
F IZ IKA 9 ( 1 977) Su,•plement 3 ,  79-90 

1ProceeJings of the tnt. Symp. on Nuch:o1r Collisions and 
Their Microscc,pic Oes:::ript:on. B li.:J, September ! 977i 

E L A S T I C  P ROTOt AND  tt E U T ROH  C RO S S  SEC T I ON S  D E R I VE D  

FRO � A M I C ROSCOP I C  O P T I CAL MODEL  POTE N T I A L  

A .  L EJEUNE , 
Un ivers i t e  d e  L i e ge , Phy s ique Nuc l e a ire  The o r i que , 
I n s t it ut d e  Phys ique au Sart  Ti lman , Bat irr.ent  B . S ,

B - 4 0 0 0  L IE GE 1 ,  B e l g ique

1 .  I n t ro d uc t i on 

The anal y s i s  o f  exper imen tal  p and  n e l as t i c  

cros s - s e c t io n s  pe rformed w i t h  a phenomenological  op t i cal  mod e l  

pot e n t i al ( O MP ) h a s  g i ven qu i t e  impre s s i ve resul t s . I t  i s  now 

cons idered  a s  a c l as s ic al t ool  in n uc l e a r  phy s i c s . �o wever , 

t h i s OMP i s  not  fre e o f  amb i gui t i e s . There fore , one  purp o s e  o f  

a t h eore t i c a l  approach  m a y  be  t o  g i ve a gu i d e  l i r.e  t o  phenome­

no l o gy and  t o  reduce  t h e s e  amb i gu i t i e s . Moreove r , t he suc c e s s  

o f  t h e  O M P  l e a d s  t o  the  i �por t a nt que s t i o n  : why doe s t h e  OMP

w ork s o  w e l l ? Tho s e  p o � n t s  h a ve sugge s t ed a th eore t i cal

approach  o f  t h e  OMP . Th i s  i s  t h e  a im o f  t h e work done  at the

Uni vers i ty  of  L ie g e  in  c o l l ab orat ion with  J . -P .  J euk enne and  C .

Mahaux duri n g  t he l as t  y e a r s . T h e  de t ai l ed i nforma t i o n s

about t h i s  w o r k  can  b e  found i n  Re fs . l - 2 ) .  The p r e s ent  paper

extends  up  t h e  commun icat ion _ pub l i s hed  i n  Re� . 3 ) .

L e t  us s imply  say  t h a t  o ur theore t i c a l  approach first  

i n vo l ve s  many  b od y  t e c h n i ques  t o  d e ri ve t h e  mass  opera t or in  

nuc lear mat t e r  from a real i st i c  N - N  i n t erac t io n . A s  a s ec o nd 

s te p , we us e t h e  l o c a l  d e n s i t y  approxima t ion  ( LOA ) �o apply  our 

n uc lear ma t t e r  re sult s t o  f i n i t e  nuc l e i . Furthermore , s ince  

t h e  micro s cop i c  analy s i s  also  require a k nowled ge o f  t h e  s truc­

t ure o f  t h e  t arge t nu c l e i , i . e . t h e  pro t o n  and  t he n eutro n d e n ­

s it y  d i s tribut ion s , compar i s o n  w i t h  e xperiment a l  d a t a  enables  

us t o  get  i n fo rmat i o n s  on these  fe ature s .  

I n  S e c t ion  2 ,  w e  br i e fl y  out l i n e  the  forma l i sm .  The  

num e r i c a l  r e s u l t s  are  d i s cu s s ed and  conc lus ions  are drawn in  

S e c t ion  3 , 
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2 . Defi n i t ions  and  formu l ae

2 . a .  I n fi n i t e  med ium 

The fundame n t a l  fun c t ion c ons id ered  i n  our many body 

approach is  the  mass  operator M ( r , r ' , E )  , for wh i ch the  Dy­

s o n  equa t ion  

( 1 )

e s t ab l is h e s  a conn e c t ion w i th t h e  Green ' s func t io n s  G and  G o 

o f  t h e  int erac t i n g  and  free part icle  s y s t ems respe c t ively . 

