FIZIKA 9 (1977) Supplement 3, 115-140

{Proceedings of the Int. Symp. on Nuclear Collisions and
Their Microscopic Deszription, Bled, September 1977)

PAULI PRINCIPLE AND ABSORPTION IN HEAVY ION REACTIONS

A. Weiguny

Institut fiir Theoretische Physik
Universitdt Miinster
West-Deutschland

I. Introduction.

The Pauli principle plays an important role in heavy ion
reactions and explains a number of puzzling features of
phenomenological approaches: i) Consider the real part U of
the optical potential for elastic scattering. Reasonable fits
to the experimental data have been obtained by both repulsive
core and deep attractive potentials (Fig. 1). At first glance
it seems unintelligible that such different types of pot-
entials can be phase-equivalent. We shall see below that the
Pauli principle offers an explanation for this type of
ambiguity. One would then expect this ambiguity to disappear
at high energies where the Pauli principle looses its in-
fluence. In fact, with increasing energy the repulsive core
is reduced1) while purely attractive potentials become more

2). Thus the two types of potentials tend to

and more shallow
converge to a unique high energy limit. ii) It is often quite

difficult to distinguish between refractive and diffract+ive



3)

effects™' . For example (Fig. 2) , the typical behaviour of
angular distributions at forward angles can often be repro-
duced by both strong absorptive and refractive models. A
rise of the cross section at backward angles is generally
assigned to particle exchange which can be described by a
real non-local potential. On the other hand, when absorption
sets in abruptly as soon as the ions touch, one will obtain

reflection4)

. A well-known example is the reflection of
electromagnetic waves on a metallic ball. iii) Alpha raduced
widths as calculated from the traditional shell model approach
are much too small when compared to experiment. The absolute
values may be wrong by factors 10 to 1000, varying from light
to heavy nuclei. Alpha-cluster models were invoked to remedy
the situation but led to unreasonably large alpha-clustering
in the nuclear surface, especially for heavy nuclei. Recent-
ly, Fliessbachs) has shown how to remove this discrepancy by
proper treatment of antisymmetrization. A similar situation
occurs for alpha- and two-nucleon-transfer where the absolute
values of spectroscopic factors cannot be explained. In con-
trast there seems to be no problem in the case of one-nucleon-

transfer.

The above examples show the need to develop practicable
theories which incorporate Pauli principle and absorption on
a fundamental level in a consistent way. Such theories are
the resonating group methods) and the generator coordinate
method7) combined with Feshbach's formalism of effective

forcesa).
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II. General Framework

a) The Generator Coordinate Method (GCM).
In the GCM the many-body wave function ¥ for elastic scatter-

ing is described as superposition of generating functions

4 (x,x),

(I1.1) ¥(x) = f¢(§,£)f(r)d£ '

where x stands for all single-particle coordinates of the
nucleons and the parameter r measures the mean distance bet-
ween the fragments A and B. The generating functions @(5,5)
are square-integrable and antisymmetrized with respect to all
nucleons of the system; they may be viewed as "snapshots” of
the scattering process with the fragments at mean distance I.
There are no superfluous degrees of freedom in the theory as

the integration in (II.1) extends over all r-values.

The expansion coefficients f(f) are determined by solving the
Schrédinger equation of the many-body system in the subspace
of Hilbert space spanned by the ansatz (II.1). The result is
an infinite set of integral equations ("Griffin-Hill-Wheeler

equations"),

(11.2)  s{utc’,ry - EN(z/,x) }E(x)dr = O for all r'

to be solved with scattering boundary conditionsg) for f£(r).
In practice, ¢(x,£) will be represented by one or a few Slater
determinants in a two-center shell model so that the GCM-

*
kernols
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H(r',r) H
(11.3) { voT } = <¢(r')|{ eff }l¢(r)>
N(r',r) .- 1 ~

can be calculated by standard shell model techniques. H is

eff
the effective microscopic Hamiltonian in the elastic channel,

to be discussed in section IV.

