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§ 1 . Introduction

Recently much attention ( l ) � ( J ) has become to be paid to the 

many-cluste� problem . There are various subj ects which are treated 

in the multi-cluster framework . Among them I can quote the fol­

lowing three themes as the important ones ; ( i )  Study of the 

excited states with · the wel l-developed multi-cluster structure , 

( ii ) Study of the coexistence phenomena of the shell and cluster 

structures and the mechanism of the structure-change between the 

two different structures . ( iii ) Study of the rearrangement reac­

tion processes with cluster transfer . 

In this talk I discuss the first two problems ( i )  and ( ii )  

a little i n  detail .  There i t  i s  seen that the proper treatment 

of the Pauli principle is very important . The multi-cluster 

orthogonality condition model < 4 > � < 7 > is shown in my talk to be 

promising even for heavy and complicated systems as  a tractable 

framework . This model takes into account the effect of the Pauli 

principle in a proper way and is of course useful also for the 

treatment of the problem (ill ) .  
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In § 2  we first discuss the difference of the present multi­

cluster treatment from the classical a-particle model . C l? ) We 

present in § 3  the formulation of the three-cluster orthogonality 
· • . ( 8 ) "- ( 1 0 )condition model , especially the construction procedure 

of the basis states allowed by the Pauli principle . In § 4  we 

discuss the results of the studies of the Ja problem for 
12c . ( 3 ) "- ( S ) , ( ll ) "- ( 1 6 )  The proper treatment o f  the a-a interaction 

is  emphasized to be important especially for the reproduction of 

the coexistence phe�omena of the cluster and shell structures . 

§ 5  discusses the application of the 12c+2a orthogonality

condition model to the study of 20Ne structure , where our argu­

ment is on the hierarchy of the truncation in the cluster model . 

Finally in  § 6  concluding remarks are made.  

§ 2 , Classical a-particle model

Classical a-particle model ( !? ) is a multi-cluster model . 

But now it is  regarded to be unsuccessful , and is  very different 

from the present cluster model viewpoint . Like as Brink C l9 ) we 

can indicate two unsatisfactory _points of the classical a-particle 

model . The first is  the inadequacy ( 20 ) < 2 1 > of the postulation 

of the small ·vibration of a-particles around (or the rotation 

of ) the equ ilibrium arrangemcut of the a ' s  of the ground· state 

for all the low-lying excited states.  This assumption can · not 

explain the appearance of the low-lying anomalous excited states , 
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which are on the other hand successfully understood in the present 

cluster model by the cluster configulation with large structure­

change from the ground state structure as is seen in 1 6o ( l S ) 

and in 1 2c as will  be discussed later in my talk .  Another 

unsatisfactory point is about the treatment of the effect of 

the Pauli principle .  The Pauli principle effect can not be 

treated by simple repulsion between clusters , especial ly when 

we investigate the coexistence problem of the shell and c luster 

structures , which will also be seen in 160 and 1 2c cases 

discussed later . 

In relation to these defects we can indicate the pecul iar 

fact that the a-a system has to be regarded as an exceptional 

case in this model . I n  the present cluster model , the a-a system 

is one of the basic systems of the model . we wil l  see below 

that with use of the proper a-a force which describes the a-a 

system wel l ,  we can reproduce the 3a system c 1 2c )  da ta fairly 

wel l by 3a  model ,  even the coexistence phenomena of the cluster 

and shell  structures . Similarly in discussing 2 0Ne structure 

later by 1 2c+a+a model , we use the 12c�a interaction which 

is based on the microscopic theory and which reproduces the 1 60 

data fairly well .  
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§ 3 .  Multi-Cluster Orthogonality Condition Model

Since the effect of the Pauli  principle is very important 

to treat properly , it is desirable for us  to rely upon the micro­

scopic frameworks s�ch as the resonating group method (RGM ) < 2 2 >

or the generator coordinate method (GCM) < 2 3 > with Brink type 

wave functions . Recent .technical development < 2 2 > < 2 4 > < 2 5 > of

the RGM and GCM has made the application of these methods possible 

in sd and pf shell region . However when the complicated systems 

are concerned such as in the coupled-channel or many-cluster 

calculations in sd shell region , there still rema in difficul ties 

in practical evaluation of kernels l ike as che angu lar momentum 

proj ection . I can quote two reasons to adopt the orthogonality 

condition model (OCM) in parallel with the microscopic frameworks 

RGM and GCM . One is its relative simplicity of treatment compared 

to RGM and GCM and indeed we show later that we can treat the 
12c+a+a system in this framework where the rotational excitation 

of 12c c luster to its ground band member sta;:es 2+ and 4+ 

is  allowed . The other is that the OCM i s  useful to get the 

insight of what is happening in fully microscopic calculations 

by RGM or GCM s ince the effect of the Pauli  principle is taken 

into account only through the projection operator wh ich rej ects 

the Pauli-forbidden states fl.viu t.he relative motion while others 

are the same as the ordinary Schrodinger equa tion with local 

interactions . 
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The OCM ( 2 G } C 3 0 } has been introduced by Saito ( 2 G ) for the 

a-a system in order to extract the essentia l roles of the exchange

kernels of the RGM which has succeeded not only in reproducing

the a-a data bu t also in giving the microscopic interpretations

of < 27 > � c 29 > the characteristic features of the phenomenological 

local potential s proposed to fit the experiments . 

