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1 . Introduction

The method of the resonati ng-group structure or the resonating-group
method ( RGM) is a microscopic method which takes c l uster correl ations ex­
pl ic itly i nto consideration C l  , 21 • It has the fol l owing important
characteri stics : 
( i ) It employs total ly anti symmetri c wave functi ons and , therefore ,
takes the Paul i excl us ion pri nci pl e ful ly i nto account. 
( i i ) It uti l i zes a nucl eon-nucl eon potenti al whi ch explains reasonably
wel l  the two-nucl eon low-energy scatteri ng data . 
( i i i )  It treats correctly the center-of-mass motion of the enti re system. 
( i v ) It considers nucl ear bound-state , scattering , and reaction probl ems 
from a uni fi ed viewpoint. 
(v )  It can be used to study cases where the particl es i nvol ved i n  the 
i ncomi ng and outgoing channel s are arbi trary composi te nucl ei . 

The purpose of thi s  tal k  is to revi ew the progress which has been 
made in uti l i zing thi s  method to study the behavior 6f various systems , 
and to discuss the i nformation which has been l earned with regard to the
importance of the Paul i pri ncipl e in nucl ear probl ems . 

I n  sect . 2 ,  a bri ef di scussion of the resonating-group formul ation 
i s  gi ven . Section 3 i s  devoted to a description of a compl ex-generator­
coordinate technique £3-71 which has been empl oyed recently to eval uate 
the various matrix el ements requi red in resonating-group cal cul ations . 
I l l ustrative examp les of bound-state , scatteri ng , and reaction cal cul a­
tions are presented in sect . 4 ,  whi l e  effects of anti symmetrization are 
discussed i n  sect. 5 .  Fi na l ly, i n  sect. 6 ,  concl uding remarks are made. 

2 . Bri ef discussion of the resonati ng-group formul ation

A rather detai l ed di scussion of the RGM fonnulation has recently
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been gi ven el sewhere [2) ; therefore , only a rel ati vely bri ef descri ption
wi l l  be presented here . 

The starti ng poi nt of a resonati ng-group cal cul ation i s  the pro­
jection equation 

( 1 ) 

where ET i s  the total energy of the system and H i s a Gal i l ean-i nvariant
Hami l toni an given by 

( 2 )  

wi th N bei ng the number of. nucl eons , Tern bei ng the  ki neti c-energy opera­
tor of the total center of mass ,_ and Vij bei ng a nucl eon-nucl eon poten­
tial chosen to fi t the two-nucl eon scatteri ng data especial ly in the l ow­
energy region . The tri al function ip i s  written i n  the fol l owi ng 
schemati c form: 

"If a 9' \ f 4' (A;) </> ( 13;. ) f,. ( R,; ) 

+- � </i ( A1 ) 4> ( Bi) </> (C;) F) ( �1}1z) 
I' 

... . . . . .
(3) 

where A i s  an anti symnetrization operator. The functions $ describe the
i nternal behavior of the cl usters , whi l e  Z (R

cm
) is a normal i zabl e 

functi on descri bing the total c .m . motion . The functions Fi (Ri ) ,  
Fj (Rjl 'Rj2) ,  and so on are rel ati ve-motion functions i n  two- ,.three- , and 
�ore-cl uster configurati ons . The d istortion functions 9\ [�mZ (Rcm) J are 
�hosen to improve the wave function i n  the strong-interaction region ; 
they vani sh for l arge internucl eon and i ntercl uster di stances . 

The vari ation �� speci fies the function space to be used i n  the



cal culation . Thi s function space i s  defi ned through arbi trary variations 
of the l i near functions Fi , Fj · · · · , and the l i near ampl itudes cm contained
in the trial function 1/J ef eq . (3) . By substi tuting the express ions for 
ol/J and 1/J · i nto the projection equation ( 2 } , one then obtains a set of 
coupl ed i ntegrodi fferential and i ntegral equations whi�h these l i near 
functi ons and l i near ampl itudes sati sfy .  

Because of  computational compl exi ti es , one must choose rel atively 
s impl e forms for 1/1 .  In the fol l owing subsections , I shal l i ndi cate the 
general procedure to deri ve the coupl ed equati ons for some representative
types of trial functions which have conunonly been employed in practical 
cal culations . 

2 . 1 .  S ingl e-channel formulati on wi thout speci fi c  di stortion 
Firs t ,  we consider the simpl est case where the trial function con­

s i sts of a s i ng le  two-cl uster open-channel term and where the effect of 
specifi c  di stortion l 2 J is neglected . Al so , for cl ari ty i n  di scussion , 
i t  wi l l  be assumed that the cl usters invol ved have no i nternal spi n .
Then , the trial functi on has the fonn 

,µ = � [ <P ( A ) <P ( .B ) F ( R ) Z  ( R Cwt )] 

= j 'i4 [ 4'{A)4'(B) d (  R - k")i(Rc,.,)]f(R")d1", 
(4) 

where R 11 i s  a parameter co.ordinate on whi ch the operator � does not act. 
By writing the variation ol/J a lso i n  a parameter representation . i . e . , 

i"J) = f 9' [ 4'{A)<l>{B)o(i-i')i! (RcM)] of(R ')dR' .

one obtains then from eq . ( 1 ) the fol l owing equati on : 

j K. < R'. R") F(!f'> dR" = o

where 

(5)  

(6)  
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K ( R ', R ·) = ( 4>fA ' tl> t B) o( �-R') r f Rcm) [ l-i - E. r l

-,t '  [ $rA ) 4' 1 E H  { R·· R "J �< Rc"" )] ) ,  
( 7 )  

wi th �(A )  and �B}  being transl ational ly- i nvariant , anti symmetri zed 
i nternal functions for the cl usters A and B, respecti vely , and �· is an
anti symmetrization operator whi ch i nterchanges nucl eons in di fferent 
cl usters . Equati on (6}  i s  an i ntegrodi fferential equation for F(R ' } ,  
which can be numeri cal ly sol ved to yi eld tha des i red phase shifts and ,
consequently,  the di fferenti al scattering cross section . 