To relate the expansion coefficients f(r) to the wave function

of relative motion of fragments A and B, we switch to the

b) Resonating Group Method

where the ansatz (II.1) is replaced by
(II.4) ¥ = ¢oyf{e,059) .

Here ¢A and ¢B describe the (undistorted) internal structures

of A and B, the center-of-mass motion. f denotes the

cm
rest-antisymmetrizer between A and B, and g is the relative

motion wave function to be determined.

To this end we project the many-body Schrddinger equation onto

the subspace spanned by (II.4),

(II.5) (¢A¢B|He - E|¥) =0 ,

Ir

where the round brackets indicate integration over internal
fragment coordinates only. The explicit form of the Schré-
dinger equation of relative motion is obtained by splitting

Heff into

(II.6) H =T =T



119

where p is the actual variable of relative motion, and by

-~

separating direct and .exchange contributions according to
(11.6") A=1+(h-1 .

The resulting "resonating group equation®” reads as follows

(I1.7) {T, +Vip) -€lg(p) = /K(p,0")gt0 1a0"
where i
(1II.8) Vip) = ($,0p1Vyq 0505}

is the direct part of the nucleus-nucleus potential. V is
local if the underlying nucleon-nucleon interaction is local,
as is assumed in eq. (II.8). The energy £ of relative motion
appears after subtracting the internal energies of A and B
and the center-of-mass energy from the total energy E. The
right hand side in (II.7) contains all exchange contributions

(including those of overlap and kinetic energy),
(II.9) =/Kip,p'dalp’}de’ = (4aepl(H . = E) (= 1) lez0p9) .

and is non-local like the Hartree—?ock exchénge potential.
The two types of potentials U shown in Fig. 1 are simply

different local approximations of the non-local kernel V=K.

c) Connection between GCM and RGM.

Although both methods, GCM and RGM, are egquivalent in prin-
ciple, it is difficult in practice to construct generating
functions ¢(§'f) such that, for given ba and Y the model
spaces spanped by (II.1) and (II.4) are identical. As an ex-

ample where the equivalence of GCM and RGM can be shown



120

explicitly, let us assume that

(I1.10) 9 (x,x} = by Hld9gT l0)Th)

where T' is a wave_packet describing fluctuations of the relative
motion coordinate p around the mean distance r. Assumption (II.10)
is fulfilled in th; alpha-cluster model and the two-center
harmonic oscillator shell model, provided the same oscillator
length b is taken for both fragments. If bA%bB, or if more
sophisticated models are used, the factorization property (II.10)

breaks down, and a further integration is required = elirminzta

spurious center-of-mass excitations.

Combining egs. (II.1) and (II.10) and comparing the result with
eq. (II.4), one finds the desired connection between GCM and RGM
as

(Ir.11) g(p) = /T(p,r)f(r)dr .

GCM matrix elements and RGM kernels are connected accordiagly,
4 I
a1z TEDVERITEzdp = <eln[Vagletz g
t ! ’ I

Mo, ER(p 0 )T (o’ 2" )dpdp = <o(r) [H o -B[¢ () >~<4(x) [H =Bl (x 1>,
where the subscript D indicates that antisymmetrization is only
performed within the fragments A and B. By means of egs. (II.12)
it is possible to calculate the RGM kernels from the GCM matrix
elements by defolding egs. (II.12). This is important since
direct calculation of the RGM kernels becomes impracticable with

increasing particle number.
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III. Effects of antisymmetrization.

a) Redundant stateslo).