In OCM , the relative motion between two-clusters c1 and 

c
2 

is described by the fol lowing Schrodinger equation, 

( 3 .  1)  

under the subsidiary condition of Eq . ( 3 . 2 ) which demands that 

the relative motion should be orthogonal to the forbidden states 
i -

wF ( r ) by the Pauli principle ,

The effective potentia l Veff ( r ) is usual ly assumed to be 

similar to the folding potentia l .  

def ined a s  the solution of 

Forbidden states 

( 3 .  2 )

are 

( 3 .  3 )

When we adopt the ha.rmonic oscillator ( H . O . ) shell model 

( S . M . ) wave functions with conunon oscillator parameter v=mw/2-t'l 

for •P (ci ) and when cp ( ci ) are su3 scalar like as in the case 

of the os-shell clusters , 1 60 or 4 0ca , the solutions of w; (; ) 

of Eq . ( 3 . 3 ) are given ( J l ) by the H . O .  functions UNim ( f ) :�1 ( r ) YX m (r } 
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with number of the H . O .  

set NF ( l ,  2 ) ; namely 

quanta N=2n+R. 
i + + 

WF (r ) =UNR.m (r )  

belonging to some definite 

with NE NF ( 1 ,  2 )  • 

Due to the orthogonal ity condition to the forbidden states , 

the relative wave function w (; )  has the almost energy- independ� 

ent inner oscillation for a wide energy range . S ince inner 

oscillation of w (; )  causes a large amount of kinetic energy , 

it works l ike as the repulsive force �n this inner region . In 

the a-a case , the position of the outermost nodal point of 

w (;) was found < 2 7 > to be j ust  near the radius of the repulsive 

core of the phenomenological potentials . < 3 2 > This is the explana­

tion by Tamagaki-Tanaka , < 2 7 > Okai-Park < 2 9 > and Saito < 2 6 > why 

we need the ;epulsive core in the phenomenological potentials . 

Fig . 1 shows the good fit of the 

OCM calculation by Saito to the 

observed a-a scattering phase 

shifts .

When a cluster c1 is de­

formed , it is desirable to allow 

the rotational exci ta_tion of c
1 

in treating the system including 

c
1 • This is the channel coupling 

problem . For the channel co•.lpl-

ing two-cluster system c1-c
2

, 

the forbidden relative states 

{ w!j (�) } are defined as fol lows < 3 3 > ·

180
• L•O 

120

60 

0 

-60
V•0, 2 7 fut2 

Fig . l a-a phase-shifts 
by OCM . veff is  the 
folding potential ca lculated 
with use of Schmidt-Wi lder­
muth two-nucleon force with 
Serber mixture . 
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( 3 . 4 )  

where j specifies the channel ( ! , L) with angular momenta 

L and R. of i w
Fj coupling to the total angular momentum . J .

I f  we adopt for �L (c1 ) the su3 shell model wave function belong-

ing to the non-scalar representation ( o0 , T0 ) \ ( 0 ,  0 ) , the solu­
i -+ tion of the above Eq . ( 3 . 4 ) is again very simple . wF1 ( r ) are 

proportional to H . O . functions UN! and the quantum number i 

of w
F

! is specified by the su3 label ( o , T )  which results 

from the coupling of ( N , 0 )  of uN 1  with ( cr0 , T 0 ) of �L (c1 ) ;

( N , 0 )  x ( cr0 , T 0 ) of, ( cr , T ) . Namely , < 3 3 > 

.f [ w; -j. (�) 1La ( C� >J :r 

In channel coupling case , usualy the H . O .  quanta N 

into three sets NF ( l ,  2 ) , NPF ( l ,  2 ) and NA ( l ,  2 ) . 

( 3 . 5 ) 

is  divided 

For N E  NF 

( 1 ,  2 ) all ( cr ,  T )  resulting from ( N ,  0 )  x ( 0 0 , T 0 ) are forbid­

den and for N E.  NPF ( 1, 2 )  some special ( cr , T )  are forbidden 

while for N E: � ( 1 ,  2 )  all ( cr ,  T )  are allowed . Table 1 < 33 >

shows the allowed ( cr, T )  labels of the 1 2c+a system where 
1 2c is described by p-shell shell model wave function with 

( 0 ,  4 )  su3 symmetry , ( OS )  4 ( O p )  S ( 4 ]  ( 0 ,  4 ) .
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The coupled channel OCM 

equation has the same form as 

the ordinary coupled channel 

Schrodinger equation except 

that the wave function {w
j

(r)}

must satisfy the subsidiary 

orthogonality condition to 

the forbidden states , 

N ( o, -r )  + (N, 0) x ( 0, 4 )

N�3 all forbidden 
4 ( 0, 0 )
5 ( 2, 1 )
6 ( 2, 0 ) ( 3, 1) ( 4, 2 )
7 ( 3, 0 )  ( 4 , 1)  ( 5, 2 ) ( 6, 3 ) 

N�8 all allowed 

Table 1 .  su3 classification of 
allowed states of 
12c+a system. 