To proceed somewhat further , i t  i s  convenient to choose the 
nonnal i zation condition as 

(8 } 

where the notation < )- means that the rel ati ve coordinate R i s  not 
i ntegrated over. By recogni zing now the fact that i n  an anti symmetri zed
calcul ati on i t  is always poss ib le  to repl ace the operator prj in the 
nucleon-nucl eon potentia l  by the opera�or -P� .P:J. ,  one can then define a

� lJ 1 
di rect ( l oca l ) potenti al v

0
(R )  as

( 9 ) 

wi th 
( l 0 ) 

I n  terms of this di rect potential , the i ntegrodi fferential equati on (6 )
can be  wri tten i n  the  fol l owi ng more expl i ci t  form : 

where E i s the rel ati ve energy of the two cl usters i n  the c .m. system
and K(R 1 ,R11

} is an energy-dependent kernel functi on gi ven by 



K ( R', R ") = <cp(A) � C B)cf (R-R'. )  i! I H - E T I 

<;l\" [� cA )i < s)J c i- �· > � ] ) 

wi th �" = 'A
1 

-1 .

2 . 2 .  Si ngl e-channel fonnul ation with speci fic distortion 

( 1 2 ) 

Especia l ly for systems whi ch i nvol ve easi ly compressibl e cl usters , 
i t  wi l l  be necessary to take the speci fi c distortion effect i nto account
(8- 1 0] . To achieve thi s ,  one adds di stortion-function terms i nto the 
tri al function .  I n  thi s  subsecti on ,  we  i l l ustrate the essential  points 
by cons idering the case where , for simpl i ci ty i n  di scussion , only one 
distortion function is incl uded. That i s ,  the tria l  functi on is wri tten
as 

( 1 3 ) 

where �O i s  a channel function of the form gi ven by eq . (4 )  and c 1 is a 
l i near variational ampl i tude . By usi ng the projection equati on ( 1 ) and 
sol ving the resul tant equation for c1 , one obtains 

( 01/10 I H .,.  V - ET I "P0 ) - 0 .

where 

wi th ,e1 = � �1 •  Choosi ng the nonnal i zation condi tio� as

( f, l l ;, = ) = I 

( 1 4 )  

( 1 5) 

( 1 6) 

and proceedi ng i n  the sa�e way as descri bed i n  subsect. 2 . 1 , one fi nds 
aga in  an i ntegrodi fferential  equation in the fonn of eq . ( 1 1 ) ,  but with
K(R' ,R1

1 )  replaced by K(R '  ,R11
) + K1 (R ' ,R" ) ,  where 

( 1 7) 
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wi th 

� ( R') = < <1> tA > � < s) c5( i- i'.> r I H - E 1 1 S, i!  > ( 1 8) 

and E1 bei ng the expectati on val ue of H wi th respect to the di stortion
function. Thus , one sees that the addi tion of a d i stort ion function 
i ntroduces an extra nonl ocal , energy-depend2nt , separabl e term into the
effecti ve i nternucl ear potenti al . 

2 . 3 . Coupl ed-channel formulation 
I n  thi s subsection , a two-channel formul ation wi l l  be bri efly des­

cri bed .  Here the tri al  functi on has the form 

( 1 9) 

where 
( 20)  

and 
(2 1 ) 

The 4> 1 s are cl uster i nternal functi ons whi ch are norma i i zed accordi ng to 
the condi ti on 

( </J{A) <P ( B) i! I $ (A) i ( 'B ) 2  >­
fll 

= ( 4> CC ) cp C D) :  I i(c > $ o,) .r )  .. .. 
Rt 

( 22 )  

By substi tuti ng 1/J and oip i nto the projection equation , one obtai ns the 
fol l owi ng coupl ed equations : 

f K1/ Ri.'R-i > F (R/) a �," 1- f K1, < R/, R," ) GtRj > dR; -= o ( 23 )  

J K,1 ( R, . Rj ) G ( Rj) dRi + f KH ( R; , R;) F ( Ri) ctR/ - o (24) 

<I"' ,,. 

where Kff and K
99 

have forms s i mi l ar to that of eq . ( 7 ) , and



Kf{i,', ;" > = <� rA> 4>cB)o <if-i/> c  I H - ET / 'A [ct><c)t/>C1>)o<i,- �·,2J� c2s) 

K,f ( R,. i; ) = ( 4> (c) 'l'C�)6{  i1-; ,�  I H - Er l tA  [ cp(A)�ca> c5 CR1 -ii>c]1 (26)

If one uses now the procedure described 'in subsect. 2 . 1 ,  then i t  is  
possibl e  to write eqs . ( 23) and (24)  in the fol lowing more fami l iar fonn:

[ - 2:' v;. +- vJ), c R; ) - Ef ] F Ci;>  + J Kf/i;,i; ) F c i;)dR,"
/ f 'I 

+ j Kf, c i;. �") G < ii) dij' === o 

[ - .�, v� + _v,,c ij> - £7 ) G; c>; > + J K11 c �i . i;Ji.- cij > dij

+ f K,/i; , i; > F < i; ) di; = O ,

(27) 

(28) 

where v0, and v
0g are di rect potential s ,  Ef and E9 are relative energies 

of the cl usters in the two channel s ,  and Kff and K99 are energy­
dependent kernel functions having forms simi lar to that given by eq . ( 12) .
By solving eqs . (27 )  and (28) subject to appropriate boundary conditions , 
one obtains then i nformation concerning various scattering and reaction · 
processes. 