A peculiar feature of microscopic theories of composite particle
scattering is the appearance of square-integrable states of
relative motion which lead to solutions of eq. (II.7) at arbit-
rary energy. Such "redundant states" are obtained whenever the

eigenvalue problem
(III.1) (9,0p11 = uf |94050) =: IJ{E,E’lu(E')dE’ = Aulp)

possesses solutions uR with eigenvalue A=1. After antisymmetrization,

the corresponding many-body wave function
R _ R
(I11.2) ¥ o= d{¢A¢BL }

vanishes identically and provides a trivial solution of (II.S5) at
any energy E. Redundant states have to be counted in the Levinson

theorem like true bound states,
(II1.3) 6y(0) = 8 (=) = n(mg + ny) R

where m, is the number of redundant states in the Zth partial

wave, n, the number of true bound states. Redundant states actually

2
occur if the internal states ¢A'¢B are described in the oscillator
shell model with equal b-values for both fragments, as has been
used in most of the microscopic calculations done so far! In this
model, the redundant states turn out to be harmonic oscillator

wave functions with N < Np quanta excited, the redundancy limit

Np depending on the system under consideration.
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The redundant states, which are a direct consequence of the
Pauli principle, are important in two ways. First, eq. (III.3)
shows that the Pauli principle can be simulated by extra bound
states. This explains the "equivalence" of repulsive core and
deep attractive potentials (Fig. 1) . Second, the physical so-
lutions g orthogonal to uR are damped in the interaction region
whg;efabsqrption takes place. It is, therefore, not surprising
that refractive and. diffractive effects are often hard to dis-

ent.ngle (Fig. 2).

In more realistic models where the .nternal wave functions de-
viate from the pure oscillator shell model by the admixture of
other configurations or by introducing different sizs parameters
for different fragments, there will be eigenfunctions of v/ with
eigenvalues A close to 1. There have been controversial views
regarding the nature of such "almost redundant states", - whether

11)

they are positive energy bound states or resonances of finite

12)

width . Careful studies on simple systems prove the latter

version to be true.

Consider, e.g., the fictitious problem of dineutron-dineutron

3)

scattering1 with the interrnal dineutron wave function taken as
sum of two Gaussian functions with different widths bgb'. The
nucleon-nucleon interaction is switched off artificially in

order to study the effect of antisymmetrization separately. Fig.3
shows the phase Go(k), obtained by solving the resonating group
equation (II.7). In the oscillator shell model 1limit, b=b', no

. P
resonance occurs, and the Levinson theorem is established as

50(0) - Go(m) = 7 due to the presence of one redundant state.
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Leaviné the pure oscillator shell model by choosing b#b' one
observes a resonance whose width converges to a finite value if
the step lengfh d, used in the numerical treatment of eq. (II.7),
is reduced. From the energy dependence one finds in this case
60(0) - Go(m) = 0 which demonstrates that no positive energy

bound state is present. As a more realistic example, the u-160

) allowing for different size parameters,

system has been studied14
ba+b16$; again nuclear and Coulomb forces were turned off. The
phases, shown in Figs. 4 and 5 for various partial waves £, dis-
play the same general behaviour as in the dineutron case. For
low 2-values the resonance structures are more complicated since

several redundant states are degenerate.

Oon a formal basis 12,14) the finite width of the resonances and
the discontinuous transition from "redundant” to "almost redun-
dant" states can be explained as follows: Let us start from
inter~al wave functions ¢A' ¢B in the harmonic oscillator model
with bA = bB+n. The projector P onto the elastic channel can

then be expanded in terms of the solutions uy ‘of eq. (III.1) as

(111.4) P = i |?1><w1|

where

"a

!nB! % —%
(III.5) "Pi = (W) “-Xi) J{¢A¢Bui} H Ai+1 .
Eq. (II.S5) is then equivalent to
(III.6) N . Pi¥> = E BlY> .

To compare with the case bA=bB' we split P into
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(II1.7) P=P +P, ,

such that Po comprises those states ug for which Ai+1 if bA-*bB.

The resonating group equation (II.5) then reads

(I11.8) PH_ o Pbl‘l‘> = E POI‘P>

for b,=bp. Egs. (III.6) and (III.8) constitute two different
problems because of the coupling term PoHeffP1 appearing in (III.6).
This term connects the Po-space with states Vi from P,-space which
describe internally e;cited fragments since

nA!nBI

1
(III.9) (¢A¢BH‘i] = (W) 2(1-1\1)2111(2) + 0

for Ai + 1, and causes resonancegs in the spectrum of (III.6) which

do not occur in (III.8).

