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Moderate deviation principles for the weighted sums of sums of
independent random variables
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Abstract. In the present paper, we consider the weighted sums of sums of independent and identically distributed
random variables and study their moderate deviation principles, which can be applied to study the asymptotic behavior
of time series and branching processes. These results can be seen as the complements of the results in Imomov and
Nazarov [6].

AMS subject classifications: 60F10
Keywords: weighted sums; independent and identically distributed random variables; moderate deviation principles
Received March 12, 2024; accepted May 16, 2025

1. Introduction

In many practical situations, we have to deal with statistical data that arise in some time series. Examples
of this process are the number of patients in a hospital at a specific point in time, or the number of persons
in a queue waiting for service at a certain moment. In order to study the statistical properties of these time
series, we often need to consider some weighted sums of random variables. For example, let {X,,,n > 1}
be a stochastic process based on a linear autoregressive model,

Xn+1 = 0Xn + Ene1, Xo =0, ey

where 6§ € ® C R (the space of parameters) is unknown, and {&,,n > 1} is a sequence of independent
and identically distributed (i.i.d.) random variables representing the noises. For the observation samples
{X,,,n > 1}, we have the following weighted form:

X, = Z 0" ke 2)
k=1

Several researchers have discussed the asymptotic behavior of model (1). Cumberland and Sykes [2]
stated that the distribution of the nearly unstable first-order autoregressive process can be approximated by
an Ornstein-Uhlenbeck process. Miao [10, 11] and Miao et al. [13] established an asymptotic normality and
large deviation principle for autoregressive processes. Miao [12] and Miao et al. [15] studied the discounted
large deviation principle, while Berry-Esséen explored the analogue for autoregressive processes. Miao and
Shen [14] and Miao and Yin [16] proved the moderate deviation principle and Cramér moderate deviations
for the LS estimator of the autoregressive processes in the neighborhood of the unit root. When the model
parameters are in (0, 1), Minkosch and Samorodnitsky [17] investigated the asymptotic with regularly
varying innovations. Olvera-Cravioto [18] obtained a new uniform approximation of a nearly unstable
first-order autoregressive process with regularly varying innovations.

Let us recall another counting processes. Assume that {X;,,n > 1} is a stochastic process based on a
branching process with immigration,

Xn-1
Xo= ) &nj+en Xo=0, 3)
j=1
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where {&, j,€,,n > 1,j > 1} are independent nonnegative integer-valued random variables such that
{én,j,n = 1,j > 1} and {g,,n > 1} are mutually independent. When {&, ;,n > 1, j > 1} are Bernoulli
random variables, process (3) is the so-called INAR(1) model, which was proposed by Al-Osh and Alzaid
[1]. Ispany et al. [8] investigated the asymptotic normality and convergence rate of the least squares
estimator for the coefficient INAR(1) model, where the autoregressive type coefficient converges to 1.
Ispany et al. [9] studied a sequence of Galton-Watson type branching processes with immigration (3), where
the offspring mean tends to its critical value 1 and the offspring variance tends to 0. Imomov [5] considered
the discrete-time branching process allowing immigration and investigated the limit properties of transition
functions and their convergence to invariant measures. Imomov and Tukhtaev [7] studied the Galton-Watson
branching process allowing immigration, in which the immigration law has infinite mean and the offspring
law has an infinite variance. For model (3), assume that

m:=Eé11, A:=Eey, ol = Var(é1.1), b* = Var(e)
are finite. For n > 1, let F,, denote the o-algebra generated by { Xy, X1, - - - , Xj,}; then we have that
M, = X, —B(Xu|Fn-1) = Xpn —mX,—1 — A

defines a martingale difference sequence {M,,,n > 1} with respect to the filtration {F,,n > 1}. Moreover,
we obtain the recursion

n
X, —EX, = » m" "My, (4)
k=1
which is also a form of weighted sums as (2).