3. Complex-generator-coordinate technique

For the computation of various matrix el ements requi red in resonating­
group calculations , a complex-generator-coordinate technique [ 3-7 J has 
recently been used . I n  this technique, the essentia l  idea is to express 
the trial wave function as an i ntegral of antisynmetrized products of 
single-parti cle f�nctfons and then make use of techniques in shel l -model 
cal cul ations to carry out an analytic eval uation of these mo.trix elements.

To i l l ustrate thi s  technique .  l et us consider a trial function of 
the form 
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(29} 

where the anti symmetri zed i nternal functi on i (k } , wi th k = A or B ,  i s  
chosen as a transl ational ly i nvariant shel l -model function o f  the l owest 
configuration in a harmoni c-osci l l ator wel l of width parameter ak ' i . e . , 

"" r .. ... - 1  ota. < 1 ·· � >' ]4> {,l )  = <Al l � Ii 
lf -Ii./ r; - �.t } e  I .t 

t 
( 30} 

wi th the functions hj bei ng polynomia l s  i n  s i ngl e-parti cl e spatial 
coordi nates and tk being an appr�priate spi n- i sosp in  function . Because
of the presence of the cl uster c .m .  coordi nates RA and RB in the ex­
ponents of the i nternal functions , the tri al function $ is not in the 
fonn of an anti symnetrize4 product of s i ngl e-parti cl e functi ons . However,
by i ntroduci ng an i ntegral representati on for ii, , we . can show that the 
i ntegrand can be represented in such a product form or , in other words ,
the i ntegrand wi l l  contai n  no cross terms of the type ri ·rj . 

To show thi s ,  we rewri te � i n  the form 

,P a J 94 1 [ $ ( A ; R: ) $ ( B i R; ) c5 ( j,4 - �A• ) 8 ( RB - � � ) ]

X F ( R; - R; ) : ( N,. RA·� N3 �; ) d RA. d R;
( 31 } 

wi th NA and N8 bei ng the numbers of nucl eons in the two cl usters . In 
the above equation , it i s  noted that the parameters RA" and R8 11 are i n­
cl uded i n  the arguments of the internal functions ; thi s  i s  purposely 
done in order to cal l attention to the fact that the functi on 
�(k ;Rk" }  i s  obtai ned from eq . ( 30) by repl acing the cl uster coordi nate
Rk wi th the parameter coordi nate i\ 11 • Now , by us i ng the i ntegral 
representation for the 6- function , i . e . , 

( 32) 

we obta in , after further mak i ng the transformation 



11 ·  I 5 .. ,, . ; . 
\al - --

- t r;. 
k N._ «., k • • 

( k • A o,. B ) 

the fol l owing expression for the tria l  functi on $ 

( 33 )  

{ 34) 

The above equation for "-JI can be · reduced by noti ng that , because the
i nternal function is chosen to have the l owest confi gurati on in a 
harmoni c-osci l l ator wel l ,  the argument Crj-Rk" )  of hj can be repl aced by 
the argument {rj -Ck ) ,  wi th Ck bei ng any constant vector. Thus , by making
the transformations 

.. .  R � - R� .. II N1i R,," + Na i;
R = A Rem = N 

s· = o(A QA" - °'B Q; s;"' - NA olA Q; + Na o(B Q�

and by choosing 

we can eas i ly perfonn the integration over the variables R�m
and obtain the fol l owing s impl i fied express ion :  

( 35) 

{ 36) 

and s�m '
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where 

and 

·wi th

N,,; , ... .. t 
et>' ( A � .. i" ) ... -.,s\A r � .""Tf t '  f' - 2 °'.a ( r, - 1 ... ) l

J . '  

" ... .. ' 
cii ' ( B  s · i ' ) =  "'a l �.all,1..., e · 2 �B r r, - h ) j

J r 1,,.
+ I 

.. � Ms r - ,. NA .. �
1 'h,,_ :: -.- l s  , -. ( ola- CIA ) R " 

I,., N ::,;A N • 

, ..,., '
\ .J ·  J 

( 38 }  

( 39 )  

(40) 

The meani ng of the functi on i 1 ( k ; S 11 ,R11
} ,  wi th k = A or B, is cl ear ;  it i s

a s hel l -model function o f  the l owest confi gurati on i n  a harmonic­
osci l l ator wel l of width parameter ak , with the center of the wel l  lo­
cated ,at the poi nt nk . Si nce it i s  seen from eq . (40} that nk is a 
complex quanti ty ,  we have therefore chosen to cal l  the technique des­
cri bed here a compl ex-generator-coordi nate technique . 

