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Orthogonality relations for Poincaré series
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Abstract. Let G be a connected semisimple Lie group with finite center. We prove a formula for the inner product of
two cuspidal automorphic forms on G that are given by Poincaré series of K-finite matrix coefficients of an integrable
discrete series representation of G. As an application, we give a new proof of a well-known result on the Petersson
inner product of certain vector-valued Siegel cusp forms. In this way, we extend results previously obtained by Mui¢ for
cusp forms on the upper half-plane, i.e., in the case when G = SL;,(R).
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1. Introduction

In [5], Muié gave a representation-theoretic proof of a formula for the Petersson inner product of two cusp
forms in S,,(T"), where m € Z>3, I is a discrete subgroup of finite covolume in SL, (R), and one of the cusp
forms is given by a Poincaré series of polynomial type that lifts in a standard way to a Poincaré series of a
K-finite matrix coefficient of an integrable discrete series representation of SL,(R). Let G be a connected
semisimple Lie group with finite center. In this paper, by generalizing the methods of [5], we prove a formula
for the inner product of two cuspidal automorphic forms on G that are given by Poincaré series of K-finite
matrix coefficients of an integrable discrete series representation of G. As an application, we give a new
proof of a well-known result on the Petersson inner product of certain vector-valued Siegel cusp forms.

To explain our results in more detail, let us fix a maximal compact subgroup K of G and a Haar measure
dg on G. Let g denote the Lie algebra of G, and let Z(g) denote the center of the universal enveloping
algebra U/ (g) of the complex Lie algebra gc = g ®r C. Let (7, H) denote a discrete series representation 7
of G acting on a complex Hilbert space H, and let Hx denote the (g, K)-module of K-finite vectors in H.

It is well known that for all #, ” € H, the matrix coefficient ¢ j» : G — C,

e (8) = (m(Q)h, W)y, (1
belongs to L?(G) [12, §4.5.9]. Moreover, by the Schur orthogonality relations [12, Theorem 4.5.9.3], we
have |

<Ch,h’acv,v’>L2(G) = %<h,v>H <v"h’>H’ h, h"\),vl (S H, (2)

where d(7r) € R, is the formal degree of x, i.e., the Plancherel measure of 7 [1, Proposition 18.8.5]. On
the other hand, if (o, V) is a discrete series representation of G that is not equivalent to 7, then we have

<Ch,h', CV’V'>L2(G) =0, hheH, v,v eV.

Next, suppose that (7, H) belongs to the integrable discrete series of G, i.e., we have ¢ € L! (G) for
all i, W' € Hk. Let I be a discrete subgroup of G. Then, given h, h’ € Hg, the Poincaré series

(Pren) (g) = Z cnn (v8)
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Email address: szunar@geof .hr

https://www.mathos.unios.hr/mc

© 2025 School of Applied Mathematics and Informatics, University of Osijek


https://doi.org/10.64785/mc.30.2.1
https://orcid.org/0000-0002-4747-7805
mailto:szunar@geof.hr
https://www.mathos.unios.hr/mc

S. ZUNAR

converges absolutely and uniformly on compact subsets of G and defines a smooth, left I'-invariant, Z(g)-
finite, right K-finite function that belongs to L” (I'\G) for every p € [1, o] (see, e.g., [8, Lemma 3.2]). If
G = G(R) for some Zariski connected semisimple algebraic group G defined over Q, and I is an arithmetic
subgroup of G(Q), then the function Prcy j is a cuspidal automorphic form for I" [6, Lemma 4-2(i)].
Milic¢i¢ proved that

spanc {Prcpp : h, i’ € Hk}

is dense in the 7-isotypic component L*(I'\G )| of the right regular representation of G on L*(T'\G) [7,
Lemma 6.6].
The main result of this paper is the following generalization of Schur orthogonality relations.

Theorem 1. Let G be a connected semisimple Lie group with finite center and a fixed Haar measure dg,
and let T be a discrete subgroup of G. Let (r, H) be an integrable discrete series representation of G. Then,
we have the following:

(i) (Inner product formula) For all h,h’,v,v’ € Hg, we have
1
d(rm)

where 1 denotes the identity element of G, and d(r) denotes the formal degree of m.

<Pl—‘ch,h” PFCV,V’>L2(F\G) = <hev>H (PFCV’,h’) (lG)’ (3)

(ii) Let (0,V) be an integrable discrete series representation of G that is not equivalent to n. Then, for
all h,h' € Hg and v,v’ € Vi, we have

<PFCh,h’sPFCVv"/>L2(F\G) =0

Our proof of Theorem 1 is inspired by [5, proof of Theorem 2.3] and it relies on the results on the
Poincaré series Prcy, ;s proved in [7].