Recently, Imomov and Nazarov [6] considered the weighted sums of partial sums of i.i.d. random
variables, which have forms similar to (2) and (4). Let {&,,,n > 1} be a sequence of i.i.d. random variables
with

Eé =0 and Var(&)) = 0% > 0.

(n)

Denote So =0and S, = &) +---+ &, foreachn > 1. Forany n > 1, let {§;

random variables with

,k > 1} be a sequence of i.i.d.

E¢™ =0 and Var(é") = o2 > 0.

Denote S(()") =0and ™ = ¢ f") +---+&" foreachn > 1. Define the following sums of random variables:

X, = Zn:mksk, Y, = zn:m""‘sk,
k=1

k=1
n n
Zy =) mkSe, T,= ) mi7ks,, )
k=1 k=1
n n
Jy(ln) _ Z m'I;S](cn)’ Kr(ln) — Zmz—ksl((n),
k=1 k=1

where m is a positive constant and for some a # 0,

a 1
m,=1+—+o0[-] as n > .
n n

The law of large numbers (LLN) and the central limit theorem (CLT) for those special forms in (5) have
been investigated by Imomov and Nazarov [6].

Motivated by the above results of Imomov and Nazarov [6], in the present paper, we continue to study
these weighted sums of the forms in (5) and prove their moderate deviation principles (MDP). For the theory
of large deviation, one can refer to the books, Dembo and Zeitouni [3] and Deuschel and Stroock [4]. The
rest of this paper is organized as follows. In Section 2, the main results are stated and their proofs are given
in Section 3. Throughout this paper, C always stands for a positive constant which may differ from one
place to another.
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2. Main results

In the section, we state the MDP of the weighted sums X,,, Y,,, Z,,, T, J,(l"), K,(,"). Assume that {b,,n > 1}
is a sequence of positive constants satisfying

b, — o and —n—>oo as n — oo, (6)
n

Our main results are stated as follows.

Theorem 1. For any sequence {b,,n > 1} of positive constants satisfying (6), assume that there exists a
positive constant t, such that

Eexp{t]&1]} < co. (7
(i) Letm > 1; then for any A > 0,

1 Xl A2
lim —log - 3
n—00 bp\Var(X,) ) 2

(if) Let m < 1; then for any A > 0,

1
lim — logP

n—oo b

Y] _
—_— > ] =—-—.
bu\Var(Y,) 2
Remark 1. From the proof of Theorem 1, the MDP of X, (for the case m < 1) and Y,, (for the case m > 1)
do not hold.

Theorem 2. For any sequence {b,,n > 1} of positive constants satisfying (6), assume that there exists a
positive constant t, such that

Eexp{t]&1]} < co. )
Then, for any A > 0,
1 |Z,0| A2
lim —logP > A - (10)
e n (b AY Var(Z ) 2
and
1 W A
lim — logP >Al=——.
n—e pa boVar(T,) ) 2

Theorem 3. Assume that there exists a positive constant t, such that

sup Eexp{r|¢\™ |} < co. (11)

n>1

Furthermore, suppose that the sequences {c,n > 1} and {b,,n > 1} satisfy b, — oo and

b
n as n — oo, (12)

by

{ M—>oo if oy =

Then, for any A > 0,

(n)
1 In A2
lim b—log]P7 # > A ==
n bn\/Var(J,(l"))
and
(n)
1 K, A2
lim — logP # >Al=—-——.
n—e (n) 2
bu\Var(K, ")

Remark 2. When condition (12) does not hold, there are positive constants ¢, c; and c;, such that ¢; < o, <
¢y and 0, — ¢ as n — oo. In this case, we can return to Theorem 2.
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3. Proofs of main results
Firstly, we rewrite the weighted sums X, Y, Z,,, Ty, J,S"), K,(l") as follows:

nm -—m

X, = :L=1 m—1 &i, ifm;tl,
Shin—i+ )&, ifm=1
mn—i+1 _1 )
Y, = ?:1—,”_1 &is lfmil’
Shin—i+ g, ifm=1
n n+l i n n—i+l
my = —m m -1
Z, = AR L T = n N
n ; m, — 1 gt n ; ", — 1 fz
n n+l i n n—i+l
(n) _ Mp__ — M p(n) (n) _ my )
In _Z my —1 é:i » K _Z m, — 1 {’:i :

Before giving the proofs of the main theorems, we recall the following results in Imomov and Nazarov [6],
which are important for the proof processes of our main results.

