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1. INTRODUCTION

There were few attemptsl) to perform a complete calcula-
tion of collisions of nuclei in the generator coordinate (GC)
basis, but, till now, only elastic scattering of nuclei with
zero spin was treated. There were many open problems which
made the method unapplicable for more complex calculations. Re-
centlyz), the Kohn-Kato variational method has been used to
formulate a framework for description of multichannel reac-
tions. In this formalism the structure of colliding fragments
in the asymptotic region is described by shell model wave
functions and the relative motion is described in terms of an
amplitude which is a function of distance between shell model
potentials of two fragments, instead of a function of relative
coordinates of two fragments.

This talk contains the list of problems we have solved
recently, so that we can start calculating collisions of light
nuclei in the GC basis without going to the resonating group
or the R matrix formalism.

We shall limit ourselves to reactions of the type

A, + B, > AJ+BJ, i, j=1, ... N (1.1)

¢
where J goes over the set of indices representing elastic and
inelastic scattering as well as rearrangement reactions, N,
is the number of open channels. We shall consider the solution
of the Schrédinger equation which corresponds,to the incoming
wave in the Jj-th channel and which satisfies the boundary

conditions
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if the channel is open (Ej =E - EAj - EBj > 0), and

"{’j-—?o’ ‘rd‘—)h

if the channel is closed (Ej'< 0).

In eq. (1.2) :r:‘.j is the relative coordinate of the
“
centres-of-mass of the two nuclei Aj and Bj,

Aj Bj
9" Xem. " Xem.

and EAj and EBJ are their respective internal energies. The
functions & and Qd are many-body functions which asympto-
s tically have the form

UJ%G I B @
ij

where §“J = (51 - fé?m.’ e iﬂd - ’,EcA‘:jm.)’ and §Bj =

= - B - xBd i i-
(féd+1 fﬁ-m.’ cer Xy fp.m.)’ are the internal coordi

nates of the nuclei Aj and Bj, respectively. The functions

¢AJ and ¢Bj represent the intrinsic states of the nuclei A

and B., and are compleiely antisymmetric in all their variables.
The operator Jt is an operator which antisymmetrizes the two
clusters A; and B.. At very large values of the channel coor-
dinate‘a F‘1 and G;j are the regular and irregular Coulombd
functions. The quantities Kij are the elements of the K-matrix
between the asymptotic channel states.
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2. TWO-CENTRE GENERATOR COORDINATE BASIS FOR THE DESCRIPTION
OF COLLISIONS

2.1. Generator coordinate functions

Except at high energy the :collisions between complex
nuclei are peripheral processes in the sense that the nucleons

of colliding fragments remain largely in their initial systems.
An appropriate basis for describing such processes are two-
-centre shell-model wave functions. A basis particularly con-
venient for calculation is obtained2 if one starts with sin-
gle particle wave functions in two separated harmonic oscil-
lator wells and then constructs many body Slater determinants
of the rank A + B. These determinants form a generator coordi-
nate basis and the generator coordinate S represents the sepa-
ration between the two walls: -

S
PazyilXy «v XyypeS) =jH.¢Ai(§l‘”'_fAi’il) gBi(iAi+1"'f§+B’§g) ’
§'= El - E? . (2.1)
In general ¢Ai and ¢Bi could be sums of distinct shell-model ‘
configurations gAik and ¢Bik centred at E; and‘§2, respectively,

Pas "Ek 8y Ppix(Xyee+%y508)) Ppy “2 Pk PBik(Xaie1 e -%aspeS2) -
The generator coordinate basis (2.1) has a useful property that
the spurious centre-of-mass motion is automatically eliminated
for a large class of functions (2.1), namely those describing
the system of approximately equal fragments and those channels
which contain fragment wave functions ¢Ai and ¢Bi which can be
described by configurations with no holes in the closed shell.
With this restriction the function (2.1) can be written?) in

the form

B(amys(xy - %5,p08) = K ls_twcn(g_cﬂ)%[exp(—é Pitr;-s)
Ppi (5 1) Pps (£ py)

\’
(2.1?)



144

In the following we shall restrict ourselves to this class
of functions.

