𝑃Γ𝑐ℎ,ℎ′

)
(𝑔)

∑︁
𝛾∈Γ

𝑐𝑣,𝑣′ (𝛾𝑔) 𝑑𝑔

=

∫
Γ\𝐺

∑︁
𝛾∈Γ

(
𝑃Γ𝑐ℎ,ℎ′

)
(𝛾𝑔) 𝑐𝑣,𝑣′ (𝛾𝑔) 𝑑𝑔

(4)
=

∫
𝐺

(
𝑃Γ𝑐ℎ,ℎ′

)
(𝑔) 𝑐𝑣,𝑣′ (𝑔) 𝑑𝑔

(5)
=

Lem. 1

(
𝑅(𝑐𝑣,𝑣′ )𝑃Γ𝑐ℎ,ℎ′

)
(1𝐺),

(7)

where the right-hand side denotes the value at 1𝐺 of the unique continuous function belonging to the
equivalence class 𝑅(𝑐𝑣,𝑣′ )𝑃Γ𝑐ℎ,ℎ′ ∈ 𝐿2 (Γ\𝐺).

On the other hand, by applying the 𝐺-equivalence

ΦΓ
ℎ′ ◦Φ

−1
ℎ′ : 𝑐𝐻,ℎ′ → Cl𝐿2 (Γ\𝐺)𝑃Γ𝑐𝐻𝐾 ,ℎ′

to equality (6), we obtain

𝑅(𝑐𝑣,𝑣′ )𝑃Γ𝑐ℎ,ℎ′ =
1

𝑑 (𝜋) ⟨ℎ, 𝑣⟩𝐻 𝑃Γ𝑐𝑣′ ,ℎ′ ,
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from which it follows that(
𝑅(𝑐𝑣,𝑣′ )𝑃Γ𝑐ℎ,ℎ′

)
(1𝐺) =

1
𝑑 (𝜋) ⟨ℎ, 𝑣⟩𝐻

(
𝑃Γ𝑐𝑣′ ,ℎ′

)
(1𝐺). (8)

Equalities (7) and (8) imply (3).
(ii) Let ℎ, ℎ′ ∈ 𝐻𝐾 and 𝑣, 𝑣′ ∈ 𝑉𝐾 . By Lemma 1, we have

𝑃Γ𝑐ℎ,ℎ′ ∈ 𝐿2 (Γ\𝐺)[𝜋 ] and 𝑃Γ𝑐𝑣,𝑣′ ∈ 𝐿2 (Γ\𝐺)[𝜎 ] .

Since 𝐿2 (Γ\𝐺)[𝜋 ] ⊥ 𝐿2 (Γ\𝐺)[𝜎 ] , this implies (ii). □

3. Application to vector-valued Siegel cusp forms

Let 𝑛 ∈ Z>0. As in [10, Lemma 1.2], let (𝜌,𝑉) be an irreducible polynomial representation of GL𝑛 (C)
of highest weight 𝜔 = (𝜔1, . . . , 𝜔𝑛) ∈ Z𝑛, where 𝜔1 ≥ . . . ≥ 𝜔𝑛 > 2𝑛. Thus, 𝜌 is the up to equivalence
unique irreducible polynomial representation of GL𝑛 (C) such that there exists a unit vector 𝑣𝑡𝑜𝑝 ∈ 𝑉 with
the following two properties:

1. 𝜌(𝐵)𝑣𝑡𝑜𝑝 ⊆ C𝑣𝑡𝑜𝑝 , where 𝐵 is the subgroup of upper-triangular matrices in GL𝑛 (C).

2. 𝜌(𝑎)𝑣𝑡𝑜𝑝 =
(∏𝑛

𝑟=1 𝑎
𝜔𝑟
𝑟

)
𝑣𝑡𝑜𝑝 for every diagonal matrix 𝑎 = diag(𝑎1, . . . , 𝑎𝑛) ∈ GL𝑛 (C).

We equip 𝑉 with a Hermitian inner product ⟨ · , · ⟩𝑉 with respect to which the restriction 𝜌
��
U(𝑛) is unitary.