The tri a l  function � wri tten i n  the form of eq . (37 }  has the des i red
property menti oned at the beg i nn i ng of thi s  section . By carryi ng out 
next the same procedure for the vari ation c� whi ch wi l l  conta i n  a 
generator coordi nate S '  and a pararr:eter coordi nate R ' , we can then 
compute the function K(R ' ,R 11

) of eq . ( 7 ) . For thi s i t  wi l l  be necessary
t� carry out i ntegrations over al l the nucl eon coord i nates and the 
g,:-.erator coordi nates S '  and S" , but not the parameter coordi nates R '  and 



R" . These i ntegrations can be performed i n  a rel at i vely stra i ght­
forward manner , i f  one makes us� of the freedom wh i ch is associated wi th 
the choi ce cf the vector Ck appeari ng i n  the argument of hj ( for detai l s ,
see ref. [ 1 1 ] ) .  

Fi nal l y ,  i t  should be menti oned that the compl ex-generator-coordi nate 
technique descri bed here i s  not restri cted to the case where the i nterna l 
function of the cl uster i s  chosen to have the s i mpl e form of eq . ( 30 ) .  
I t  i s , i n  fact , a stra i ghtforward matter to extend thi s  techni que to i n­
cl ude al so the case where the i nternal functi on i s  taken to be a sum of  
trdns l ati ona l ly-i nvari ant , harmoni c-osci l l ator shel l -model functi ons , 
wi th each function cha racteri zed by a di fferent width parameter for the 
correspondi ng osci l l ator wel l  ( 6  1 • 

4 .  Bound-Stdte , scatterinq , and reacti on cal cul ati ons 

In thi s  section , we show the resul ts of some bound-state , scattering,  
and reaction cal cul ations . These ca l cu1 ations are sel ected or,ly for 
i l l ustrati ve purposes ; for further works usi ng the resonati ng-group 
method , we refer the i nterested reader to ot�er references [ 2 , 1 2-1 4 ] . 

4 . 1 .  S i ngl e-channel cal cul ation wi thout soec i fi c  d i stort ion 

4 . l a .  o: + 1 60 cal cul ation
The fi rst examp l e  we cons ider i s  the o: + 1 60 problem [ 1 1 1 • In

thi s exampl e ,  the two cl usters A and B are the o: and the l6o cl usters ,
respecti vely .  The anti symmetri zed i nternal functi ons for these cl usters 
are taken to have the form of eq . ( 30 )  wi th 

- 2
r:x,. = 0. 5 1 4  ftr1 ( 41 ) 

For the nucl eon-nucl eon potential , we use [ 1 5 ,  1 6 ] 

(42 ) 
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where 

wi th 

VR = Vu e,cp ( - "-a. r,; ) 

vt ... - vet e• p ( - '<t r.: ) 

V5
= - V0s e x p ( - 1<_5 r1� ) , 

Ve'il .,,. 200 o Mc V 

Vot = 1 7 S O M e V  

Vos = q ,. '65 Mc V 

l( ll : 

'< t 

"..s "' 

( 4 3 )  

· 2
I � ! 7 f .... 

·2 
0 t, 3 Q  f-m 

O H S  f l"\· 2 (44 )  

Thi s parti cul a r  nucl eon-nucl eon potenti a l  i s  chosen , s i nce it  yi e l ds a 
sati s factory descri pti on o f  not only  th� b:o--n t!cl eon l ow-enerc,v sc.; tter­
i n�  data but a l s o  the essent i a l  properti es of the deuteron , tri ton , 
and a parti c l e .  

The exchange-mi xture para�cter u i n  t h e  nucl Eon-nuc l con potenti a l  o f  
eq . ( 42 ) i s  determi ned by sol v ing  eq . ( 1 1 ) w i t h  bour.d::.ry cond i ti ons 
appropri ate to an  1 = 0 bound s tate , and adj us t ing u unti l the ca l cu l a ­
t ion y iel ds the exper i r.:enta l  va l t.:� ( 1 7  J of  4 . 73 r,:ev for the a -parti c l e 
separati on energy i n tha ground s tate of 20r:e. The val ue of u so 
determi ned is 0 . 881 . Wi th thi s va l ue ,  we then cal cu l ate the energies of 
the R.. = 2 and 4 exci ted states and the phase  sh i fts in  the energy reg ion 
from O to 30 MeV . The resul ts are g i ven in fi gs . 1 and 2, where 1 = 6 

:to 

" 
i 1-12 
! ', '· ••

,. 

',, ,. 

:r f � o "' t--t�,· 1 ·  

., 
Cole 

F i g .  1 :

£apt 

z•
o• 

IONe 

Cale hpt 

Ca l cul a tec! and exoeri · 
menta l soectra of 20tie . 

MQ..---..-.-----,.·----

UO� Q . .. o 
nor 

- 1•0; 
1 ·00�� .. •o, 
CO 110

] 10 

40 

00 • 

F i c;i .  2: Cal cul a te<! phase shi fts
,for :t + l ee scatter i n-: .



and 8 resonance states arc a l so shown . From fJJJ: 1 i t  i s  noted that
there is a reasonab l e  agreement bet\·1ecn ca l cu lali on and experiment 
[ 1 8 , 1 9 ] , a l though the ca l cul ated exci tati on energies are genera l ly too 
l arge . The reason for th i s  d i screpancy i s  probably that ,  in our cal cu­
l at ion ,  the speci fit  di storti ons of the cl usters have not been expl i c i tly 
taken i nto cons i d�rati on and a s impl i fi ed nucl eon-nucl eon potentia l  has 
been used . 