Lemma 1 ([6, Section 2]). For any n > 1, we have
(1) EX, = EY, = EZ, = ET, = BJ\" =EK™ =0.

(2) As n — oo, we have

2 n+2 n 2 2n
o a2 _ oM (m —1)+m(m -1 . ]
(m-1)2 o m—1 m? -1 > mrd,
Var(X,) =
+1)(2n+1
e D@11 —
2 2
o m )
3
~ %0'2, if m=1,
o’ me2
mnm s lfm> 1.
(3) As n — oo, we have
2 2 2n n
o m=(m*" - 1) m(m" —1)
vV Y,) = - +
ar(¥y) (m—1)2 m?2—1 m-—1 "
2
g .
mn, lfm< 1,
~ 0_2 m2n+2 )
m-nzm-r Il
(4) Asn — oo, we have
2 n+2 n 2 2n
o 2n+2 my (mn_l) mn(mn _l)
Var(Z,) =—— -2
ar@n) = e (M 1 m—1
3 2
~”2—‘T3(e2“(2a —3) +4e? —1).
a
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(5) Asn — oo, we have

2 2 2n n
o my(m;" —1) my(mh —1)
Var(T, -2 +
ar( n) ( 1)2( m%l—l oy — 1 n
ndo?
~ 303 (2 —4e® + 2a + 3).
@
(6) As n — oo, we have
Var(J™) :—O—'% nm2? 2m2+2(m2 ) + (" = 1)
(my —1)? my — 1 mi -1

3.2
~"2—°'3"(e2“(2a “3)+4e? 1),
a

(7) Asn — oo, we have

2 2 2n n
-1 n -1
Var(k") =— my (" = 1) ma(my =1
(m, —1)2 m2 -1 my — 1
ndo?

~Tw3(€2a —4e? + 2a + 3)

The proofs of our main results are given below.

Proof of Theorem 1. (i) The MDP is an application of the Girtner-Ellis Theorem [3, Theorem 2.3.6], where
b? replaces n. In order to prove (8), by using the Girtner-Ellis Theorem, it is sufficient to show that for any
vy €R,

1 YbnXn v’
lim — logEexp{ ———= = =. (13)
n—oo b2 { /Var(Xn)} 2

For the case m = 1, we have

I YbnXn v
— logEexp {—} - =

n vVar(X,) 2

1
= —210gEexp{
n

Var(X Z(n —i+ 1){-‘,}

vb,(n—i+1) yby(n—i+1)
logE — & - |E — & -1
sEerp { VVar(Xy,) 2 } ( e { VVar(Xy,) € } )

_%
1 —i+1 b2
i=1 bi Vvar(Xn) 2n
= Al + Ay

From conditions (6)-(7) and Lemma 1, for n large enough, we have

2ybp(n—i+1) { b, }
Eexp{ ————|&l{ <Bexp{C—=|&]{ < C. 14
sup eXp{ Ve 3 I} < Eexp ﬁlfll < (14)

For the term Aj, by using (14), Taylor’s formula and Cauchy-Schwarz’s inequality, for n large enough, we
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have

E Mt. -1
exp{ VVar(X,) ¢

2120, _ - 2 .
< sup E(V bp(n—i+1) §;exp{ybn(n i+1) Ifil})