Regarding the actual relevance of these resonances two points
should be born in mind: i) The above results will be modified by
the inclusion of Coulomb and nuclear forces. ii) The resonances

appear at energies where inelastic channels ought to be included.

b) Alpha reduced widths.

Let WA+4 denote the state vector of the (A+4)-system whose alpha-
decay we wish to study. The probability for finding an alpha-
particle at distance r from the residual nucleus A is given by

1
(II1.10) P(x) = |<ot ((1-0) Z6(p=)0,0,}[¥,, 5]

where by and ¢A are the internal wave functions of the
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1
alpha-particle and the residual nucleus. The factor (1-u) 2 is

needed for normalization since
(III.1) <A (8(p-r) g 0, | (80o-r 19 63> = 6 (x-r') - (r,r")

contains the orthonormality defect f(r,r') due to anﬁisymmetri-

zation between the fragments.

For the interpretation of P(r) as probability it is crucial to
1~

include the factor (1-.4) 2 in eq. (III.10). Then

1.
(III.11)  E(x) = [ {(1=d) 2“5‘.’2’%%)”{%%5(f"’)“"”7“‘5
is a projector, and
(III1.12) P(r) = <‘PA+4|II(£)|'~PA+4>
is a probability if WA+4 is normalized.
-1
The actual importance of the factor (1-) 2 (discarded in the

traditional approach) has been demonstrated recently by

5). It accounts for a facter 10 - 1000, depending on

Fliessbach
the system under consideration, and leads to reduced widths in
excellent agreement with experiment. It is proper treatment of
antisymmetrization which is responsible for this effect! One
expects similar effects for spectroscopic factors of alpha- and
two-particle-transfer. There is no normalization problem for
spectroscopic factors in the case of one-particle-transfer where
the operator «/ has only eigenvalues O and 1. One simply has to

discard the redundant states (eigenvalue 1), - the remainder’ of

(1-) then reduces to the unit operator.
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IV. Absorption.

Most of the microscopic calculations done so far neglect ab-
sorption completely. They use real effective interactions (like,

e.g., the Volkov force), adapted to the system at infinite

fragment separation, and. are at best useful approximations at

15) which introduce absorption

low energies. Simple approaches
phenomenologically in the Hill-Wheeler or resonating group egs.,
(II.2) and (II.7), cannot solve the problem of energy dependence
and radial shape of the.optical potential. The first genuine

microscopic approach is due to Toepffer et a1.16)

Their work is based on the G-matrix concept of Brilickner. For
simplicity they treat fragments A and B as two Fermi spheres
approaching each other with relative initial momentum K. At
given mean distance 5 between A and B, the system is described

by a Slater determinant ¢(r,K) built from single-particle states
(Iv.1) - |kixy Kp> & expli(k+Ky) - (x-r,}}

for, e.g., a nucleon in fragment A. Here

[N

K= 3(K, = K3) .

(Iv.2) I=SIy-r Ky~ Kg

~A

The energy expectation value E(r,K) for A and B being separated
by r and K in ordinary space and momentum space, resp., is cal-

culated as:
(1Iv.3) E(r,K) = <¢(r,K)|T + G|¢(r,K)>

where T is the kinetic energy and G the two-body G-matrix,
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. Q N
(Iv.4) G=V+V-(w—'_,I.$Tn5-G .

The Pauli operator Qo excludes single-particle states occupied
in ¢(£,§) as intermediate states, hence G = G(E,Ef. V is a
realistic nucleon-nucleon interaction and w the starting energy.
The optical potential U(E,E) is then identified with the inter-
action energy

(1.5) 7 I <mn;r,K|G(z,K) |mn;z, K> = U(z,K)

meA
neB

contained in (IV.3). In contrast to ordinary Briickner theory,
U(r,f) is complex for K >O0. Apart from virtual excitations,
responsible for the dispersive part of G, there can be real ex-
citations when kinetic energy of relative motion is converted
into internal excitation energy, giving rise to an absorptive

part,
(IvV.6) G=V + V?ﬁlil)G - imvQ 6 (w=-T)G
* w=T o .