As an application of the inner product formula (3), in Section 3, we give a representation-theoretic proof
of a well-known formula for the Petersson inner product of certain vector-valued Siegel cusp forms (see, e.g.,
[10, Lemma 1.2]). To explain this in more detail, let n € Z-(, and let (p, V) be an irreducible polynomial
representation of GL,,(C) of highest weight w = (w1, ...,w,) € Z", where w| > ... > w, > 2n. We equip
V with the Hermitian inner product -, - )y, with respect to which the restriction p|U ) is unitary. Let I" be
a discrete subgroup of Sp,,, (R) that is commensurable with Sp,,,(Z).

A Siegel cusp form of weight p for I" is a V-valued holomorphic function ¢ on the Siegel upper half-space

Ho={z=x+iye M,(C):z" =zandy >0}

with the following two properties:

1. ¢((Az+ B)(Cz+ D)™") = p(Cz+ D) ¢(z) forall y = (2 g) el'and z € H,,.

2. SUp ey,

P (y%)cb(z)“V < oo,

Siegel cusp forms of weight p for I" constitute a finite-dimensional complex vector space S, (I"), which we
equip with the Petersson inner product

(P(M1(2), $2(2))y dety™ ™ [ ] dysdyrs.

1<r<s<n

<¢1’ ¢2>Sp(r) = |Fﬂ {iIZn}l F\H,,

It is well known (see, e.g., [10, Theorem 1.1]) that the space S, (I") is spanned by the absolutely and locally
uniformly convergent Poincaré series

(Profus) @ = Y y((Az+B—i(Cz+D))(AZ+B+i(Cz+D))_l)
(ég)el"
Xp(zii(Az+B+i(Cz+D)))_1v,
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where v runs over V and u runs over the ring C[X, s : 1 < r,s < n] of polynomials with complex
coefficients in n? variables X, s with r,s € {1,...,n}. In [10], we showed that these Poincaré series lift in
a standard way to Poincaré series of K-finite matrix coefficients of an integrable antiholomorphic discrete
series representation 7, of Sp,,, (R). By using a variant of this lift to transfer the inner product formula (3)
from LZ(F\szn (R)) to S,(I"), we obtain the following well-known result that extends [5, Corollary 1.2]
and [9, Corollary 1.4] and illuminates the connection of the Siegel cusp forms Pr , f1,,, with the reproducing
kernel function for S, (I") (cf. [2]), as described in detail in [10, Lemma 1.2 and §7].

Corollary 1. Let ¢ € S,(I') and v € V. Then, we have

dimcV
(9 Profio)s,m) = oy @)y
P

2. Proof of the inner product formula

Let G be a connected semisimple Lie group with finite center, and let I" be a discrete subgroup of G. We
fix a Haar measure dg on G, which induces the G-invariant Radon measure on I'\G such that

/r\c Zf(yg) dg = /Gf(g) dg (4)

yell

for every compactly supported, continuous function f : G — C [4, Theorem 8.36]. Given a finite-
dimensional complex Hilbert space V and p € [1, o], let L?(I"\G, V) denote the L” space of functions
NG — V. We write LP(I'\G) = LP(I"'\G,C). Given an irreducible unitary representation  of G, let
L?(I'\G)[ ] denote the r-isotypic component of the right regular representation (R, L2(I'\G)), i.e., the
closure of the sum of closed irreducible G-invariant subspaces of L?(I"\G) that are equivalent to 7.

Given a unitary representation (, H) of G and a function f € L'(G), a continuous linear operator
n(f) : H— H is standardly defined by the condition

() Yy = /G F(8) (r(@)h WYy dg. hoW € H,

where (-, - ) denotes the inner product on H [3, (1.8b)]. It is well known that for all f € L'(G) and
¢ € L*(I'\G), we have

(R(f)e) (g)=/Gf(g')<p(gg’)dg' fora.a.g € G. (5)

Moreover, by the dominated convergence theorem, we have the following lemma.

Lemma 1. Let f € L'(G), and let ¢ : T\G — C be a bounded, continuous function that belongs to
L*(I'\G). Then, the right-hand side of (5) defines a continuous function G — C.