B e l l  a n d  S qu ire s showed 4 ) t h a t  M ( r , r '  , E )  a n d  t he

O MP  s a t i s fy t h e  s ame  S c hrod i nger equat ion  

- M
2 

V 2 ljl ( r )  + .f d 3 r 1 M ( r , r ' , E ) ljiE ( r ' ) : E tt,E ( ; ) .  ( 2 )2m r E 

This i de n t i fi c a t i o n  enab l e s  us t o  eva lu a t e  the  OMP  by means  o f  

t h e  many b o d y  t heory for � 

I n  an  un i fo rm med i um , t he  OMP i s  l o c a l , dens ity  and 

energy d e p e n den t . Perform i ng a Fou r i er t rans form on 

OMP is d e f i n ed "on  t he e ne rgy sh e l l "  and  wri t t en as  

M { E ) : -�  ( E ) - iW ( E ) . 
p � p 

+ r , t h e  

( 3 )  

1 E x t e n d e d  s tudy ) o f  M
P ( E )  e va luat ed  t he is ove c t or c omp o n e n t

and  t h e  c orrec t ion  due t o  t h e  C oulomb f i e l d . 

Our use  o f  a hard  c ore  rea l i s t i c  nuc l eon  nuc l e o n  in­

t e ra c t ion , l ead us t o  ext end  Bruec kne r ' s  method for the  b inding  

energy o f  nuclear mat t er . I n  t h i s  way , t h e  mass  operat or  i s  ex­

panded in a power s er ies  o f  the  d e n s ity  p A l l  the  d e t a i l e d  

i n fo rma t ions  c an be  found i n  Refs . 1 ' 2 ) ,  wh ere  t h e  c al culat ions

h ave b e e n  l im i t e d  to  the  f i r s t  l e a d in g  t erm of  t h i s  expans·io n  

k n own as t he Brue c kn e r  Hart ree- Fock  approxima t ion . Some o f  t h e  

h igher  o r d e r  t erms c an be  e valuated  b u t  t h e  o t hers  a r e  very 
d if f i c u l t  t o  c a l c u l a t e .  

2 . b .  F i n i t e  nuc l e i

T h e  s im p le s t  approximat i on for con s t ruc t i n g  t h e  OMP 



i n  a fini t e  nucleus  from t h e  nucl e a r  ma t t e r  O MP 

ven by the fol l owing LDA 

M ( E )
p 

is g i -

( 4 )  

I t  i s  w e l l  known however t hat such  an LDA is not con­

venient  to  d e scribe  t h e  surfa c e  e ffec t s . The Hartre e approxi­

mat ion ( l e t  us  drop the  exchange  t e rm )  can enligh t e n  t h is fea ­

t ure . 

For a central  interact ion v( r )  , the  Hartree  appro­

x imat ion give s , i n  an infinit e med ium of  constant d e n s ity  p 

�H = p f v ( r ' ) d 3 r ' . ( 5 )  

The s imple L DA ( � )  w i l l  provid e  t h e  corresponding  po t en t ial  in

a fin i t e  nuc l e u s , 

( 6 )

but t h e  e xact Hartree expre ss ion in a fin i t e  system  i s  given by 

the expre s s ion 

C 7 > 

So , e xpre s s ions ( 6 )  and ( 7 )  w i l l  b e  identical  onl y  i f  t h e  me­

d ium is  uniform or i f  t h e  int erac t i on has a z ero range . Appro ­

ximat ion ( 4 )  i s  thus not conve n i en t  to d e s crib e t h e  surfac e re­

gion o f  the  nucleus . Henc e , w e  int roduc e d  a range t of t h e  

t 6 6ectiv e int eract ion 

l ike  

11£ ( r )  = ( t fi) -3
J 

( MP ( E ) / p ) and u s e d  an . " improve d "  LDA

or , equiva l ently  

ME ( r ' )
l r -r ' l 2 

C p ( r '  ) ) e xp ( - ) p ( r '  ) d 3 r ' ,
t 2 

( 8 )

= ( tr e r n ) VE ( r ' ) e xp ( - · · ) d r ' , 

r-

- 3

f 

I ; _; ' 1 2 3 
t 2 

( 9 a )  

re 
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and  

= ( t . /;) - 3 I W ( r 1 ) e x p ( - ! r -r '£) d 3 r ,1m E 
t .  2 

1m 

for the real and  the i mag inary part s r e s p e c t i ve l y , 

( 9b )  

The  ranges  t re and t im are t h e  only  phenome n o l o ­

g i c a l  param e t ers i n  our calculat ions , They are a d j u s t ed t o  fi t 
t h e  volume int egra ls  and  t h e  RMS  �ad i i  o f  t h e  phenomenological  

OMP , and  can  be  d i f fe�ent  for  t h e  real  and  t h e  imagi nary part s �  

For t h e  pro ton  and  ne u tron d e n s i t y  d i s tribu t ions  o f  

t he targe t s , we t e s t e d  var ious  a va i labl e d e n s i ty d i s t r i bu t ions . 