A compari son between cal cu l ated and exper·i mental [ 20 ] resul ts for 
the rdtio o (O ) /oc (e ) at 1 9 . ?.  MeV i s  sho,·m i n  fi g . 3 .  To obta i n  the
cal cu l ated va l ues , \·te have i n troducad i n to the folinul ation a phenomeno­
l oyi cal i r::ilg l nary potenti a l  to take approxi l::a tc . account of reaction 
effects . Thi s imaginary potenti a l  i s  chosen to have a Woods-Saxon 
deri vat ive form \·li th geometry parameters Rs :: 4 . 2  fm and as = 0 . 6  fm.
The depth pararr.cter i s  then adj us ted to y i el d an over-a l l  bes t fi t to the 
experkanta l data ; the res ul tant val ue for thi s parameter i s  2 . 0  MeV , 
'llhi ch yi elds a total reacti on cross section of 927 mb . As i s  s een from 
fi g .  3 ,  the r.gr�E:ment so obtai ned i s  i ndeed qui te sati s factory ,  w ith the 
on ly d i scrc�ancy bei ng in the deta i l ed s tructure of the i nterference
min imum near so0 •

;�any reson.::ti ng-sroup ca l cul ati ons for sys terr:s heavi er than 
a +  1 60 have a l so been performed . These are reported in refs . ( 5 ,21 -26] .

. . . � 
/ I

19.2 l.ltV 

rtf\v! 
r - Cole. 

a +1'0 

Cl.I \' ----- Eap1. 

�o � � � � � � � � � 
Bllleql 

Fi:; .  3:  COll'.oari son of calculated 
and exoer1;:--ental d i fferen­
ti al cross sectf ons for 
i:z + l6o scattering at 
1 9 . 2  �ev . 

-f\[ . n+110 

\ 

13.18 MeV 

{' · �  , · ·  · ,v
tO • 

:0 00 <O IO 

8 {deq} 

i 
1 

Fig .  4 :  Compari son of  calcul ated 
and experimenta 1 di fferen­
ti al  cross sections for 
n + 160 scatteri ng at 
1 3. 1 8  Me\'. 
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4 . l b .  n + 
1 60 cal cuJ��io_11

To show that the compl ex-generator-coordi nate techni que i s  useful 
even in the case where fl exi b le  cl uster i nternal functions are employed , 
we di scus s  here a recent cal cul ati on on the n + 1 60 system C 6 l • In
thi s  cal cul ation , the 1 60 i nterna l  function is assumed as a s um of two
fijnctions , wi th each of them chosen to be a trensl ati onal ly- i nvari ant 
anti symmetri zed product of s i ngl e-parti cl e funr.tions of tha l m:cst  con­
fi gurati on in a harmoni c  osci l l ator wel l  of wi dth parameter a j , i . e . ,

(45) 

wi th 

( 46 ) 

The parameters bj and aj are then adj usted to yi el d the experimental ly
determi ned rms matter rad ius of 1 60 (2 . 6  fm) and a best over-al l agree­
ment wi th the form-factor data for q2 up to about 7 fm-2 •

The nucl eon-nucl eon potenti al used has the same forrn as that gi ven 
QY eqs .  ( 42 ) - ( 44) . The exchange-mixture paran:eter u i s  determi ned by 
fi tti ng the neutron separation energy of 3 . 26 MeV i n  the t = 0 ,  
J n = 1 /2

+ fi rst exci ted state o f  1 70 .  The resul tant val ue o f  u i s
0. 945 , whi ch i s  some\-Jhat l arger than but sti l l  reasonably c lose to the
val ue of 0 . 881 requi red in the a + 

1 60 case d i scussed above .
The n + 

1 60 di fferenti al cross secti on cal cul ated at 1 3 . 1 8  MeV i s
shown i n  fi g .  4 ,  where a compari son wi th experimental data [ 27 l i s  al so 
made . To obta in  the cal cul ated resul t ,  we have adopted a pheno111enl o�ical 
i magi nary potentia l  whi ch is adj usted to yiel d a good agreement wi th the 
measured val ue for the total reaction cross section .  From thi s fi gure 
one sees that al l the features �xhi bi ted by the experimental data are 
wel l  reproduced , thus ful ly  demonstrati ng the useful ness of the 
resonati ng-group method in scatteri ng ca l cul ati ons . 

4 . 2 . Si ngl e-channel cal cul ation wi th speci fi c di stortion 
As an examp l e  of a cal cul ation wi th the speci fi c di storti on effect 

taken i nto account , we consi der the a + a probl em [ 1 5 ] • I n  thi s 
cal cul ation , three d i stortion-function terms are i ncl uded i n  the 



resonating-group formul a ti on for the purpose of improvi ng the behavior 
of the tria l  wave function in the strong- i nteraction region .  The 
nucl eon-nucl eon potenti al used is aga i n  that of cqs . {42 )  - ( 44 ) , with
the val ue of u chosen such that the resonance energy of the t = 0 
ground state i s  correctly obtained . The resul t i s  u = 0 . 950 , whi ch i s
very cl ose to the val ue requi red i n  the n +  1 60 case . 