In what follows, we use the notation cj s (resp., d(m)) introduced in (1) (resp., (2)) for a matrix
coefficient (resp., the formal degree) of a discrete series representation r of G. The following lemma is an
immediate corollary of (2).

Lemma 2. Let (n, H) be a discrete series representation of G. Let k' € H \ {0}. Then, the assignment

d(n)?
Ch,h'
172 ] g

defines a unitary G-equivalence @y, from H to the irreducible closed G-invariant subspace
CH.w ‘= {Ch,hr che H}

of the right regular representation (R, L*(G)).
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Let g denote the Lie algebra of G, and let K be a maximal compact subgroup of G. Given a unitary
representation (7, H) of G, we denote by Hg the (g, K)-module of K-finite vectors in H.

Lemma 3. Let (nr, H) be an integrable discrete series representation of G. Let h,h' € H and v,v’' € Hg.
Then, we have

_ 1
R(Cv,v’)ch,h’ = 7 <h, V>H Cy' - (6)

d(m)

Proof. By (5) and Lemma 1, the continuous representative of the equivalence class R (cv,vl) Chh € LZ(G)
is given by

(R@)enn) (g) = /G v @) e (88') dg’
:‘/GCv,v'(g/)ch,n(g)‘lh’(g’)dg/

= <Ch,7r(g)*‘h"cv,V'>L2(G)

1 ’ 147
<) m (h,vyy (v ,m(g)"'h >H
1
= m (hyv)g ey (8), g€G. m]

Let Z(g) denote the center of the universal enveloping algebra /(g) of the complex Lie algebra
ac = g ®r C. We recall that a function ¢ : G — C is said to be:

1. right K-finite if dimc spang {¢(-k) : k € K} < o0
2. Z(g)-finite if ¢ is smooth and we have dim¢ Z(g)¢ < .

It is well known that, given an integrable discrete series representation (7, H) of G and h, i’ € Hg, the
Poincaré series

(Pren) (g) = Z e (v8)

yell

converges absolutely and uniformly on compact subsets of G and defines a Z(g)-finite, right K-finite
function on I'\G that belongs to L? (I'\G) for every p € [1, o] (cf. [8, Lemma 3.2]).
The following proposition is a variation of [7, Theorem 6.4(i)].

Proposition 1. Let (7, H) be an integrable discrete series representation of G, and let h' € Hg \ {0}. We
define the subspace

Prcpg w = {Prenw + h € Hx}
of L2(F\G). Then, exactly one of the following holds:
(i) Prcg,w =0.

(i1) The assignment
7' ||

”PFCh',h’”LZ(r\G)

h— Pren,w

defines a (g, K)-module isomorphism Hx — Prcu,  that extends uniquely to a unitary G-
equivalence

(I)Z, :H— C1L2(F\G)PFCHK,h"
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Proof. The assignment h +— Prcy, ;v is obviously K-equivariant. To show that it is g-equivariant, we note
that, given h € Hg and X € g, we have

d

d
- (Pren) (g exp(iX)) = ; Jcne (78 exp(tX))

d
_yzellds
d
:Zg

yell

= Z (m(ygexp(tX))m(X)h, h')
yell

= (Prexcxnn) (gexp(X)), g €G,

i (vg exp((r + 5)X))
s=0

(n(yg exp(tX))m(exp(sX))h, 1’}
s=0

where termwise differentiation in the first equality is valid since the resulting series converges absolutely
and uniformly as 7 varies over any compact subset of R. Evaluating at = 0, we obtain

R(X)Prcp,n = Preq(xynn -

Thus, the assignment i — Prcj, jy defines a (g, K)-equivariant map ‘I’£ :Hg — Prcue. -

Suppose that Prcp,.,» # 0. Then, by the irreducibility of the (g, K)-module Hg, ‘I’}: is an iso-
morphism of (g, K)-modules. Moreover, by [7, Theorem 6.4(i)], CILZ(F\G)PFCHK,h’ is an irreducible,
closed, G-invariant subspace of L>(I"\G) that is unitarily equivalent to 7. By Schur’s lemma [11, §3.3.2],
there exists ¢ € R such that the inifinitesimal equivalence ¢ ‘PE, of the G-representations (7, H) and

Cl2(r\G) Preg - extends to a unitary G-equivalence @' . By the unitarity of ®!,, we have