Let 𝐽𝑛 =
(

𝐼𝑛
−𝐼𝑛

)
∈ GL2𝑛 (C), and let 𝑖 ∈ C be the imaginary unit. The Lie group

Sp2𝑛 (R) =
{
𝑔 ∈ SL2𝑛 (R) : 𝑔⊤𝐽𝑛𝑔 = 𝐽𝑛

}
acts on the left on the Siegel upper half-space

H𝑛 =
{
𝑧 = 𝑥 + 𝑖𝑦 ∈ 𝑀𝑛 (C) : 𝑧⊤ = 𝑧 and 𝑦 > 0

}
by

𝑔.𝑧 = (𝐴𝑧 + 𝐵) (𝐶𝑧 + 𝐷)−1 (9)

and on the right on the space 𝑉H𝑛 of functions H𝑛 → 𝑉 by(
𝑓
��
𝜌
𝑔

)
(𝑧) = 𝜌(𝐶𝑧 + 𝐷)−1 𝑓 (𝑔.𝑧)

for all 𝑔 =

(
𝐴 𝐵

𝐶 𝐷

)
∈ Sp2𝑛 (R), 𝑧 ∈ H𝑛, and 𝑓 ∈ 𝑉H𝑛 . The maximal compact subgroup

𝐾 =

{
𝑘𝐴+𝑖𝐵 :=

(
𝐴 𝐵

−𝐵 𝐴

)
∈ GL2𝑛 (R) : 𝐴 + 𝑖𝐵 ∈ U(𝑛)

}
of Sp2𝑛 (R) is the stabilizer of 𝑖𝐼𝑛 with respect to action (9).

Let
(
𝜋𝜌, 𝐻𝜌

)
be the integrable discrete series representation of Sp2𝑛 (R) defined on the complex Hilbert

space 𝐻𝜌 of holomorphic functions 𝑓 : H𝑛 → 𝑉 such that∫
H𝑛




𝜌 (𝑦 1
2

)
𝑓 (𝑧)




2

𝑉
𝑑v(𝑧) < ∞, (10)

where 𝑑v(𝑧) = det 𝑦−𝑛−1 ∏
1≤𝑟≤𝑠≤𝑛 𝑑𝑥𝑟 ,𝑠 𝑑𝑦𝑟 ,𝑠 . The Hilbert space norm on 𝐻𝜌 is given by the square root

of (10), and the action of Sp2𝑛 (R) on 𝐻𝜌 is given by

𝜋𝜌 (𝑔) 𝑓 = 𝑓
��
𝜌
𝑔−1, 𝑔 ∈ Sp2𝑛 (R), 𝑓 ∈ 𝐻𝜌 .
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The (𝔤, 𝐾)-module (𝐻𝜌)𝐾 of 𝐾-finite vectors in 𝐻𝜌 is spanned by the functions 𝑓𝜇,𝑣 : H𝑛 → 𝑉 ,

𝑓𝜇,𝑣 (𝑧) = 𝜇

(
(𝑧 − 𝑖𝐼𝑛) (𝑧 + 𝑖𝐼𝑛)−1

)
𝜌

(
1
2𝑖
(𝑧 + 𝑖𝐼𝑛)

)−1
𝑣, (11)

where 𝑣 runs over 𝑉 and 𝜇 runs over C[𝑋𝑟 ,𝑠 : 1 ≤ 𝑟, 𝑠 ≤ 𝑛], the ring of polynomials with complex
coefficients in 𝑛2 variables 𝑋𝑟 ,𝑠 with 𝑟, 𝑠 ∈ {1, 2, . . . , 𝑛} [10, (15)].

Given a complex Hilbert space 𝐻, let us denote its dual Hilbert space by 𝐻∗; thus, 𝐻∗ is the space of
linear functionals ℎ∗ = ⟨ · , ℎ⟩𝐻 : 𝐻 → C, where ℎ ∈ 𝐻. The contragredient representation of 𝜋𝜌 is the
discrete series representation (𝜋∗𝜌, 𝐻∗

𝜌) of Sp2𝑛 (R) given by

𝜋∗𝜌 (𝑔) 𝑓 ∗ =
(
𝜋𝜌 (𝑔) 𝑓

)∗
, 𝑔 ∈ Sp2𝑛 (R), 𝑓 ∈ 𝐻𝜌 .

The representation 𝜋∗𝜌 belongs to the integrable discrete series of Sp2𝑛 (R) since for all ℎ, ℎ′ ∈
(
𝐻𝜌

)
𝐾

, we
have the elementary equality

𝑐ℎ∗ , (ℎ′ )∗ = 𝑐ℎ,ℎ′ ∈ 𝐿1 (Sp2𝑛 (R)).

Obviously, we have

(𝐻∗
𝜌)𝐾 = spanC

{
𝑓 ∗𝜇,𝑣 : 𝜇 ∈ C[𝑋𝑟 ,𝑠 : 1 ≤ 𝑟, 𝑠 ≤ 𝑛], 𝑣 ∈ 𝑉

}
.