In fi g .  5 we show t = 0 ,  2 ,  and 4 phase shi fts , cal cul ated at c .m .  
energies from O to 20  MeV . The sol i d  curves show the resul t obtai ned 
wi th the speci fi c d istortion effect taken i nto cons i deration , whi l e  the 
dashed curves show the no-di stortion resul t .  The empi ri cal data points 
are those of ref.  ( 28] . As is seen , there i s  a good over-al l  agreement
between the cal cul ated resul t wi th di stortion functions and the 
empirical resul t .  In the t = 4 states , the ca l cul ated · phase shi fts are
general ly somewhat too smal l .  Thi s can probably be attri buted to the 
fact that , i n  thi s  cal culation ,  a rather s impl e nucl eon-nucl eon 
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potenti al contai ning only a weakly repul s i ve core has been adopted .
From fi g . 5 one further notes that , even though the speci fi c 

di storti on effect has only a mi nor infl uence on the phase shi ft i n  the 
t = 4 state , i t  does have a s i gni ficant i nfl uence on both t = O and 
t c 2 phase shifts . Therefore , for a proper descri ption of the behavior

of the a +  a system i n  the strong-i nteraction reg ion ,  it is i mportant 
that thi s  effect sHoul d  be carefu l ly taken i nto cons ideration • 

. 4 . 3 . Coupl ed-channel cal cul ation 
I n  thi s  s ubsection , we di scuss a calcu lati on in the fi ve-nucl eon 

system where both the d + 3He channel (channel f) and the p + a channel 
( channel g) are i ncl uded [ 29 ] . For thi s  cal cul ati on , the fonnulation 
of subsect. �. 3 i s  used and reaction effects , due to the presence of 
other open channel s ,  are approximately taken into account by the use of
phenomenol og ical imagi nary potenti al s .  

The cal cul ated a ( p ,d ) 3He d i fferentia l  reacti on cross section at 
Eg = 68 MeV is s hown by the sol id  curve in  fi g .  6. Here one sees that 
the agreement -wi th experimental data [30 l is fai rly sati sfactory. Th ·.
p·resence of deep min ima and the s l i ght underestimate i n  the cal cul ated 
cross secti on are l i kely due to the fact that i n  the nucl eon-nucl eon 
potenti al employed there are no noncentral components . 

From fig .  6 i t  i s  al so noted that the di fferentia l  reaction cross 
section has a decreasi ng trend in the forward angul ar region , but beg ins
to i ncrease when e passes about 90° . As has been determi ned in careful 
detai l [ 31 l , the reason for thi s i s  that , at a re 1 atively h i gh 
energy , the reaction proceeds mai nly through di fferent mechani sms i n  the
forward and backward angu l ar regions . Thus , in the forward angular 
regi on i t  proceeds mai nly through a one-nucl eon pi ckup process ,  wh i l e  
i n  the backward angu l ar region it proceeds mai nly through a two-nucl eon 
pi ckup process . Both of these processes are automati cal ly i ncl uded i n  the 
two channel -cal cul ation descri bed here , because in thi s  cal cu l ation a 
total ly anti symnetrized wave function i s  empl oyed. 

5 . Effects of  the Paul i principl e

I n  thi s section , we di scuss the effects of the Paul i pri nci pl e



on the effecti ve i nteraction between two cl usters . Thi s  d i scuss ion wi l l  
be rel ati vely brief, s i nce a s imi l ar. di scussion on thi s  subject has 
recently been gi ven el sewhere f 32 ] . For effects of thi s  pri nci p le  i n

.other types of nucl ear probl ems , the readers are referred to refs . 
[2 , 31 ,33 , 34 ) . 

One of the important fi ndi ngs from resonati ng-group cal cul ations i s
that the phase-shi ft behavi or general ly exh i b i ts a di sti nct odd-even 
dependence on the orb i ta l  angular  momentum. Thi s  i s  demonstrated i n  
fi g .  7 ,  where one ·sees that wh i l e  the degree o f  thi s  dependence i s  very
weak i n  the n +  1 60 and n + 40ca systems , i t  i s  qui te strong i n  the 
3H + ex system. 

The occurrence of the odd-even t -dependence i s  a consequence of 
the Paul i pri nci pl e .  Thi s  is so , s i:nce i t  i s  wel l known that i f  thi s 
pri nci pl e \olere not taken into cons i deration or , i n  other words , i f  the
operator �' in eg . ( 7 )  were set as uni ty ,  then the effective i nter­
cl uster potential woul d  just be equal to the di rect potenti a l  v0 [ see
eqs • . ( 1 1 )  and { 1 2 ) ] whi ch has no t -dependence and wh i ch wi l l  yiel d 
phase-sh i ft poi nts fol l owi ng a smooth trend wi th respect to the orbi ta l
angular momentum . 

To demonstrate the presence of odd-even t-dependence i n  a cl earer
way , we assume that the effecti ve i ntercl uster potenti al i s  g i ven by 

( 47) 

wi th >. denoting the channel -sp i n  multi pl i c i ty ( the i ndex _). may be dropped
i f  the cons idered system has a s i ngl e >. -val ue ) ,  V� bei ng the direct 
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Fi g .  7 :  Phase shi fts as a function of' i for various syster:s , a l l  cal cu-
1 ated at a wave nur.iber of 1 .  52 fm· l .  

10? 