W e  fina lly  a d op t e d  t h e  o n e s  which  gave the  l ow e s t  x 2 , i . e .

t h e  po in t l ik e  nucleon  ma ss  d i s t r ibut ion  o f  M a l a gu t i  and Hodg­

son 5 ) for t h e  nuc l e i  up to 4 0 ca and  t h e  t e g e l e ' s  for�ul a 6
)

for t he hea v i er nuc le i . 

However , the  m i c r o s c o p i c  approach  c o e s  not  yet  in­

c lude a s p i n  orb i t  po t e nt i a l . The  l a t t er was  t ak en from phe n o ­

m e n o l o g i c a l  analyse s .  I t  i s  not  impor tant  as f o r  as  t he p o l a ­

r i z at ions  are  d i sr e garded . 

3 . �e sul t s  and d i scuss ion  

U s i n g  our t h eor et ical  O�P , we evaluate  d i f fe�ent  quan­

t i t i e s  and  c ompare t hem t o  t h e  p h e nome n o l o g i c a l  or  exper imen t a l  

d at a .  The  vo lume int e gra l s  a n d  RM S rad i i  o f  t h e  re a l  a n d  ima­

g i n ary p art s o f  the OMP  app e ar to be the mo s t  s i gn i f i c ant fe a ­

t ures  o f  t he pot e n t i a l . D irect  calculat ions  o f  e l a s t i c s c a t t e ­

r i n g  cro s s - s e ct ion  p ro v i d e  i n format ions  on  t h e  shape  o f  the  O M P  

and  on  t h e  accuracy o f  mat t er d e n s ity  d i st r ibu t ion s . 

L e t  us f irst  l ook  at t h e  volume int e gr a l s  and t h e  RMS  

rad i i . In  the  frame  of  a l ep t odermous mod e l , My ers ) showed  

that  the  volume int e grals  d o  not  change  when  goi n g  from a s im­

p l e  LDA ( Eq .  ( � ) )  t o  the  improved  L DA ( E qs . ( 9 ) )  but  the  RMS  

radi i  are  increased  by  an amount  proport ional  to  t re
2 or  

t . 2 T h i s  property sugge s t ed our c h o i c e  o f  an  improved  L DA 1m 
which  g i ve s  b et t er agreement  b e t w e e n  emp irical  and c a lcula t ed 
RMS rad i i . 

I n  F i e , 1 ,  we  show t h e  energy dependence  o f  t h e  quan -
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F.i.g . 1 - The dot6 �e­
p4e6 ent4 the emp.i.4.i.cal 
va..tue4 0 6  the 4oot mean 
4 qua4e  4ad.i.u4 and 0 6  
the volume  .i.nteg4al 
pe4 nucleon 0 6  the 
4eal and .i.mag.i.na4y 
paAt 0 6  the pAoton OMP 
0 6  1 2 o s n . The comp.i.­
tat.i.on4 a4e taken 6Aom 
Pe4ey and Peftey9 ) .  
The 6ull and tong 
da4 hed cu4v e4 4ep4e-
4 ent the 4e4ult 0 6  the 
LVA ( Eq .  ( 4 ) )  and 0 6  
�he .i.mp�o v ed L VA ( Eq .  
( 9 ) ) 4e4 pectiv ety •
The 6 ho4t da6 he4 co4-
4£4 pond to the ex.i.4 -
tence 0 6  a neutfton-
4.i.ch 4 k.i.n • 

< R 2 > 1 1 2 Jw/ A  and < R 2 > 1 1 2 i n  the  c a s eV W 
o f  prot o n s  e l as t ic a lly s cattered  by 1 2 0 sn .  We o b s erve a good

agre ement  between  the ory and e xper imen t for  t h e  real  part . As

conc ern the  imaginary part , t h e  Jw /A  i s  a l ittle  bit  too  

large  and  t h e  improve d LOA does  not  pro vide  a suff i c iently  

large  RMS rad iu s . 