2.2. The explicit form of the trial functions
A GC wave function
! - 5n . - '
q’i(f‘l,--.fﬁ_'_ﬂj = Sd i fl(é) g(ﬂb)i ()f},..-f +Bf:2 (2.4)
has to satisfy the bowndary conditions (1.2) for{ri{e>ao . By

introducing (2.1*) into (2.4) and by comparing it to eq. (1.3)
one gets the following equation for the GC amplitude fg(S)

£ LenlB Fo (1)
ga% cxp(--:al-g‘)‘(r. -8)%) ((L1.ren Dy 100 (2.5)
- Nl ri,irr(EQ Gy s.(zi)

r.i —m D
ot
A convenient trial function with correct asymptotic behavior is

‘ A :
%1 S \ L3 c
llj =‘% Cp gm(f’;q...}’:é_'_BaEP) "'._\d i rj,rcg(i) Q(A‘B)J(f&“.ﬁ;ﬁBﬁ)

(2.6}
& B oc .
+Z";ji 078 17 irr(3) Oppyi(¥ys-- 2y, p18)
~
= 3. KE. (0.
261> ¢p'+ T +§i_ ,)1(-',}1

Thel S ! are chosen in the_interval (O, 8, the sum of radii
of fragments), so the sum j% Cpgp is supposed to describe the
compound system.

There were two open problems in connection with the
trial function (2.6): (i) finding a satisfactory solution of
the boundary condition problem (2.5) and (ii) projection of
angular momentum eigenstates from a two-centre GC function.
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2.3. Boundary condition problem

There were several attempfsa)' 1.b) to solve the integral
equation (2.5), but all existing formulae are valid for rather
large value of 'S only. This restricts their applicability
because the sum in eq. (2.6) has to go then over large values
of Sp .

As the wave function has to be regular at the origin,
we regularize first the irregular Coulomb function (indicated
in (2.5)), by a prescriptionq) based on the Lipmmann-Schwinger
integral equation.

We proceed then in the following way:

(1) Using the semiclassical method we obtain the following
expression for the GC amplitude

£1(kS) = £1(kS) + 0(1/(kS)3), ks>
~ n R 2
£.(x8) = 412 expk®(1-2 /68) /437 (g (k8) - K7 g2(k8)/8y 122,

where g; stays for both Fp and Gieg in eq. (2.5). This expres-
sion we used foxr S?>S°, So being chosen in such a way, that
in the integral equation rewritten in the form

~o

s
So K(kr,kS) £7(kS) d(kS) = g (kS) -% K(kr,kS) ?’L(ks) d(k8)+3g;
o (o}

the quantity SSL satisfies max [%gLL<i for a small prescribed
osr<o

(2) To get the solution for S £ S, we expand g in terms
of Fourier-Bessel series and f in terms of a Dini series. The
integral equation transforms into a system of ill-conditioned
linear equations

n
21 Ky 85 = by +%bj , §=1,2, c.om .
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The method of statistical regularizations) is used then
to obtain the coefficients a . We assume that the unknown
function fL(kS) is bounded 1n the mean as :El (b and
we choose a Gaussian form for the a priory den51ty
distribution of probability for the solution ay

n

P(E) = const. exp(- 5% ;Zl af )

If the assumption of boundness of f%ks) is correct,
this procedure enables us to calculate any linear functional
of the function fL(kS) as accurately as needed. For a test
the GC amplitude for Ee + Li scattering is checked for ener-
gies between 0.1 MeV and 100 MeV using only few (ten ) terms
in Dini expansion.” We obtained for all 0 £ r<£ 29

~n
max lSK(kS,kS) £7(kS) d(k8) - gr(kr)| <1073

2.4, Projection of angular momentum eigenstates from the
two-centre GC function

The trial function (2.6) has to be an eigen function
of the angular momentum

lkm(ﬁ) 2‘8 as £5(s) 075(%,8)
K

JM 2J+ M GN\E o G
7] K(}-’i) = g? Yd Q“'MX( i) “(—‘L) ¢k(}.’§~) y X = (§1‘§2’°'°EA:§-B)

%)
J k]

So the basic matrix elements in calculation of collisions and
the structure is of the form

- ?=<¢k,(§,§')|(9gx) EIH ‘ (£,8)> (2.7
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We based our calculation on the following relation
~
B(SL) 9 (x,8) = Z (L) 85D, T-n@hs (2.8

which expresses the effect of the rotation of coordinates

x a (x ""fA+B) in terms of rotation of the GC coordinate S .
Phe coefficients ¢ are expressed in terms of the D functlons.
The index k®’ runs only over different configurations of valance
nucleons in major shells of fragments.