108 

nucl ear potenti al , and Cu being an 9. -r.lependent pa rameter adj usted to
yiel d exactly the phase-shi ft va l ues of the correspondi ng resonati ng­
group cal cul ation .  I n  fi g .  8 ,  the resul ts for CH i n  n + 40ca and 3H + a
systems at i ndi cated energi es are shown . As i s  seen , thi s parameter i s  
only weak ly 1-dependent in  the n +  40ca system , but shows a strong 
zigzag pattern in the 3H + a  system. If one attempts to fi t  the val ues
of c1A wi th a formula  

(48) 

then at 30 MeV the best val ues of Ca). and CbA for these systems , together
with the val ues determi ned in the n +  6Li case ( 35] , are gi ven in  
tabl e 1 .  From thi s  tabl e ,  i t  i s  noted that the val ue of CaA i s  s igni ­
ficantly larger than 1 i n  every one of these cases , whi l e  the val ue of 
CbA is not only strongly system-dependent but al so depends on the chan­
nel spi n .  I ndeed , one sees that ,  i n  t� . n + 6Li system , even the si gns 
of CbA are not the same i n  the two char.ne l -spin states . Thi s i s ,  in  
fact ,  agai n an  effect of the Paul i pri nci pl e ;  because of the presence of
two nuc l eons in the noncl osed l p-shel l of 6Li , there exi sts � block ing 
effect whi ch causes the effecti ve potenti al to behave di fferently in
di fferent channel -spin states [ 35 ] . 

Si nce the amount by whi ch CaA deviates from 1 and the amount by 
whi ch CbA deviates from O i s  a quantitati ve measure of the effects of 
anti symmetrization , tabl e 1 shows that the Paul i pri nci pl e  i s  general ly
important and must always be taken i nto consi deration i n  nucl ear 
scatteri ng probl ems . 
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At a rel atively h igh energy , the behavior of the di fferential  
scattering cross section in  the backward angul ar region i s  strongly
correl ated with the magni tude (not the s i gn )  of CbA [ 3� ] . In fig .  9 ,
we show a compari son ( 37 1 between the resul ts obtai ned for 3He + a 
scatteri ng at 44 . 5  MeV us i ng the resonati ng-group method and the potential
model of eqs . (47) and ( 48 )  wi th CaA = 1 . 1 5  and cbA = O .  Here i t  i s  
seen that ,  al though the agreement i n  the fon,ard angular regi on i s  rather 
satis factory , there is a strong di sagreement at angl es larger than about 
90° . In the n +  40ca system, on the other hand , one sees from fig .  1 0  
that ,  because o f  the smal l  magni tude o f  CbA ' the agreement between the 
resonating-group resul t ( sol i d  dots ) and the resul t obtained usi ng the
potential model wi th CaA = 1 . 35 and CbA = O ( sol i d  curve) is fai rly 
reasonab le  even at l arge angl es ( the dashed curve i n  thi s  figure is  
obtained by omi tting anti synmetri zation effects , i . e . ,  by setti ng . . 
CaA = 1 and CbA = O i n  the potential model ) .  

As has been explai ned previ ous ly [ 36 ] , the term (-1 )1 CbAVNA i s  
i ntroduced to app�oximately represent the effect o f  the pickup exchange 
process .  By careful ly exami ning the odd-even behavior in many systems , 
i t  was recently asserted ( 38 1 that CbA has general ly a large magni tude
when the pickup process i nvol ves a relati vely large val ue for the ratio 
M/m , where M i s the ma�s of the nucl eus which does the pickup and m i s  
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the mass of the cl uster bei n9 pi cked up . Thi s  assertion certa i nly seems
reasonabl e from an i ntui ti ve v ; ewoo int  and i f  i t  should turn out to be 
universal ly true , then one woul d expect the odd�even effect to have a 
l arge i nfl uence i n  heavy-ion scatteri ng such as 1 �c + 1 3c [39] , but to
have a much smal l er i nfl uence i n  l i ght- i on scatteri ng by medi um- and 
heavy-wei ght nuc_l ei such as nucl eon-scatteri ng on nucl ei wi th A � 1 6  
[ 40J 

6 . Concl usi on

Wi thi n the past  few years , substanti a l  progress has been made i n
uti l i z i ng the resonati ng-group method to study nucl ear-structure and 
nucl ear reacti on probl ems . Wi th the hel p of a compl ex-generator­
coordi nate techr.ique to eval uate vari ous matri x el e�ents requi red i n  
resonati ng-group cal cul ations , i t  i s  now poss i b l e  to perform real i stic 
cal cul ati ons for scatteri ng systems whi ch i nvol ve even rather heavy
nucl ei . 

There are ,  however ,  sti l l many probl ems which rema in  to be con­
sidered . These i r.cl ude :  { i ) the study of d i rect reacti ons i nvol v i na 
rel ati vely heavy cl usters , { i i )  the scattering of l i 9ht and heavy ions 
by strongly deformed nucl ei , ( i i i )  the devel opment of practi cal methods 
to use more real i st ic  nucl eon-nucl eon potenti a l s  contai n i n9 tensor and
repul si ve-core components , ( i v ) the probl em of three- and more-cl uster 
decays , and so on . Some of these probl ems are wel l wi thi n  our present­
day capabi l i ti es , whi l e  others may requi re further advance in mathe­
matical techniques and computati onal i nnovations . 