I<izn 2Var(Xn) ' VVar(X,)
b2
<C—=
n
which implies that
yby(n—i+1)
sup [Eexp{ ————————& ¢ — 1| — 0,
l<i<n { VVar(X,) L
as n — co. Hence, for n large enough, we have
vb,(n—i+1) 1
sup [Eexpd ———————& ¢ — 1| < <. (15)
I<i<n { VVar(X,) l 2
Using (15) and the elementary inequality
2 1
[log(1 + x) — x| < 2x°, for |x|s§, (16)

for n large enough, we have

log E exp ybn(n—i+1)§ (Eexp ybn(n—i+1)§' _q
vVar(X,) l VVar(X,) l
2
2 Yh,(n—i+1)
<Y = |E —"& -1
<Zlb( exp{ War(%,) g} )

N2 y2b2(n—i+1)>2 ) yby(n—i+1) ?
< — |E ; i
217 ( Warky P Wary

N ybZ(n—i+ 1) 4 2yb,(n—i+1)
= Z 2(Var(X,))? F&)Bexp VVar(X,) i

which yields that Aj — 0 as n — oco. Furthermore, by using Taylor’s formula, Cauchy-Schwarz’s inequality
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and inequality (14), we obtain

1
Azzzb—z

=1 n

Eex 'ybn(n—l+1)§_ - 2p2
P Wark 2
Iy 1 [yPhi(n—i+ 1) ybu(n—i+1)

sz SE| 37 1¢i (3]

<6;b3 ( (Var(X,))3/? il eXp{ VWar(X,) |§|})

. . 1/2

Var(%, ))3/2 WVar(Xy)
Z by(n—i+1)>
4 (Var (X))
< Cb
<C

which implies that A, — 0 as n — co. Hence, claim (13) holds for the case m = 1.
For the case m > 1, we have

1 bnX 2

by VVar(X,) 2
)/bn n mn+1 _mi | ,)/_2

Vvar(xn) i=1 -1 l 2

From Lemma 1, it is easy to check that for n large enough, we obtain

2vb n+l _ b
sup Eexp{ o 2 7 |§;|}SEexp{C\/—%|§l|}S

I<i<n VVar(Xy)

1
=|—logEex
b% g P{

and

sup
1<i<n

b n+l _ i
]Eexp{ Yon M mfi}—l
m-—1

VVar(X,)

212 n+l )2 n+l i

v°bs m" —m b, m'™ —m

<E ( )" 2 exp { —2 I
2Var(X,) (m-1) War(x,) m-1

i 172
Y22 (m™! —m')? 4\ 12 2yb,  m"! -
Warty e (2E) (Eexp{m "= |§l|})

b2 (mn+] _ mi)z
n
Var(X,) (m-1)2
b2
<C—.
n

Therefore, in the same method as the case m = 1, we can obtain claim (13).
(ii) For the case m = 1, we have X,, = Y,,, so it is enough to prove the case m < 1. Similarly to the proof
of (13), for any y € R, we have

1 bpY, 2
lim TlogEexp{y—} -7
n

n—eo b War(ty)
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Proof of Theorem 2. We only claim that (10) holds. Applying the Gértner-Ellis Theorem [3, Theorem
2.3.6], we only need to show that for any y € R,

1 b, Z 2
fim L tog Zex p{y_} _7
n

n—eco h2 m

Indeed, it can be easily seen that

1 YbnZn Y’
— logEexp {—} -5

2 VWar(z,)

1 bn n mn+1_mi 2
= b—zlogEexp{ Y A "gi}_y_

n War(z,) 5 mn—1 2

Ybn mZH - m;;
log Eexp &
{\/Var(Z y my -1

1
m2+l _ mi
—|Eexp g —1
Var(Z ) Mmn—1

n ybn mZ+l m;lf ne ),Zb%l
\Warzy) ma-1 2n

n

1
Zb%

1=

+
i=1

by

Note that for any a # 0,

lim m), = e®.