There are a number of shortcomings of the method of Toepffer et

al. in its present form:

i) Surface and shell effects are neglected when using the plane
wave basis (IV.1). To improve on this point we switch to a

basis of moving oscillator functions

(IV.7) ‘E:EA'§A> - I“'.'.‘,‘-A'.IFA)
where

(Iv.8) Ia‘.fA'.l.(Ab 2 exp[ij{A'{E-EA) - {E-EA}”H“(E_'{:A)
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for particles belonging to fragment A. Technically this step
amounts to calculating the expansion coefficients

]
<aB;r,K|k,k ;r,K> of two-particle states by Fourier trans-

formation.

ii) Toepffer et al. approximate the operator Q° in the model of

overlapping Fermi spheres such that the exclusion principle is

fulfilled on average only. In the moving oscillator basis the
Pauli operator Q reads

. -1 -1
(Iv.9) g =1- BuYIuB;£,§><Y6;£,I_(|BBG

° aBY$
occupied

where B is the overlap matrix in the non-orthogonal basis of
moving oscillator states (IV.8). As expected Q° tends to 1 for

high energies since
(Iv.10) + <Ky kpi Do KIQg K rkyr 2 K> -1 = expl-K?)

the influence of the Pauli principle on absorption disappears
with increasing energy.

iii) The simplest way to connect the G-matrix (IV.4) with two-
nucleon scattering data is to iterate eq. (IV.4) and replace

V by the two-nucleon T -matrix,

(Iv.11) G“-V+Vi—"’+
. ~ w-T+inJ e o o 0

To improve the convergence of this expansion we introduce a

reference matrix

(IvV.12) G =G(r + »,K+ 0)
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which is related to G through
QO Q

- o :
(IvV.13) G=8G+ G(UJ—T‘Fin - m_:f’G -

The Pauli operator 30 of the reference problem as well as G
are real as they refer to a bound state problem (separated
fragments at rest). One expects that the iteration of (IV.13)

converges faster than for (IV.4). We obtain to second order:

- o~ Q.0 .
(IV.14) Re G = G + GP—2-9)G
w-T
and
(Iv.15) InG = -71G8Q8w-TG .

As reference matrix we may take a Volkov or Skyrme force.

iv) Relative motion is treated incorrectly when interpreting (IV.5)
as optical potential since the parameter I differs from the
dynamical variable of relative motion B' In other words, eq.
(IV.5) neglects non-diagonal elements <¢(£’,§)|G|¢(£,§)>. They
can be taken care of by using the above matrix elements as input

for the Hill-Wheeler egs. (II.2) in the symmetrized form:
(1v.16) e wier' R + 6tz,K e(z,R)> .

This procedure is not fully self-consistent since the above G
is calculated with respect to a single configuration ¢(r,§) of
the two-center shell model, which covers only part of the GCM-

space of functions defined by (II.1).
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It remains to investigate whether it is justified to use the
G-matrix of eq. (IV.4) as effective force in the elastic

8)

channel. Following Feshbach the effective Hamiltonian can

be expressed as

(IV.17) H .. = P(H + HQ(E-QHO+in) Q)P

where P projects onto the elastic channel defined in (II.1) and

(Iv.17") Q=1-p

Let us split H into

(Iv.18) H=H +V
Such that

(1Iv.19) QH, = H,Q :

then eq..(IV.17) can be rewritten as

(IV.20) Hoge = P{Ho +’$}P
where

= — 9
(Iv.21) ? =V +vE_H°+in 4}

is in general a many-body operator. In the independent pair
approximation gzreduces to the two-body operator G of eq. (IV.4)

if we choose H°=T.

Within their G-matrix concept loepffer et al.16) have studied

elastic 16O-16

O scattering. The imaginary part of the optical
potential (IV.5) is shown in Fig. 6 for various energies. It
shows surface transparency and the energy dependence 44s almost
linear upto 80 MeV c.m. energy. The latter point will be modi-
fied when shell effects are included as described in IV.i).