By using the relation (2.8), the matrix elements (2.7)
between projected wave functions can be expressed in terms of
the unprojected functions,<@ #’(x s® )1_1 B g (x S) >, as

772 2 v G ey Al v
"é N XY roMK "H‘ Nh”’a r(,s/s)y w:km >[t

with

n%r.r,gdil :omcsz) c,.k(ﬂm L.

't

All coefficients ¢ and ?, can be obtained in analytic form.

We use this projection method to calculate the eigen
states of the "compound" system. This will emable us to
distinguish contributions of particular states. Also appro-
ximate summations over complete sets which ocaur in reaction
theory are reduced to a small number of terms.

M.PoljSak will show how we used this projection method
to calculate molecule-like states of light nuclei.

3. KOHN-EATO VARIATIONAL METHOD FOR THE K MATRIX
3.1. The expression for the K matrix

The ceefficients Cp and Kgi in the trial function (2.6)
are determined by using EKohn'’s variational principle
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<SP, lr - Elp>a0 .

This equation is equivalent to a system of N (N + N_) linear
equations for N .N_ unknown coefficients C and N2 Enknown
matrix elements K . This stationary solution 1P is used then
to calculate Kato s approximate expression for the K matrix 6,2)

t t
E..~ E¥, - —-—( H-E >, (w is a constant depending
i iJ ql ‘ Iq’ on the normalization)

By using the notation of eq. (2.6) and by introducing the fol-
lowing operator

Aig-k- (H-E)§§l¢ ><9, \H-ElQI?'l(ﬁ KE - E)
(3.1)

one gets

Ky = - [(Berdyy c(ﬁa,f)cbm)'l (4’5%)131/* (3.2)

where
(A§'&-)id §<?;‘ A‘WJ> s ete.

There are two reasons for using a variational method for
the K matrix: all variational coefficients Cp and sz are
obtained from a system of linear equations and one can perform
the numerical calculation with real quantities only.

3.2. Pseudochannels

In collisions of nuclei usually a large number of
reaction channels is open. In measurements and theoretical
calculations one limits oneself to few open channels. The
effect of the neglected channels is usually compensated by
introducing a phenomenological complex optical potential.
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We were studing a different method for compensating for
neglected open channels which consists in introducing one
(or few) additional "pseudo" channel(s) defined by an average
energy and a suitable description of channel fragments without
modifying the Hamiltonian.

The indices in the expression (3.2) run over the “pseudo-
channel” and the channels explicitely taken into account.

Some experience in choosing parameters of the "pseudo"
channel is obtained from the calculations on soluble models7 .
There are indications that the results are less dependent on
the energy of the "pseudo" channel, than on the parameters
describing the fragments in the "pseudo" channels. This is
convenient, because the time consuming calculation of the
overlap integrals for different energies would be reduced.

4, THE CALCULATION OF TRANSITION AMPLITUDES (A??)l 3 (A'f(.})l 3
am (Bops |

A typical matrix element of the operator , eq. (3.1),
in the expression for the K matrix (3.2) is of the form

—

(4.1)

(A-F-}‘)i,j = Sdii” g diﬁ fg.reg(i’,)A' i;j(.%.' »S) f(,jz,reg(s) ’
where

Ai,j(ﬁ: ,i) -<¢(AB)i(fl., .o .]:&"’B’%:.)IA\g(AB)j(xl! oo .xA+B'S)

(4.2)

The crucial test for the usefulness of the theory is the effort
and the computational time needed for calculation of the form
factors (4.2) and the amplitudes (4.1). In this section I shall
try to illustrate the difficulties and I shall explain two
techniques we are using in order to simplify calculations.
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4,1. Calculation of the form factor

By substituting the function (2.1) into (4.2) one gets
for the form factor

-A((i',ﬁ) = :>_ kibké <¢Akiné(’§s§,’)‘H'E|¢Alek2(?f’.S.)>,aklak2
keykikokd

2 2 2 —E-B—r"ﬁi g k,<fzfm:,_3k,(x,s')\u - £|

pp’ n k,k’

g(ﬂﬁ)k’(x ’)><ﬁ(A.B)k’(x sps)‘H \gj‘leka(f’E-) (4.3)

where we have diagonalized the Hamiltonian in the basis of
square integrable functions ¢(AB)k(x’Sp)’ i.e.