< f r.�i (�>fi.,t c �>].:r / f c l.);i (�) 1\- < c, >]:r >
= Z ( u

-,. 
(A',. / wj_,._ ( �)) = 0 , i m 1. ., -... nF •

.,., 
( 3 . 6 )

Fig . 2 shows the excellent reproduction of  the observed 
160 spectra by 12c+a coupled channel OCM done by Suzuki . ( ll } 

It  is remarkable that besides the excitation energies good re­

production was also obtained for the electric transition and 

a-decay values . ( ll )  I n  this calculation , the effective poten-.

tials ( elastic and coupling)  are the folding potential with a 

little modification. 

The multi-cluster OCM is nothing but the many-body Schrodinger 

equation where the interaction process between any pair of con­

stituent clusters is described by the two-cluster OCM discussed 

above . 

For a system composed of the three su3-scalar clusters , the 

OCM equation is written as follows 



Fig . 2 .  Energy levels of 160 by 12c+a coupled channel 
orthogonality condition model . Calculated levels  denoted 
by ( 1 ) are levels with shell-model-like structure and 
others ( 2 ) � ( 6 )  are those with cluster structure . Levels 
denoted by ( 2 )  O+xJ have the main configulation 12c ( O+ ) 
coupled with the relative-motion angular momentum 1=J 
and so forth • 
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< x <i ,  t >  I Two-cluster forbidden stat�s > = 0 ,between any pair of clusters 

.. + 
s ,  t Jacobi coordinates ( 3 . 7 ) 

The procedure to handle the orthogonality condition in multi­

cluster system is not unique and as an different approach from · 

ours here I only quote the name of Ref . ( 3 4 )  by Neudatchin and 

his coworkers . We note that the functional space of the multi-

259 
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cluster system can be divided into two mutually orthogonal sub­

spaces ;  one is composed of the multi-cluster wave functions which 

satisfy the above orthogonality condition in Eq . ( 3 . 7 )  and i s  

called as the a llowed space,  while the other i s  thc _ subspace 

orthogonal to this allowed space and is ca lled as the .forbidden 

space � Any function xF Ci , t ) in the forbidden space satisf ies 

the equa·tion ?f-c xF C; , t ) 4> (c1 ) <1> (C2 ) 4> (C3 ) }  = 0 .  Our treatment of

the orthogonality condi tion in the multi-cluster probrem is 

that we first construct the complete basis states of the a l lowed 

space · and then we solve the ordinary many-body Schrodinger equa- . 

tion only with use of these basis states ot the a l lowed space � 4 ) ( S ) 

. The constru€tion of the al lowed states of the mu lti-clus ter 

space can be simplified by the introduction of the (Elliott ) su3 
group J 4 > ( S ) ( l O ) we sketch the procedure for the three su3-sca lar

cluster system below � l O ) We can expand the allowed three-c luster 

state xN ( '  ) J with use of the al lowed two-c luster states I\ '  JJ K , p  
UN (t12 > , N2� NF ( l , 2 ) of the c1-c2 sub-system a s  fo llows 

2 

-; �  _, -:-,  4 � �
�3 = "J..,  - ( H ,  )(, -1- �-i-a.Y.1. >/ ( M,+ M�) , t ,  2. = x, - Y2-

( 3 . 8 )  

Here .(UN1
uN2

J { A , JJ )  denotes the su3 vector coupling ( N1 , o ) x ( N2 , 0 )

� ( A , JJ ) . The expansion coefficients AN (
N
� '�i) can be regarded p , 2 
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as the coefficient of fractional parentage ( cfp) and they are 

obtaineq by the remaining orthogonality requirement for XN ( ). , µ ) KJ , p 
to the two-cluster forbidden states of c1-c3 and c2-c3 systems . 

The equation to determine AN (
N
>. ,�� ) is given byp , 2 

)' N ( >., f"' J  
w A P N t-i.) -< N1 N11- \ tJ ,  Ni. , ,>-, t' )  )9 = o ,

li:: F ' a. -< 
l'Ja ""t N ( 1 , 2. J 

F { l 1 , '2. 1 3 J ¥ N 't- € N  c �.,� ) ., ( « , f, � )
=

l t i. , 3 ., 1 )  J ( 3 . 9 ) 

which is equivalent to finding the eigen-vectors AN () ,tf2 ) withp ,N
2 

the eigen-value qp=O of the following secular equation 

tH . .>. t' )  A ,J �"  l t'
) tH .. >- J-') Z Q.: ' c "'/ ...,f \ "' .  N" > r ,  ,.,1 l1.) -= i p A r) tJ.: ( i.J .,

"i:a. � N F  (-1 , 2. )  • 

a..� \.,. '"''c ""; ,.,: l tJ • .., 1, ) = Z Z < t->'l NI,\- \ wi' •< , ,>- t"l)9"' (N3N� I w, N� , l.>.t' J)0 
c,r. ... , N'+ e tJ F ,�. 'ls'J °' • 

. ( 3 . 10 )  

<N 3N4 1 N1N2 , ( >. , � ) > 8 is the reduced Talrni-Moshinsky-Smirnov 

coefficient which is defined by 

c.-� t�)� ct.'l,)J -= z < N� JJ\t I tJ, tJ1. ,  l).J r)>ea(\ 1.. < >-r> KJ . Nl+N1.1-= l'J 1 +tJ\.. 