Surface transparency may become more pronounced if the GCM
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diagonal elements are replaced by the proper resonating group
kernels. The excitation function (Fig. 7) at ec.m. = 90° is

in satisfactory agreement with experiment, in particular at
high energies. At low energies the calculation shows too little
structure which is probably due to the poor treatment of the
real part of the optical potential, chosen as phenomenological
local potential of Woods-Saxon type. This can be improved by
proper calculation of the real part within the RGM where
resonance structures are found (Fig. 8) at low energies17).

They will be modified regarding width and position when

absorption is included.

V. Conclusion.

A method has been presented by which Pauli principle and 18)

absorption can be treated consistently on a microscopic level.
Once the internal fragment wave functions and the effective
nucleon-nucleon force at infinite fragment separation are
chosen, there is no free parameter in the theory. The method
is rather flexible since the intermediate states in the G-
matrix equation depend on the separation r and include two
particle-two hole excitations in the compound system as well
as particle-hole excitations of the individual fragments.,

In view of the substantial numerical work involved, the
method will not be suitable for large scale calculations

throughout the periodic table but only for a few simple
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representative systems..This should suffice to learn about
proper parametrization of optical potentials to be used for

analyzing experimental data.
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DISCUSSION

A. Dchsaki-Suzuki: How éo you connect the RGii and the GCit

<ernels For the cese of scatftering of nuclei descrived by éif-
Terent oscillator rarameters? I think the effect coming from
the c.m. motion plays a minor role in the scattering problenm
without compound process. Do you think so?

A. Veiruny: If you work within the GCli a furtker (3-dimensi-
onal) integration is required to remove spurious center-of-mass
effects wvhen using different oscillator lengths. A method to
calculate RGiv kernels from GCli matrix elements for fragments

i if{erent oscillator len_ ths has been proposed by Giraud
Tourneux.

could you tell us
Iit into this

victure.

A. Weiruny: rrem the resulss of Toepffer et al. we learn that
2»zorpticn does not staze place on the surface. Cne has volume
absorption with sore suriace ‘transparency.

¥.C. Ran-: Throusii the ceneralized levinson theorem, you seen
to suzsest that the effective internuclear potential is a deep
votentiel well. Do you have any sugsestion to justiiy the use
of a repulsive-core potential to revresent the effective inter-
action between two nuclei?

A. Weiguny: There are many phase-equivalent local approxima-
tions to the correct non-local effective internuclear potenti-
al. The deep attractive potential is one possibility where the
effect of the rauli principle is sinulated with the help of
tke generalizeé Levinson theorez. The repulsive core potenti-
al is the sinplest way %o zccount Zor the repulsive nature of
tre Pauli priaciple.

E. Goeke: There exists a rather old problem in applying the
GCM, and probably the RGM: In the case of uniform translations
it is known that the GCM gives a mass, which is not identical
to the total mass of the moving system, as it should be due
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to Galileian invariance. This gave rise to the introduction
of a conjugate generator momentum (the double projection
formalism of Peierls and Thouless). Of course, one can make
the particular case of translations right, but nevertheless
this raises doubts whether GCM is, strictly speaking, cor-
rect if one uses it in the usual way. Another example: the
mass of adiabatic time dependent Bartree-Fock and GCM are
different. However, if one uses also the integration over the
conjugate momentum in GCM, then they are identical.

A, Weiﬁunz= The problem concerning the total mass for translati-
onal motion appears when the generating functions violate Galile-
ian invariance. There is- no such invariance principle for rotati-

ons and vibrations. In general, the choice of the generating
functions requires some intuition. If you don’t trust your
intuition, you can test the initial choice of gemerating
functions by admixing other configurations, as mentioned in
Prof. Tang®’s talk. I agree with you that, when transforming
the GCM integral equation into some differential equation

of Schrédinger type, one should use both position and momen-
tum like parameters. This is connected with well-known ma-
thematical peculiarities of the GCM.