n—oo

Hence, from condition (9) and Lemma 1, we can assert that for n large enough,

2 b n+l i b
sup Eexp{ Pon__ T |§z|} <Eexp {C rol_ |§1|} <C
n

l<i<n War(z,) Mn-1

and
Ybn mZH my,
sup [E Eip—1
1<i<n {\/Var(Zn) my—1 "'
,yZb%l ( n+l _ l )2 )’bn mﬁ“ _ miz
< E 2 gi eXp |§l|
2Var(Z,) (m,—1) War(z,) mn—1
. . 1/2
272 n+l _ . i)\2 1/2 n+l _ 0
< e OB o) o | 2
2Var(Z,) (m, —1) War(z,) mn—1
b2 (gt - mi)?
Var(Z,) (mp—1)2
2
<C—=.
n
Therefore, by using the same method of the proof of Theorem 1, we can establish (10). O

Proof of Theorem 3. We only give the proof of (17). By using the Girtner-Ellis Theorem [3, Theorem
2.3.6], it is sufficient to show that for any y € R,

(n) 2
1 J,
lim — log Eexp DAL N G (17)

n—oo B2
bn Jvar({")
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Note that
(n) 2
bnJ
> log Eexp i L %
" \/Var(./,(ln))
bn n n+l _ 0 2
= |— logEexp Y Z "n ’ln" ‘fl.(") - 77
" JVar{") i=1 "
" .
1 bn n+l _ i
< ) — |logEexp Y Mn ’1"n§i(n)
= bn Var(J,(,")) i

by n_ n
(Eexp Y e m 51.(") -1

1 bn —m b2
+ L ECXp Y my, my, é:‘(n) _1l- Y by
— b%l (n) my, — 1 t 2n
i=1 Var(J,"")
= A3+ Ay

As a consequence, in order to obtain (17), it is enough to show that A3 — 0 and Ay — 0 as n — oo.
From conditions (11)-(12) and Lemma 1, for n large enough, we have

2vb n+l _ i
sup Eexp Yon M~ Mn

Isisn \/Var(J,(l")) ma =1

Hence, we can deduce that for n large enough,

b
|§l.(")| <Eexp {C\/_n—';_n|§](")|} <C.

yb,  m'l—m!

sup |Eexp 1”51.(") -1
. my, —
1<i<n ’Var(J,Sn))
< Y22 (m™ —mi 2|§.(n) zexp vb, m* — mi |§'(n)
1<i<n 2Var(],(l")) (m, — 1)2 ! Var(J,(l")) mpy — 1 '
2
<C b ,
no?
which means that
b n+l _ i
sup |Eexp Yon___Dn ’ln” fl.(") -1] -0,
. [ m, —
1<i<n Var(J,(,n))
as n — oo. Hence, for n large enough, we have
bn n+l _ i " 1
sup |Eexp Y Pn ’lnnft.( ol < 5 (18)
i<n n my —
Isis \/Var(J,(1 )) "
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Using the elementary inequality (16) and (18), for n large enough, we obtain

1 b —mj
As =Z_ log E exp YOn m, mngi(n)

2 o mn 1
=1 bn Var(J,g")) n

b n+l _
—|Eexp Pon o 1 f(") -1
my —
\/Var(J,(,"))
2
n )
2 b n+l _ i .
< v E exp Yon___In lln”g-‘i( |
M —
i=1 7" \/Var(J,(l")) "
2
S 2 ,)/szl (mﬁﬂ B mln)z (n) )’bn m2+l (n)
< b_2 (n) ( _ ])2 |§l |exp m. — 1 |'§: |
i=1 Yn 2Var(J,, ) mp ’Var(J,(l")) n
n 2 n+l _ i 4
<C Z D (rmy 4)
(Var(./(”)))2 (my —1)
2
<C O ,
nos
which yields A3 — 0.
Furthermore, we can deduce that
n
1 b n+l _ 2b2
A4=Z—2 EeXp YOn M f(n) -1|- I
— b (n)y, Mmnp—1 2n
i=1 Var(J, ")
< 1 n 1 3b3 (m2+1 _ mil)3 |§(n)|3
b (Var(J{™y)32 (my—1)2 7
n+l ol
X eXp M M igl.(”) |
Var(J("))
i3
<C mg)
= 1 (Var(J(")))3/2 (mn_ 1)
<C i ,
Vo,
which implies that Ay — 0 asn — oo. m
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