)( [V..il\:�) '1;,_,� (.�i)] l�\"l K� . •  ( 3 . 11 )  

By using the quasi- spin introduced .by Bargmann-Moshinsky ( JS ) , 

this coeff icient i s  easily calculated as follows 

< N3 ,.., .... ' N, N1,. , \.).rJ >9« = ti...,!,,,.,,., ( eCI( , '

; =  � , """' 1
= i \JJ3-tv�.) , "'W'I =  { tN , -N-i.. )

..) 
, ( 3 . 12 )
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where dl , m <9 >1: (jm i / e-ieJy fjm> is the familiar rotation matrix ,

and angle Bo< is defined by using the H . O .  creation operators , 

as follows 

( 3 . 13 )

Since the su3 Clebsch-Gordon coefficients <cN1 O )J,, (N2 O )j 2 II 
(),f' ) RJ )  are easily obtained by a recursion formular , < 3G ) all 

the calculations to construct the three-cluster allowed states 

reduce to the primitive ones . 

When one cluster c1 has a non-su3-scalar wave function , 

the co�ruction procedure of the allowed three-cluster states 

needs one more process accumulated on the above-mentioned pre­

scription . This is due to the existence of the sets NPF ( l, o<. )  

for the two-cluster systems c
1-c

0( 
( ex= 2 ,  3 ) . What we do first 

is  to regard NPF ( l ,� ) as if it were contained in � ( 1,0( ) and 

construct ?( N ( ,, -C ) � P , p following the prescription stated above .

The truely-allowed three-cluster wave function "f1N c �,� ) KJ ,  r 
can be expanded by using these 

XN < ir,-1: ) S P , P 
as follows

lT.. - )' HN \) t'
J 

['X ,h CCtJl (3 . 1 4 )  -i� c� t'> K 'J'  1,. - L-.J  A. \o."tJti N \o-i;.>, � T( d"."toJ :,),c ... , " , r ,. "'4J t<. "' .) (o,.,t) t" I 

where [ Xc 6 'C ) f < <S"o"Co > ] C
>..

t( ) denotes the su3 vector coupling

( l ;t, ) " ( 6'.0 -r.0 ) 7 ( � , t' ) . · The coefficients HN < X(,
tl > 

> 
are determined, r, \S'-C P 

by requiring the orthogonality of � N ( ,.. t"' ) KJ , : 
to the two-

cluster forbidden states [UN 
<�oc >'f'c 6: -C ) 

cc1 ) ]  ( "' -c ) with 
2 0 0 °, 



N2e NPF ( l,o( ) , ( O","t: ) ! QN ( 1, 1)< ) which are regarded as if allowed 

in constructing ,?(N ( d'-c )J P , p " 
By the notation QN2

' we mean

the set composed of those ( c:(,-Z: ) which gives the forbidden state 

[UN2
( � )1(

°<)
-Z:o ) (C

1
) J

( cS"-C. ) for N2 6 N
PF ( l,o( ) .  H:,

(
�r� ) p 

are

obtained as the solution of the following equation 

where AN ( o"t: ) C o<. =3 ) are the cfp of the expansion ofp, N2 
by [UN

l 
C°t2 ) UN2 

ct13 ) ] ( 6'--C )J
? like as A:,

( ::-c ) ( 0(, =2 ) 

Eq .  ( 3 . 15 )  is equivalent to finding th� eigen-vector 

with eigen-value qr=O of the =ollowing equation 

( 3 . 15 )  

XN c o� >J P, p
in Eq .  ( 3 • 8 ) • 

HN ( ),.JA, ) 
r, ( 0:� ) P

�� t�r'(c o: i ) t  \ l o,."l: ) 1'  ) =  Li Z Xo( ( C a-c)) f ) N,. ,
c(:; � ,  3 t-J 1. E N P F t 1 , 01. J 

(o.'�'J € Q
l',l

,.( 1 ,  ot )  

� X ( (a,�),  f '  ".h . ., C c,.'-c' ) ) � . ( 3  . 16 ) 
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I n .  Eq s • ( 3 • 1 5  ) , ( 3 • 1 6  ) U ( ( N l ' 0 ) ( N 2 , 0 ) ( >-J� ) ( DO "f o ) ; ( tf;c. ) ( 6 ', t' ) ) 

denotes the su3 recoupling coefficient .

§ 4 . Ja model for 12c

A basic  three-cluster problem i s  a 3 :X. pr oblem . F ig .  3 

shows a l l  the observed level s  of 1 2c < 3 9 > below the f irst  T= l

level at 1 5 . 1 1  MeV . Among thci'.l the l + level at  1 2 . 7 1  MeV is

known to have broken orbi ta l s::·n'J:1ct ::-y ( 4 4 3 .: ]  as a ma i n  configura­

t ion and so it i s  the level out of the sco�e of ��e �res��t 3 �  

mode l  without symmetry break i ng . The 7 . 6 5 :.icV 0
.,. 

and 1 0 . 3  �!eV

-?
+ 

( 2
+ . . 

d · ' ( J 7 )  • . . ' t ' a ss ignment 1s ue to Aor 1 na;a  a na 1s  cons is tent w1 n

the ca lculation given below)  a rc observed to have very large 

':)(-decay widths exceeding the Wigner l imit va kcs a:1d were post:..:­

lated by  Morinaga ( J ? ) to  be  the o(-c luster i ng level s  with large

structure change from the ground sta te she l l  model  structure . 