F i gure 2 s hows a comparison  be twe e n  JW/A  calcu l a ­

t e d  a t  four e n e rg i e s  a n d  a r e c e n t  ph enomen o l o g i c al c omp i l a ­

t io n 8 ) o f  pro t o n  OMP  i n  t h e  e n ergy ran g e s  Ep > 2 5  M e V  ( upper

p art ) and  Ep < 2 5 MeV  ( l ower part ) ,  The  gene ra l  trend of
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/A  i s  i n  n i c e  agreement  except  for l ight nuc l e i . The ran ­

ges  tre = t im = 1 . 2  fm are used  in � l l  the  cal culations .

W e  a l s o  inve s t i gat e d  proton  and ne utron elas t i c  c ro s s  

s ect ion . Calculat ions  were carried  out  for a s e r i e s  o f  r. •1 c l e i ,  

from 1 2 c t o  2 0 9a i . The en ergy range 1 0 - 7 0  M eV was s tud ied  for 

proton  s cat t ering  and 1 - 1 5  MeV  for neut ron scatt er ing ; t h e s e  

l imit s are well  wit h in t ho s e  accepted  for o ur mod e l  wh ich  

s ho ul d  b e  j ust ified  up t o  1 80  MeV . The  s el e c t ed dens ity  d i s ­

t ribut i on s  have b e e n  quot e d  above b u t  a neut ron s k i n  w a s  found 

t o  improve t h e  re s u l t s  for heavy nuc le i . 

Figures  3-7  show a s el e ct ion o f  e xperiment al � and 

n s cat t e ring dat a ( full  d o t s ) by di fferent t arget s  at various  
energi e s . The  ful l  c urve s repre s ent the  theoret ical  cro s s  

s e c t ions  derived from e xpres s ions  ( 9 ) .  The d ifference b e tween  

t h e  half  d e n s i t y· radi i  o f  t h e  ne utron and o f  t h e  pro t on d i s ­

t ribu t ions  i s  taken  equal t o  0 . 13 f m  for 1 2 0 sn ,  2 0 8 pb and 2 0 9a i . 

On t h e  average , t h e  resu l t s  are q u i t e  encouraging for a micro s ­

cop i c  approach w i t h  t h e  ran g e s  tre  and t im as only adj usta­

ble  parame t ers . 
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To improve o ur theoret ical da/dO  , we fitt ed our  

n umerical OMP by a Saxon-Wo o d  ( SW )  form and a SW plus  deriva­

t ive of SW for the real and imaginary part respe ct ively and we 
allowed variat ions of the  d i ffus enes s . However , the fits o f  

t h e  da/dO  were n o t  s ub s t ant ially improve d . We t h en renorma-
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� 
l i zed  the  s t re n g t h s  o f  VE ( r )

and  �E
( r )  Th i s  brought a

n i ce a greement and the  re s u l t s  

are repres en t ed b y  t h e  d a s h ed 

curves o n  F igures  3 - 7� The  cor­

r e spon d ing  renormal i z a t i o n  fac ­

t o rs for the  s t rengt h s  are  sum­

mar i z e d  i n  Tab l e  i .  
The most  s t riking  re ­

s ul t s  are the fo l lowin g .  The  

rea l part s of  the  theore t i cal  

OMP  h ave nearly the  r i gh t  magn i ­

t ud e  b u t  t h e  imagi nary p ar t s  are 

too s t rong . W e  obs e rve a l s o  a 

b e t t er agreement  w i t h  h i gher  

e ner g i e s  and h e av ie r  nuc l e i .  

Th is  i s  i n  accord anc e w i t �  the  

s tudy of  vol ume i n t e gral s 2 ) .