Hlz) = Epla) , |2} = Isg—p Cap P(a)x(XrSp) .32

So the evaluation ofJﬁL(§:,§) involves only the calculation of
matrix elements of (H - E) between Slater determinants
\AB)k(x’S) This looks like a stralghtforward job, but there
is quite a large number of such matrix elements and each matrix
elements has many terms. For illustration in the reaction
4He + 3H-—'}("’He +-3H) + (6Li + n) there are 31 matrix expres-
sions <¢(A3)k,(§3§j)|ﬂ - E\¢(A3)k,(§)§I>-from which all the
others can be obtained by simple permutations of the components
of_§ and §:. A typical element contains about 500 terms. A by
hand calculation is practically impossible.

We learned to calculate analytic expressions for
<¢(AB)k’(fﬁ§;)‘H - E\g(AB)k(§L§I>°n the computer using the
programs for symbolic algebra SCHOONSCHIP (on CDC computers) and
REDUCE2 (on IBM computers). Both of these programs were deve-
loped for calculations in high energy physics, but we learned
how to use them (especially SCHOONSCHIP) efficiently in our
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many body calculations. As it looks now the calculation of these
expressions will not be the major part of the total calculation.
For illustration an expression for the part which corresponds

to the potential energy of a Gaussian potential is shown on

the side. The general structure of these elements is a sum of

products of polinomials in S& S& z x,sy,s and exponential

functions.

El k'k 1 m’ n’ o1 om an

N °N,1°m0,n%,1,m,n Sx Sy 5, 53 55 8,
l1',m*,n’,1l,m,n

exp(- df'¥ §12 - pEK 52 4 ¢ X' 505 (4.4)

In the numerical calculation which follows one stores and uses

the coefficients C.k,k, ,:Lk’k 3k’ k k’k
N,1 n

,m’,n°,1,m, vn Bn and

exponentials 1’,m’,n’,1,m,n.

4.2. Calculation of transition amplitudes

By inserting expressions of the form (4.4) into eq. (4.1)
one gets for the transition amplitude the expression of the
form

Bes= W] (Kmnﬁu ) T.L;ﬁr v W R .

!; T

w0y,
ke S,
kT{t.Q; / ! &) h-qu:h B, 3 - 311,}7& d“ ,_JE‘,‘L,IHP /(.t'
s LA,
- LRI ’H\‘}"Y =N t\lwlj}'ﬂﬂlu
Htc:’l!.’,:h;,s'v.)e,_rL)m,i},;ft"’ZS, CH_ QLL” 1 “ ]} ( ey )
Ngnwlmn f

Qa, Visd e, gs_? (6 SdS i«wrnf‘?. _{_2» rg)% S
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and
. =LH
H&;‘fﬁLﬁ'{ W ﬂ: S_et‘h\f 'h ).DP ;mr"UU Jll‘r‘l“ L}—H) .
l ],\1 '|\ QW,'}‘I.
{
iw-rmg_ -J.-, Wy S Piey -..92
] 7
15 B s Jse " »(xé%lf ©
Functions DR . together with vector coupling coefficients

take care of the anghlar momentum coupling; most of components
of DR are common for all calculations and they could be ef-
ficiently prepared in advance. Calculation of two-dimenSional
integrals represents a problem: there are too many of them

to be prepared in advance. We found, however, one can express
them as a finite sum of products of one-dimensional integrals
by expending the spherical Bessel functipn of the imaginary
argument iqﬁ SS’S) either in Taylor series or a series of
products of associate liaguarre polynomials. Both series
converge fast, for example the formula based on Taylor series
provides an accuracy better than 10'8 with less than 10 terms.
These fast converging factorizations of two-dimensional inte-
grals reduce enormously the amount of numerical work in calcu-
lating transition amplitudes.

5. CONCLUSION

In this talk a report is given on the status of a
microscopic theory for the analysis of reactions between light
nuclei within the framework of the GCM using the Kohn-Kato
variational principle. The variational trial function contains
a sum of square integrable functionsof the two-centre GCM
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type and asymptotic channel functions. Having solved the
problem of projection of eigenstates of angular momentum from
two-centre GC functions which we use to describe the compound
system and having found a better solution for the channel func-
tions, we expect that this formalism could handle the internal
region and the region which corresponds to the touching of
fragments more appropriately than other microscopic methods.
This formalism is also consistent in the sense that all quan-
tities enterinyg the expression for the transition operator are
calculated using the same effective Hamiltonian. The only input
parameters are those which describe the effective two-body
interaction which for the sake of consistency, have to be
chosen so as to predict the structure of the fragments in the
channal as well as the states of the combinz2d system. (The
details of the structurs of nuclei appzar in the form factor
j&(é},S). eq. #.3, throuca the configurasion mixing coeificiesnts
a,, bk“keq. (2.1))as =2ll as through the coefficients qup
describing the comtined system and the corresponding energies.
E,, eq. (4.%?).) Finally, the proposed formalism has an
advantage from the computational standpoint: we work everywhere,
in the reaction and in the channel region, with the same basis
so that we have to calci:late one type of matrix elements only.
This might give us the chance to handle some reactions which
are more complicated than those treated microscopically till
now.