1 1z = [|9% (W) 2 5y = lle P ()

e - ¢ ”Prch"h'”Lz(F\G) ’
hence ¢ = ||Prew w2 g, 17 ll- This implies (ii). o

The following proof of Theorem 1 is based on the techniques used in [5, proof of Theorem 2.3] (resp.,
[9, Proposition 7.1]) to compute the inner product of certain cuspidal automorphic forms on SL,(R) (resp.,

Proof of Theorem 1. (i) Let h, h’,v,v' € Hk. Noting that the inner product formula (3) obviously holds if
Prcpg. = 0, we suppose that Prcg, p # 0.
We have

<Prch,h’, Prcv,v’>L2(r\G) = ‘/1" (Prch,h’) (g) Z Cv,v'('yg) dg
yell

\G
/ Z (Prenw) (vg) ev (ve) dg
"G ot 7
@ /G (Preni) (8) v (3) dg

2 (R@)Prenw) (o),
Lem. 1
where the right-hand side denotes the value at 15 of the unique continuous function belonging to the
equivalence class R(¢, /) Prcp.n € L*(T\G).
On the other hand, by applying the G-equivalence

r -1.
D, 0, icygp — ClLZ(r\G)PFCHK,h’

to equality (6), we obtain

- 1
R(cyv)Prenw = ) (h,v)g Prcy s

165



S. ZUNAR

from which it follows that

(R(cv ) Prenn) (1) = ﬁ (h,v) g (Prevow) (1g). 8

Equalities (7) and (8) imply (3).
(ii) Let h, i’ € Hg and v,v’ € Vk. By Lemma 1, we have

Preppw € LA(T\G)(n and Preyy € LH(T\G)|[ o

Since L2(I'\G) (] L L*(T'\G)| 1. this implies (ii). o

3. Application to vector-valued Siegel cusp forms

Letn € Zsp. Asin [10, Lemma 1.2], let (p, V) be an irreducible polynomial representation of GL,,(C)
of highest weight w = (w1, ...,w,) € Z", where w; > ... > w, > 2n. Thus, p is the up to equivalence
unique irreducible polynomial representation of GL,,(C) such that there exists a unit vector v'°P € V with
the following two properties:

1. p(B)v'°P C Cv'°P, where B is the subgroup of upper-triangular matrices in GL,,(C).
2. p(a)v'®? = ([1'_, a;’") v'°P for every diagonal matrix a = diag(aj, . .., a,) € GL,(C).
We equip V with a Hermitian inner product -, - )y, with respect to which the restriction p|U ) is unitary.

LetJ, = ( I I") € GL,,,(C), and let i € C be the imaginary unit. The Lie group
—n

Sp2, (R) = {g € SLon(R) : 8" Jug = Jn}
acts on the left on the Siegel upper half-space
Hp={z=x+iye M,y(C):z' =zandy >0}

by
g.z=(Az+B)(Cz+D)™! 9)

and on the right on the space V* of functions H,, — V by

(£,8) @ = p(C2+ D) f(g.2)

forall g = (A € Sp,,(R), z € Hy,, and f € V7». The maximal compact subgroup

B
C D
A B .
K =Skasip = B Al€ GL,,(R) : A+iB € U(n)
of Sp,, (R) is the stabilizer of iI,, with respect to action (9).

Let (m,, H,) be the integrable discrete series representation of Sp,,, (R) defined on the complex Hilbert
space H), of holomorphic functions f : H, — V such that

/H o (+) f(Z)HZV dv(z) < o, (10)

where dv(z) = det y 7! []; <, <s<n d%r.s dy, 5. The Hilbert space norm on H,, is given by the square root
of (10), and the action of Sp,,, (R) on H,, is given by

ﬂp(g)f = f|pg_19 g € Spy,(R), f € H,.
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The (g, K)-module (H, )k of K-finite vectors in H,, is spanned by the functions f,, : H, — V,

-1
fﬂ,v(z)=ﬂ((z—iln)(z+i1n)‘1)p(%(zﬂln)) v, (an

where v runs over V and p runs over C[X, s : 1 < r,s < n], the ring of polynomials with complex
coeflicients in n? variables X, s withr,s € {1,2,...,n}[10, (15)].

Given a complex Hilbert space H, let us denote its dual Hilbert space by H*; thus, H* is the space of
linear functionals #* = (-, h)y : H — C, where h € H. The contragredient representation of r,, is the
discrete series representation (7, H;;) of Sp,, (R) given by

m(@)f = (mp(8)f) . & €Spy,(R), f€H,.