I n  concl us i on , my opi n i on i s  that the resonati ng-group method i s  
a practical method whi ch certa i nly deserves further consi derations . 
I t  is perhaps not overly optimi stic to say that,  wi thi n the foreseeabl e
future , one mi ght be abl e  to sol ve wi th thi s method most of these 
nucl ear -phys i cs probl ems which hJn heretofore been studi ed only by 
macroscopi c ,  phenomenol ogi cal means . 
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DISCUSSION 

h . 5 .  ',/eiss : In a ree;ime \':here fuzion was ir:rportant , could you 
Employ the distortion functions or would you have t o  introduc e 
� nP-w functional fon!l 't 

Y .  C • •  T·D.nf: :_ To describe nuclear fusion in an adequat e manner ,
:i t  \·rill :)e  nec essary to use a lart5e number of c1fstorl;ion func­
tions . �h ese  distortion funct ions can be  translationally­
-invariant 6hell-model funct ions or c lustcr-�odel functions .
i.:.·Jl'C! a:'.)p·o·t,::.'iat; ely , c,r:.e r1irht •.-:i sh to use  antisymr.1etri zed
,ro�ucts  of sincl e--particle orbital s i� deformed wel l s  charac ­
t eri z c:d b;,: defor�1ation paramet ers ,:hich can describe elonca­
tio� ant &eck constriction .

� . 1 . _  tihail ovi6 : You Save introeuc ed the d istort ion channel 
ir: .:>.r·der to describe the cor:pound system . He:·; do ;you choose 
tt � w�vc func tions for distortion channel ? �re they relat ed 
to tbe lia::1il  tonian of the syE'teI:i 'i iiow many chz nnels  have you 
used in some of your calc�lations? 

Y .  C • .  Ta1v: : We  choose our di stort ion func tions by physical re ­
asoninc . In the case of o<+ o< scatterinc; , for exa�pl e ,  we adopt
:4. + d. bound structures where the e1,. clust er has a rms radius 
either larcer or small er than that of a free o< part icl e .  In 
this pc1rticular ::,r-Jbl er:-i ,  it was found that use of 3 appropri­
ately choGcn di stortion func�ions is sufficient . In the d + 0( 

case \'!here O..rl e�sily distortable  deut eron clus t er is  involved , 
�-:e hnve used a lar:er nu::iber of 9 distortion functions . 

L . _ _  Kar1i�ura :. I in, r.uch int e::-e sted i n  your pointinc out the
i m;o�tnnc e of  particle-exchance effect between collidine clu­
.st ers , ':)ecause  I al so  examined this effect in the at. +  160

. case  and found this effect t o  b e  quite l ar�e in the surfac e­
-contact reGi on and it almost exc eeds the st ength of the fol ­
dinr. oot ential .
�n ;o�r n+ 61i  case , the. nonclosed nucl eus 6ii i s  described
by usual shell-model confisuration .  But the � +d clusteri zation
r.:ust be larr;e . ·Iour- estimate of Pauli prin�iple effect in the
n + 6r.i csse  is rather small . But it zeems to me that the
?artic l ���xchanse effect �ay b e  under-estimated in the surfac e
I" ,  " -= t :- --: - ::- ::-e :::i0n ,jf �i .
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Y. C .�E.c1.. In the n +. 6.�i problem , our primary purpose is to
study the blockinG effect created by the pre sence of  two nucl e­
ons in the lp-shell of the tareet nucleus 61i .  To mak� the in­
terpretation as clear as possibl e ,  it is important to use a
siI11ple description for the 6-..::.i cluster . �his i s  the reason why
we choose for the 6..1..i internal function the most space-s�,:i!Je­
tric state of  the ( ls ) 4 ( lp ) 2 confisuration in a haraonic-oscil­
lator well . If one generalizes this function to describe better
the surface clustering effect , then it is  expected that the
odd-even feature will become more pronounced in the channel­
-spin 1/2 state , but the blocking effect ,..iill be. somewhat re­
duced in its importance .

B . G .  Giraud : Could you cocment on the influence of the ir-trin­
sic cluster wave-functions? They are sometimes poor ei[ensta­
tes of the Haailtonian , aren ' t  they? 

Y . C . Tan151.. The cluster inter�al function is  usually chose:l
to yield reasonable  values for the :-:::s ra.dius aad -:he bi:cdin;
enersy. In the d + d case  where a detailed e:<a:!!i=iation of the
influence of the cluEter inte�tal function has been �ace , it
was found tt.at at relatively l o· .. , enersies tr.e choice of a sun
of three Gaussian functions for the deuteron cluster yields
satisfactory results for the scatterin� cross  sectior. . It is
certainly true that , for conputational reasons , one occasio­
nally uses internal functions which are relatively poor repre­
sentations of the ei;enfunctions of the cluster He.miltonians .
In our d + 160 calculation for example , we used for the deute­
ron cluster a sinE;le Gaussian function with an app:::iopriately
chosen width parameter ;  this  produces a correct value for the
rms radius , but a binding ener£y which is too small .

G. Paic : What is the physical meaning of  the odd-even effect?
Is the blocking the cause of its different ma�nitude?

Y . C,.!_ Tanr- : The odd-even effect arises from the exchan�e of  
core nucleons . In a more pictorial lan6uage , one might say 
that it arises from a pick up process . For example , in the 
case of 'He + 4He scattering , this process refers to the pick­
up of a neutron by the 'He cluster.  �he blocking effect has 
also its oriGin in the ?auli exclusion principle ;  therefore , 
a proper consideration of this effect i s  important in deterr.ii­
ning the ma5nitude of the odd-even feature in the effective 
internuclear potential . 