Ex.Energy 

(MeV) 
T•l 1• 

15 

10 

lll 

5 

0 

Fig . 3 Observed energy levels  of 1 2c .  

The a l lowed 

s tates of the 3 l  

system ca lculated by 

the prescri ption of  

§ 3  are  given in

Table 2 .  This table 

shows a good corre­

spondence of the 3o 

a l lowed sta tes with 

the she l l  model 

class i f ication ;  for 



N(8 there i s  no state allowed by the Pau l i  pri nciple  and for

N=S only . �{( O s ) 4 ( 0p ) 8 ; ( 0 , 4 } J j is  a l lowed as ( 4
3 ) symmetry 

she l l  mode l  states . The 

(�n" --------
(0 , 4 )  
( 3 , 3) 

10 ( 6 , 2 ) , ( 2 , 4 )
1 1  (9 , 1 ) ,  (5 , J) ,  ( 3 , 4 )  
12  { 12 , 0) , (3 , 2 ) , (6 , 3) , ( 4 , 4 ) , (0 , 6 )  
lJ  ( 1 1 , 1 ) . ( 9 , 2 ) . ( 7 , J ) , ( 5 , 4 ) , ( J , 5 )  
1 4  ( 1 4 , 0) , ( 1 2 , 1 ) , ( 10 , 2 ) , (8. 3) , (6 , 4 ) 2 , ( 2 , 6) 
l 5  ( 1 5 , 0) , ( 1 3 , 1 ) , ( 1 1 , 2 ) , ( 9 , 3) 2 , ( 7 , 4 ) , ( 5 , 3) 

( J ,  6)  

expl icit  relation between 

our 3 ex_ alloweci states 

;( and the 1 2cN ( i\f" ) KJ 

she l l  model  wave functions 

can be  seen by constructing 
Table 2 .  SU3 cla s s i f ication of the 1 2 - nucleon wave function 
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3a allowed states . r , 
J 54-1 X N ( 'A)'-,- ) KJ, p 'f< o(l ) cf'< c/2 )'f ( o/3 )  ; 

c::!l_ < rt:3 
} - - J' 4 8 J for example  n3 1 1 J

L XS ( 0, 4 ) JT ( o( ) = � L ( Os � ( Op ) ; ( 0 , 4 ) J . 

The ca lculated spectra are given in  Fig .  4 where the same

·� - C( in teraction as  Saito ( 2 6 ) is adopted ( Y =O . 2 7 5  fm- 2 adopted

here is s l ightly dif ferent from Sa ito ' s  Y =0 . 2 7 fm- 2 . ) What is

noted first  is  the reproduction of a l l  the observed level s  below

the f irst  T=l level at 1 5 . 1 1 MeV except 1 2 . 7 1 MeV l+ ment ioned 

a bove . ( The 1 3 . 3 5 MeV level has unna tural parity but J a s sign­

ment is uncerta in  experimental ly .  Thi s calculat ion and Ref . 38 

both pred ict this level to be 4- , forming a 
1t -

K ==3 band together 

with the 3 a t  9 . 6 4 MeV . ) Next , to see  the character of the 

secorid excited o+ near 3 0( threshold , we show in  F ig .  s · the 
8 + reduced width amp li tude ( RWA) of the o(.+ Be ( O ) break-up of

the cal culated o+ a nd O+ levels . ( Here 8Be ( O+ ) wave func-1 2 
t ion needed for RWA i s  obtained by solving 2 0(  OCM. ) We c l ea r ly 

+ 8 + see that o 2 i s  the state with large CX + Be { O ) c lustering a t
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--( 4-1 : 1-
-- 1+ ...... 4-

-- 2- / 

-- 1-/ .-- o• 
-- 2+ 

-- 3-

&XP. 0CM 

Fig . 4 Energy specta 
of 12c by Jo<
OCM. 

surface . Thi s  is consistent with large 

observed ()(. -decay reduced width of the 

observed o; . < 3 9 > Since 
8Be ( O

+
) itself

ha s  a wel l-developed cluster structure of 

o< - 0(, we can say tha t o; has  a well­

developed three-cluster structure . To 

see the characters of O
+ and O+ fur-l 2 

ther , the squared norms of the expansion 

components by the number of H . O . quanta 

are given in Table 3 .  The ground state 

s ( fm) 

6 
-0. 5

F ig . 5 Reduced c{+
8 se ( O

+
) width

· ampl itudes of O� and o; .
s2 values are 0 . 62 and 1 . 4 0  

+ + for o1 and o
2

, respectively

( 0� ) is seen to have a large N;8 ( 0, 4 )  

component ,  showing a good 

cor r espondence with the 

p- shell shell-model de­

scription of the ground

sta te . On the contrary ,

the expansion coe f f ic i ents

of o; spread over ma ny

r; 8 10  1 2  1 4  16  18  20 .!: 

ot 0 . 80 0 . 08 0 . 08 0 . 02 0 . 0 1  0 . 01 �0 . 01 < 0 . 0 1  

02 0 , 1 3  0 . 1 3  0 . 12  0 . 1 7  0 . 14 0 . 12 0 , 08 0 . 05 

Table 3 .  Squared norms of the 

expans ion corn?onents  by 
the nunbe:::- of H . O .  qua:1ta 
of oi and a; by OCM.



higher N ,  which indicates a well -developed clustering character 

of thi s  level .  I n  spi te o f  this large difference between two O+
, 

the monopole transition matrix element between them is obtained 

to be 6 . 1 fm2 , c lose to the observed value 5 . 8  fm2 .