The representation 7, belongs to the integrable discrete series of Sp,,,(R) since for all 2, i’ € (Hp) K> We
have the elementary equality
ey = S € L' (Spa, (R)).
Obviously, we have
(H;)K = spang {f;’v peC[X,s:1<r,s<n],ve V}.
Given a function f : H,, — V, we define a function Ff : Sp,,(R) — V,
Fr(g) = (/],&) L. (12)

By [10, Proposition 6.4(ii)], given f € (H,)x and v € V, the K-finite matrix coefficient Cfr of the
representation r, is given by

hivt = GV F, (13)
where s
Cp = ||f1’vtnp Hp S R>0.
Lemmad4. Letv € V. Then, we have 5
5l = Co VIl - (14)

Proof. We have

2 (13)
iy = Sty (spa, ) = Co (Friy (Ispy, @) v)y

12 . an
= Cp <f],v(lln)»v>v = Cp W, )y =Cp ”V”%/ o

f l*, v

Let I' be a discrete subgroup of Sp,,(R) that is commensurable with Sp,, (Z). The space S, (I") of
Siegel cusp forms of weight p for I is the finite-dimensional space of holomorphic functions ¢ : H,, — V
with the following two properties (cf. [10, Lemma 4.1]):

@) gblpy =¢forally el

. 1
(i) sup,eqy, Hp (yZ) ¢(z)”v < 0.
We equip S, (I") with the Petersson inner product

1

(D1, ¢2)s,(r) = TN {2} Jova,

(P(y) 91(2), $2(2))y dv(z).
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Proposition 2.

(i) Forevery f € (Hp)k, the Poincaré series

PF,pf = Zf|p7

yell
converges absolutely and uniformly on compact subsets of H.

(i) We have
S,u(r) = {PF,pf 1 fe€ (Hp)K}-

(iii) The assignment ¢ +— Fy defines a unitary isomorphism ®, r from S,(I') to a finite-dimensional
subspace L, (I") of the Hilbert space L2(T'\Sp,, (R), V).

(iv) Forevery f € (H,)k, the Poincaré series

PrFy = Z Fr(y-)
yell

converges absolutely and uniformly on compact subsets of Sp,, (R), and we have
ch,F(PF,pf) = FPF,pf = PrFf’ (15)

Proof. Claims (i) and (ii) follow from [10, Theorem 6.7], (iii) follows from [10, Lemma 4.4], and (iv)
follows from (i) and [10, Lemma 6.6]. O

With the above results and the inner product formula (3) at hand, we are ready to give a representation-
theoretic proof of Corollary 1, which is restated here for the reader’s convenience as Corollary 2.

Corollary 2. Let ¢ € S,(I') and v € V. Then, we have

dimc V
<¢, Pl",pfl,v>sp(r) = % (@(iln),v)y -
o

Proof. Let us fix an orthonormal basis (e j)f.i:“}‘c V for V. We note that for all @1, 92 € L*(T\Sp,,(R), V),

we have
dime V

s = o1, e . 16
(P19 1208, (2).V) ; <61"01 61"02>L2(r\5p2n<R)) (16)
By Proposition 2(ii), we have

¢=Prpf A7)

for some f € (H,)k. By Proposition 2(iii) and (15), the Petersson inner product

<¢,P1",pfl,v>sp(r) = <Pr,Pf’ Pr,Pfl,V>Sp(l")

equals
din‘lc \%

(6) . R
(PrFr PrFRL) rsp,w) = D, <ejPFFf’ejPFFfl"’)LZ(F\sz ®)
i=1 "

dime V

= Z <Pre;Ff, Pl"ej'Ff1,v>

P L2(1\Spy, (R)
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which by formula (13) for matrix coefficients of 7, equals

dimc \'4

-2
o <P FCf;ie,f*’PFCfr,e,.,fr,v>
J=1 '

2 . (18)
L2(I'\Sp, (R))

Applying the inner product formula (3), we rewrite (18) as
dil’nc

Cc-? ZV;)
P L Ay

and then, noting that d(x;,) = d(x,) and applying (14) and, for the second time, formula (13) for matrix
coefficients of ﬂ;, as

2
Feill,y (P resr) (sp )
P

dimgc V (15 dim¢ V
PrviFy) (1 = (*F ) 1
a0y P Es) Uspe) = e (VP ) (sp, @)

a7 dime V (12) dim¢ V .
= F l > = In s )
d(ﬂ'p) < ] ( szn(R)) V>V d(ﬂ'p) <¢(l ) V>V

thus finishing the proof of the corollary. O
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