The reasons  why t he s t rength  o f  

�E ( r )  i s  t oo large  c ould  be

i )  t he s e l ec t ed ( for ; 

ques t i on o f  da t a ) t arge t s  are  

a t  or  n ear c lo s ed s h e l ls and  

have then  unusua l l y  l ow dens i ­

t i e s  o f  c ompound  s t a t e s  a n d  h i g h  reac t i o n  t hres h o l d s .  Thi s  can  

be  c on fi rmed by t h e  good  trend of  Jw/A  d isplayed  i n  F i g . 2
t hrough t h e  wide  range  o f  n uc l e i . 

i i ) we d i d  no t i nc lud e any 

c en t re o f  ma s s  corre c t i on ; i n  part icul ar , the  LDA  includ e s  a 

s purious  a b s orpt ive part  which  corre s po n d s  t o  t h e  chann e l s  

where t he C . M .  o f  t h e  t arge t  i s  exc i t ed . 
i i i ) the  h igher order terms  

i n  th e  Brue c kner  e x�an s ion  m i gh t  reduce  the  s t rength  o f  the  

imag irtary part s .  
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Th i s  m i c ro s c o p i c  approach t o  the  OMP  g ive s , at f i r s t  

s ight , encourag ing  re sul t s . I mprovement s  s uc h  a s  a theore t i ­

c a l  e va lu a t i o n  o f  t h e  sp in  orb i t  pot e n t i a l , o f  t h e  h i ghe� order

t erms and o f  C . M .  c o rre c t ions  should  b e  introduc ed . 

t h e s e  problems are now  b e i n g  s t ud i ed . 

Some o f  
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Table  1 

Reno rmal i z at ion  fact ors  for p and  n e l ast i c  s catt ering  

Target I n c i d e n t  E l a b Renormal i z a t ion  
Nucleon  ( HeV ) Fa c t ors 

V w 

1 2 c p 3 0 . 3 0 . 9 3 2 0 . 5 9 8 
1 6 0 p 3 0 . 3 0 . 9 7 2  0 .  8 1 8 
4 0c a p 3 0 . 3 0 . 9 9 2  0 . 7 2 2  
s sn i p 3 0 . 3 0 . 9 6 2  0 ,  7 2 6  

l 2 0 s n p 3 0 . 3 1 .  0 0 7  0 . 8 2 2  
2 0 8pb p 3 0 . 3 1 .  0 2 7  0 . 9 6 5  

1 2 c p 6 1 . 4  1 , 1 04  0 . 7 04 
2 7Al  p 6 1 . 4  1 .  0 0 2  0 . 7 2 7  
4 0c a p 6 1 . 4  1 . 0 0 6  1 .  0 1 4  
S B N i p 6 1 . 4  1 . 0 2 1  0 . 8 4 5  
1 2c n 1 5 . 0  1 .  0 2 7  0 . 6 2 5  
2 7 Al n 9 . 0 0 . 9 61.f. 0 ,  9 7 1  
4 0 ca n 5 . 3 0 . 9 9 1  0 . 3 7 9  
S B Ni n 9 . 0  0 . 9 68 0 , 8 7 8  

1 2 0 sn  n 1 1 .  0 0 . 9 7 3 0 . 8 6 6  
2 0 8 pb n H . S  0 . 9 7 6  0 . 6 8 1  
2 0 9 B i  n 1 1 . 0 0 . 9 6 0  0 . 7 2 2  
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DISCUSSION 

;�ietF� For the scatterinG of nucleons by 2oeFb you
found that the radius of the imar.inary part of the optical 
potential was larger than the one of  the real part . Is this 
a general phenomenon for all target nuclei and would you 
expect a similar result for heavy ion reactions? 

A .  Lejeune : Yes , it is  a general phenomenon for all the 
nuclei and I think that it will be the same for heavy ·ion 
reactions . I believe that the Pauli principle is responsi­
ble for such an effect . 

J .  Nemeth : l . Did you take into account the starting energy cor­
rection in the LDA? It can �e important for small E .  
2 .  Is the ran3e t independent of  the size  of the  nucleus?  

A .  l.ejeune : No , \·re did not take into account any star-tins 
enere;y correction in the lDA .  As for the ra!l[e t ,  :,·ou c an 
adjust it from one nucleus to another in order to �et 6ood 
agreement with the J /A. and the Ri·.5 :::-ad ii . 3ut , if you con­
sider the quantity VE (r ) / �(r )  as an 11 effecti,;� interaction" ,
then the range t must be independent o�  the size  of the nu- . 
cleus . 