Given a function 𝑓 : H𝑛 → 𝑉 , we define a function 𝐹 𝑓 : Sp2𝑛 (R) → 𝑉 ,

𝐹 𝑓 (𝑔) =
(
𝑓
��
𝜌
𝑔

)
(𝑖𝐼𝑛). (12)

By [10, Proposition 6.4(ii)], given 𝑓 ∈ (𝐻𝜌)𝐾 and 𝑣 ∈ 𝑉 , the 𝐾-finite matrix coefficient 𝑐 𝑓 ∗1,𝑣 , 𝑓 ∗ of the
representation 𝜋∗𝜌 is given by

𝑐 𝑓 ∗1,𝑣 , 𝑓
∗ = 𝐶𝜌 𝑣

∗𝐹 𝑓 , (13)

where
𝐶𝜌 =



 𝑓1,𝑣𝑡𝑜𝑝

2
𝐻𝜌

∈ R>0.

Lemma 4. Let 𝑣 ∈ 𝑉 . Then, we have 

 𝑓 ∗1,𝑣

2
𝐻∗
𝜌
= 𝐶𝜌 ∥𝑣∥2

𝑉 . (14)

Proof. We have 

 𝑓 ∗1,𝑣

2
𝐻∗
𝜌
= 𝑐 𝑓 ∗1,𝑣 , 𝑓

∗
1,𝑣
(1Sp2𝑛 (R) )

(13)
= 𝐶𝜌

〈
𝐹 𝑓1,𝑣 (1Sp2𝑛 (R) ), 𝑣

〉
𝑉

(12)
= 𝐶𝜌

〈
𝑓1,𝑣 (𝑖𝐼𝑛), 𝑣

〉
𝑉

(11)
= 𝐶𝜌 ⟨𝑣, 𝑣⟩𝑉 = 𝐶𝜌 ∥𝑣∥2

𝑉 . □

Let Γ be a discrete subgroup of Sp2𝑛 (R) that is commensurable with Sp2𝑛 (Z). The space 𝑆𝜌 (Γ) of
Siegel cusp forms of weight 𝜌 for Γ is the finite-dimensional space of holomorphic functions 𝜙 : H𝑛 → 𝑉

with the following two properties (cf. [10, Lemma 4.1]):

(i) 𝜙
��
𝜌
𝛾 = 𝜙 for all 𝛾 ∈ Γ.

(ii) sup𝑧∈H𝑛




𝜌 (𝑦 1
2

)
𝜙(𝑧)





𝑉
< ∞.

We equip 𝑆𝜌 (Γ) with the Petersson inner product

⟨𝜙1, 𝜙2⟩𝑆𝜌 (Γ) =
1

|Γ ∩ {±𝐼2𝑛}|

∫
Γ\H𝑛

⟨𝜌(𝑦) 𝜙1 (𝑧), 𝜙2 (𝑧)⟩𝑉 𝑑v(𝑧).
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Proposition 2.

(i) For every 𝑓 ∈ (𝐻𝜌)𝐾 , the Poincaré series

𝑃Γ,𝜌 𝑓 =
∑︁
𝛾∈Γ

𝑓
��
𝜌
𝛾

converges absolutely and uniformly on compact subsets of H𝑛.

(ii) We have
𝑆𝜌 (Γ) =

{
𝑃Γ,𝜌 𝑓 : 𝑓 ∈ (𝐻𝜌)𝐾

}
.

(iii) The assignment 𝜙 ↦→ 𝐹𝜙 defines a unitary isomorphism Φ𝜌,Γ from 𝑆𝜌 (Γ) to a finite-dimensional
subspace 𝐿𝜌 (Γ) of the Hilbert space 𝐿2 (Γ\Sp2𝑛 (R), 𝑉).

(iv) For every 𝑓 ∈ (𝐻𝜌)𝐾 , the Poincaré series

𝑃Γ𝐹 𝑓 =
∑︁
𝛾∈Γ

𝐹 𝑓 (𝛾 · )

converges absolutely and uniformly on compact subsets of Sp2𝑛 (R), and we have

Φ𝜌,Γ (𝑃Γ,𝜌 𝑓 ) = 𝐹𝑃Γ,𝜌 𝑓 = 𝑃Γ𝐹 𝑓 . (15)

Proof. Claims (i) and (ii) follow from [10, Theorem 6.7], (iii) follows from [10, Lemma 4.4], and (iv)
follows from (i) and [10, Lemma 6.6]. □

With the above results and the inner product formula (3) at hand, we are ready to give a representation-
theoretic proof of Corollary 1, which is restated here for the reader’s convenience as Corollary 2.