Ono of the charac ter i s tic features of 3 �  OCM resu lts is 
+ 

its large binding energy of the ground s ta te o1 , which is remark-

ably dif ferent from the previous 30(,. calculat ions < 4 0 > with

phenomeno log ica l r::J.. - CX forces with repulsive core . The reason 

of this difference is cons idered to be interpreted in the fol-

( - )  lowing way . � When 3�' s come nea r each other , the effective 

r.�mber of interact �on bonqs i�creases than that of kinetic energy

terms by about 1 . 5 times . This causes the s treng then ing of the

�e�� ls ive ef :ect  for the case of the ?Oten � ia!  with inner repu l-

s ive core . On the contrary , in the OCM ca se , the (deep ) attrac­

t ive ( fold ing-type ) potential is deepened whi l e  orthogonal i ty

cond ition is not so s treng thened s i �ce i t  a l lows the exi stence

of the compact  3 C< configuration of N=8 , C 0, 4 )  • The increase

of the effect of the attractive potent iai in the inner reg ion 

overwhel�s the large kinetic er.orgy due to the inner osc i l lation 

of the � -:X relative wave function of OC!<! . This leads to the 

resu l t  tha t in 3� sys tem the e:<iste:1ce of the com?act  J O(  

conf iguration become poss ible  for wh ic� t h e  a�p l� tude of the 

wave f�nct ion in the i �ner =e; ion i s  s� larc� and which has the 
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yield the almost similar results as OCM including the coexistence 

of shell and cluster structures .  Thus we can say that the OCM 

is  not only simpler to treat but also useful to get the insight 

about what is happening in the ful ly microscopic treatment, 

especially about the important and subtle behaviour of the Pauli 

principle effect . 

§ 5 . 12c+a+a model for 2 0Ne

In recent years , the structures of the sd- shell nuclei 

especially those of the excited states have been studied exten­

sively by cluster model with many successes accumulated . ( l )  < 3 > 

A typical example is 20Ne . In Fig . 6 we give the observed 

(MeVI 

10 

16
0+

a 

Fig . 6 

-- 6 - - 7 -

---2• 

--o• 

energy levels of 
20Ne classified 

into rotational bands . 

Among them the three 

bands with "1T + K =01 ,
- + o1 , o4 have been

investigated by 
160+ o( cluster 

model ( 1 ) < 2 > and 

this model has 

succeeded to repro-

duce well the observed 
Overlapping rotational bands in 2 0Ne 



quanti ties , excitation energies , E2 transition values and o{-

deca·y widths . The ground band has a shell-model- like 

structure · and has a large overlap with the shell  model configura­

tion � {  ( sd )  4 ; [ 4] ( 8, 0) J }  (which is equ iva lent to the cluster 

model wave function nJst\ t UN=S,  J (i) 'f ( 1 60 ) 'f (o< >J ) . The two
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� - + bands with K =01 and o
4 

have proved to have the well-developed 
1 60- o( di-cluster structure . The 1 60- o<. relative wave functions

of the 

of the 

K�=O: band leve ls have one more nodal " points than those 

K
"IC.

=O+ band . 

The K�=o; band is considered ( 4 2 > to have a main configura­

t ion ( sd) 4 [ 4 ] ( 4 , 2 ) , but the rather strong mixing with the K -r;o: 

band has been suggested experimental ly .  ( 4 3 )  I n  order to reproduce 

the above mentioned characteristics of the four bands K�=01 , 

Oi , o; , o: , Nemoto , Yamamoto , Suzuki , Ikeda and mysel f ( 4 4·) have
12 adopted the o< - c- 0( model . This model uses the GCM framework 

and the intrinsic state is the l inearly arranged configuration 
12  of o(- c- 0(  • This configuration of the model is introduced as 

the exte�sion of the 1 60-0( model , by allowing the dissociation 

process of the 1 60 cluster into 12 tv f • C+ � con iguration . Good 

reproduction of the observed energy levels by this  model is seen 

in Fig . 7 .  

The hierarchy of the truncation scheme such as 16o+«-) 1 2c+ 2� 

-"?8Be+ 3 0\  represents a process of the activation of the clustering 

degree of freedom in unit of o<..-cluster . The structures of the 
2 0Ne levels shown in F ig .  6 are strongly suggested to be understood 
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within 12c-F2 o( space .  This is because the band seems 
· 12 8 to have c+ Be -like structure in view of the strong excitation 
8 ( 4 5 )  1C' -

by the Be -transfer reaction and because the K =21 band 

is considered to have a main configuration ( Op ) �1 ( sd ) 5
[ 4

5
J ( 8, 2 )

which is  contained in 12c+2 0( space as is shown below in Table

4 .  

2?1 

The full treatment of the 12c+2 0( model without the restric­

tion of the linear chain arrangement of cl�sters is thus desirable . 