There are several open problems, the most of them beeing
common to all other microscopic methods. The most difficult
is the problem of choosing the effective two body force which
describes both the structure of colliding fragments and the
reaction cross section. Many potentials provide often proper
binding energy of the fragments, but the scattering cross
sections are different. This is illustrated in Fig. 1. The
situation is evan ~sorse when the same effective force cannot
describe the structure of both fragments. Microscopic calcu-
lations are lengthly so that approaching the problem by trying
different forces would not be very useful.
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The second open problem is related to the description
of fragments in a truncated shell model space. (The first
problem is related to this one). In a space spanned by a small
number of functions often one adjusts the oscillator parameter
in order to get the lowest ground state energy. For unequal
nuclei this leads to different oscillator lengths of colliding
fragments. In the proposed formali.sm we used an average value
of these two oscillator length and in addition we allow no con-
figurations with holes in the closed shells. In this way prob-
lems of spurious centre-of-mass motion are avoided.it is easier
to calculate matrix elements and to introduce the écattering
boundary conditions. The formalism can be extended to avoid
the restriction of frosen cores. Instead of eq. (2.5) for the
generator coordinate amplitude f one gets a system of integral
equations. This extension is important for describing channels
where a fragment is excited to a state of opposite parity.

Till now this formalism has been appliedg) to elastic
scattering 4He + 4He and to. the calculation of molecule - lix«
statess) of ?Li using a wave function #hich is a superposition
of cluster configurations of (4He + 5H) and (6Li + n). This
states we need as intermediate states in the calculation of
the reaction (4He + 3H)—":> (4He + 3H) + (6Li + n), which is
in progress. In this reaction and in the reaction “Li + 4He
(elastic and inelastic scattering) which is also in progress,
we are including all configurations of “Li in the p-shell. In
all these calculations we are using the nuclear two-body
potential and the Coulomb interaction represented by a sum
of Gaussian two-body potentials.
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Fig. 1.

%&«"ﬂ The phase shifts for
the elastic scattering
uHe + 4He. The Gurves
1, 2 and 3 are obtai-
ned with the Volkov
potential V2, the
Volkov potential V1
and the Brink-Boeker
potential Bl, respec-
tively.
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DISCUSSION

M. Kamimura: Your methods for deriving the exchange kernel and
for solving the rearrangement collision are quite interesting
to me, since I am also attacking the problem based on 3-Clus-
ter RGM. In sucharearrangement collision it would be interes-
ting to examine the role of exchange effect due to Coulomd
interaction as well as due to nuclear interaction. But usual-
1y the calculation of Coulomb exchange kernel is much more
difficult than that of nuclear exchange kernel. Then I would
like to know how this problem is treated in your work.

M.V. Mihailovié: For smaller systems (as q+o ) we expressed
the Coulomb force as a superposition of Gaussian potentials
C _ 2 2 2. 2
Virg) = /@) = /P §dtexp(—t r;4%)
After calculating the matrix element for a Gaussian potential

we then integrate over the dummy variable t.

In recent calculations we are approximating the integral in
the above expression with a sum of six Gaussian functions.
Coefficients and ranges of Gaussian functions are chosen to.
represent as good as possible the Coulomb potential in the
region rij ~(sum of radii of fragments).

R.J. Philpott: You mentioned that you were using the Kohn-
-Hulthen variational method. I just wanted to say, as poin-
ted out by Schmid and co-workers, that the Kohn-Hulthen me-
thod does not converge very well. Improved convergence can
be obtained from the same matrix elements using the techni-
ques described by Schmid and Schwager (see ref. 42 of my talk).

M.V. Mihailovié: We are aware of that problem.

A. Tohsaki-Suzuki: May you teach me a few details on "Scho-
onschip™? Is this code used for the nuclear collision prob-
lem only?

M.V. Mihailovié: "Schoonschip” is a program for symbolic eva-
luation of algebraic expressions. The program is also capable
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of performing several elaborate substitutions. It is develo-
ped by people at CERN for calculation in high energy physics.
For calculations of nuclear collisions efficient manupilati-

ons with matrices are necessary.