Corollary 2. Let 𝜙 ∈ 𝑆𝜌 (Γ) and 𝑣 ∈ 𝑉 . Then, we have〈
𝜙, 𝑃Γ,𝜌 𝑓1,𝑣

〉
𝑆𝜌 (Γ) =

dimC𝑉

𝑑 (𝜋𝜌)
⟨𝜙(𝑖𝐼𝑛), 𝑣⟩𝑉 .

Proof. Let us fix an orthonormal basis (𝑒 𝑗 )dimC 𝑉

𝑗=1 for 𝑉 . We note that for all 𝜑1, 𝜑2 ∈ 𝐿2 (Γ\Sp2𝑛 (R), 𝑉),
we have

⟨𝜑1, 𝜑2⟩𝐿2 (Γ\Sp2𝑛 (R) ,𝑉 ) =
dimC 𝑉∑︁
𝑗=1

〈
𝑒∗𝑗𝜑1, 𝑒

∗
𝑗𝜑2

〉
𝐿2 (Γ\Sp2𝑛 (R) )

. (16)

By Proposition 2(ii), we have
𝜙 = 𝑃Γ,𝜌 𝑓 (17)

for some 𝑓 ∈ (𝐻𝜌)𝐾 . By Proposition 2(iii) and (15), the Petersson inner product〈
𝜙, 𝑃Γ,𝜌 𝑓1,𝑣

〉
𝑆𝜌 (Γ) =

〈
𝑃Γ,𝜌 𝑓 , 𝑃Γ,𝜌 𝑓1,𝑣

〉
𝑆𝜌 (Γ)

equals 〈
𝑃Γ𝐹 𝑓 , 𝑃Γ𝐹 𝑓1,𝑣

〉
𝐿2 (Γ\Sp2𝑛 (R) ,𝑉 )

(16)
=

dimC 𝑉∑︁
𝑗=1

〈
𝑒∗𝑗𝑃Γ𝐹 𝑓 , 𝑒

∗
𝑗𝑃Γ𝐹 𝑓1,𝑣

〉
𝐿2 (Γ\Sp2𝑛 (R) )

=

dimC 𝑉∑︁
𝑗=1

〈
𝑃Γ𝑒

∗
𝑗𝐹 𝑓 , 𝑃Γ𝑒

∗
𝑗𝐹 𝑓1,𝑣

〉
𝐿2 (Γ\Sp2𝑛 (R) )

,
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which by formula (13) for matrix coefficients of 𝜋∗𝜌 equals

𝐶−2
𝜌

dimC 𝑉∑︁
𝑗=1

〈
𝑃Γ𝑐 𝑓 ∗1,𝑒 𝑗 , 𝑓

∗ , 𝑃Γ𝑐 𝑓 ∗1,𝑒 𝑗 , 𝑓
∗
1,𝑣

〉
𝐿2 (Γ\Sp2𝑛 (R) )

. (18)

Applying the inner product formula (3), we rewrite (18) as

𝐶−2
𝜌

dimC 𝑉∑︁
𝑗=1

1
𝑑 (𝜋∗𝜌)




 𝑓 ∗1,𝑒 𝑗 


2

𝐻∗
𝜌

(
𝑃Γ𝑐 𝑓 ∗1,𝑣 , 𝑓

∗

) (
1Sp2𝑛 (R)

)
,

and then, noting that 𝑑 (𝜋∗𝜌) = 𝑑 (𝜋𝜌) and applying (14) and, for the second time, formula (13) for matrix
coefficients of 𝜋∗𝜌, as

dimC𝑉

𝑑 (𝜋𝜌)
(
𝑃Γ𝑣

∗𝐹 𝑓
) (

1Sp2𝑛 (R)
) (15)
=

dimC𝑉

𝑑 (𝜋𝜌)

(
𝑣∗𝐹𝑃Γ,𝜌 𝑓

) (
1Sp2𝑛 (R)

)
(17)
=

dimC𝑉

𝑑 (𝜋𝜌)
〈
𝐹𝜙

(
1Sp2𝑛 (R)

)
, 𝑣
〉
𝑉

(12)
=

dimC𝑉

𝑑 (𝜋𝜌)
⟨𝜙(𝑖𝐼𝑛), 𝑣⟩𝑉 ,

thus finishing the proof of the corollary. □
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