Ikeda , Kato and myse lf have recently tackled this problem and 

have found that the OCM is applicable also for such a compl icated 

system .  This 12c+20( OCM permits the rotational excitation of 
12c cluster and the allowed states calculated by the prescrip-

tion given in § 3 are shown in Table 4 . Band head levels of the 

five bands K�-O+ 2i , 0;: ,  
+ o+ also given in F ig .  7 .- l ' 0 2 , 4 are 

In this calculation , the effective force between 12c and 

r:-: 
I-N-----· -----·· - C -" , lJ )  n 

·
- - - . . . · · ·· ·--· . ·--------- . • _-.!. ... __ 

12 ( 8 , 0 ) ( 4 , 2 ) ( 0 , 4 ) 
1 3 ( 9 , 0 ) ( 8 , 2 ) ( 7 , 1 ) ( 6 , 3 ) ( 5 , 2 ) 2 ( 4 , 4 ) ( 3 , 3 ) 2 ( 2 , 5 ) ( 1 , 4 ) 
1 4  ( 11 , 1 ) ( 10 , 0 ) 3 ( 9 , 2 ) 2 ( 8 , 1 ) 3 ( 8 , 4 )  ( 7 , 3 ) 3 ( 6 , 2 ) 5 ( 6 , 5 ) ( 5 , 4 ) 3 

( 4 , 3 ) 3 ( 4 , 6 ) 2 ( 3 , 5 ) 2 ( 2 , 4 ) 3 ( 1 , 6 )  ( 0 , 8 )  

a 

1 5 ( 12 , 1 ) 2 ( 11 , 0 ) 5 ( 11 , 3 ) ( 1 0 , 2 ) 4 ( 9 , 1 ) 6 ( 9 , 4 ) 2 ( 8 , 3 ) 5 ( 7 , 2 ) 7 ( 8 , 6 ) 
( 7 , 5 ) 3 ( 6 , 4 ) 5 ( 5 , 3 ) 6 ( 6 , 7 ) ( 5 , 6 ) 3 ( 4 , 5 ) 4 ( 3 , 4 ) 4 ( 4 , 8 ) ( 3 , 7 ) 2 

{ 2 , 6 ) 2 ( 1 , 5 ) 2 ( 2 , 9 ) ( 1 , 8 )  ( 0 , 7 ) 

Table 4 .  su3 classification of the coupled channel 12c+a+a 
model space .  
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is the folding potential with use of the Volkov No . 2 force < 4 6 ) 

with m=O . 60 and the H . O . size parameter of clusters V = 0 . 1 73  

fm- 2 • We have checked that the 12c+ 0( OCM with this folding 

potential gives the almost the same good fit of the 1 60 spectra 

as Suzuki ' s  calculation shown in Fig . 2 .  The effective ot - ol  · 

force is also the folding potential which is now calculated by 

using the Schmidt-Wildermuth force (?a ) with Serber type and 

Y=0 . 195  fm- 2 • The H . O .  size of the three-cluster wave functions 

is Y = 0 . 17 3  fm -2 . Th� basis states adopted are similar to the 

extended shell model calculation by Tomoda and Arima ; ( �I ) For 
,c + + + 3 K =01 , o

2 , o
4 , they are (N=1 2 , ( 8, 0 ) , ( 4 , 2 ) , ( 0, 4 ) ) + (N=l4 ,  ( 10, 0 ) ) 

+ (N=l6 , ( 1 2 , 0 )
8 ) :+- (N=lS 32 , (N-4 , 0 ) of 1 60- C( ) ,  for K'tt=o;:

they are ( N=l3 - 2 9 ,  (N- 4 ,  0 )  of 1 60- c( ) and for K'Tt=2i they

are ( N=l3"- l 9 ,  (N-5, 2 )
n

) . Basis states for K�=2� are still 
J. 

insufficient and the calculated energy for 2i should be regarded 

as preliminary . 

Besides the energy levels shown in Fig . 7 , the characters 

f h K-n;-o+ - + + o t e wave functions for - 1 , o1 , o2 , o
4 

are found to be

similar to the microscopic GCM� Thus we can say that the OCM 

is rel iable even in heavy and complicated systems and therefore 

promising .  Improved treatment of ,c -
K =21 band and the investiga-

t.l· on of the K�-0+

3 b d · b h '  c - an are now in progress y t is o M .



§ 6 .  Concluding remarks

In light nuclear system , much attension has become to be 

paid to the many-cluster problem . Three themes quoted in the 

introduction are considered to be important ones and in this 

talk the first two problems ( i )  and ( ii)  are discussed by taking 

the two examples , J o(.  model for 1 2c and 1 2c+2 0(. model for 
20Ne . Since the proper treatment of the Pauli principle is very 

important ,  it is desirable to apply the microscopic framework 

of RGM and GCM. However , still now the compl icated multi-cluster 

systems are not so easy to access by fully microscopic frameworks . 

By this reason and by the usefulness in getting the insight about 

the subtle behaviour of the Pau li principle , I emphasized in 

this talk the promising feature of the simpler framework - the 

OCM. And I expla ined slightly in detail how to construct the 

multi-cluster allowed states in a simple and rapid way .  This 

OCM framework is of course Applicable for the problem ( .ii.i ) . 

The semi-microscopic method OCM can be viewed as the semi­

phenomenological framework , and can serve to link the phenome­

nological treatments with the microscopic ones . In view of the 

increase of the data in the wide region of . light nuclei which 

need the cluster model analyses , the development of the OCM is 

necessary in parallel with RGM and GCM . 
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DISCUSSION 

I.e. Tang: Can you use your orthogonality-condition model �o
study the properties of liquid helium or alpha-cluster matter?

H. Horiuchi : This problem you pointed at is a very interes­
ting one. I tried. to apply the OCM to �-matter to see the dif­
ference of treatments of the repulsive f'orc·e in the inside 
region of interaction between OCM and the usual approach with
phenomenological local force with repulsive core . But I have 
not found any simple and reliable procedure to treat the OCM
interaction in infinite matter� 

A. Weiguny: How do you define your orthogonality condition 
it there are no strictly forbidden states as is the case when 
different oscillator lengths are used for different fragments. 

B. Horiuchi : This .problem was investigated by .Saito et al . 
They divide the Hamiltonian into two parts , one is the Hamil­
tonian of 0CM and the other is the perturbation term which is
due to the existence of the almost redunant states. In the 
example they used , · this perturbation has effect 'only at rather
high excitation energy region. But in the he�vy system this 
effect may have some influence at rather low excitation ener­
gy region. But I think that even in that case the orthogonali­
ty condition is a good expression of the Pauli principle and 
the effect or the almost redunant states can be treated as a
perturbation. 

B.G.Giraud : In my opinion, the foundation of the OCH could be
that , when a state becomes �uasi forbidden, renormalization by 
(l-X) -l/2 pushes the state progressivelY. out of the Hilbert 
space , provided one proves that (l-K)-172 B(l-K )-112 is indeed
a large positive number for that state.  
Contrarily to the clai� of Saito , I doubt anyhow that the sta­
te which would be pushed up away in this way would necessari­
ly show up as a true resonance .  



H. aoriuchi : I agree with the second comment. For the first
question I would like first to make a comment ; the OCH can be
considered as a ·semiphenomenological model which treats the
effect of the Pauli principle in a natural and physical way. 
Its validity has been shown by many applications at least for 
two-body systems .  Your question is about the microscopic foun­
dation. The matrix element I =  { l-K) -l/2 H{l-K) -l/2 has the
value (4>n1t-114>n> with 4>n = ��{'<n (r)9J(A1 )9J{A2 )} in the harmonic
oscillator basis representft ion ( ll 9Jrll = 1 ) .  In the example
by Saito , the limit of 9Jn when tn -> 0 goes to the higher 
shell configuration in the shell model language and the diago­
nal part of I has a rather large value. But for heavier sys­
tems like Cl. + 160 ,  � n with f n --,. 0 can remain in the lowest
shell configuration. In this case the diagonal part of I is 
not so large. Also the non-diagonal parts in this example 
are not large. However , we have no general proof whether this 
situation is general or not.  

D .R .  Thompson : Can you tell me what would happen if you were 
to replace your effective potential by another one which con- . 
tains a weakly repulsive Pauli core so that the forbidden or 
almost forbidden states do not occur? Could you then neglect 
the OCM projection and obtain similar results? 

H. Horiuchi : I don 't  think it is a good procedure. First the
consideration that the forbidden states just correspond the
lower bound states in rather deep potential makes such a po­
tential unreasonable. Secondly the RGM matrix element VRGH 
is similar to the OCH matrix element /1 -K VeffVl-K when we
adopt a deep potential like a direct { or folding) potential 
by using the two-nucleon force with not so strong Majorana 
exchange mixture. 

D. Baze : We have performed an exact generator coordinate cal­
culation of elastic � +  12c scattering using the same interac­
tion as Suzuki. Our results are not in agreement with his OOM
results. In this case , the OCM does not seem to be a good ap­
proximation o! the RGM.
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H. Horiuchi : I also did a microscopic calculation:-r$or a +  12c
system in the RGM framework using the ·harmonic oscillator ba­
sis .  The two-nucleon force I used is not the same as that of 
Suzuki. The result showed too deep binding energy for the ground
state of 160. For other states, however, the results agree 
rather well. with the results obtained by OCM. For treating the
system in a fully microscopic framework we need to fit the 
binding energies of three clusters �, 12c, 160 with a single 
effective two-nucleon force. But at present we have no such 
effective forces. This is the main reason of the seeming dis­
crepancy between OCM and RGM. 

N.  Mankoc-Borstnik : 1 )  How do your results depend on the cho­
ice of the parameters 9f the force? 
2 )  Have you calculated electromagnetic properties?  How do the 
electromagnetic properties look in comparison with experimen­
tal data (or with microscopic or other models )  and how do they
depend on the choice of parameters of the force? 

H. Horiuchi : I would like to answer about the results of the
special system 12c + � . 
I adopted the effective force between two clusters 12c and ct ,
a folding potential constructed by using Volkov No . 2 force 
with m = 0 .60 in treating 12c + � + � system .  

This inter-cluster force gives almost the same wave functions
for 12c + � system as Suzuki ' s .  Suzuki constructed his inter­
-cluster force differently. In this 12c + � system I only cal­
culated �-decay properties and found good similarity between 
ours and Suzuki ' s .  But in view of the similarity between wave 
functions I think there is not much difference for other pro­
perties . 




