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1 .  Introduc t i on 

The t ime-de pendent Hartrce-Fock ( TDHF )  approxima tion t o  the 
t ime deve l opment of  an interac ting many-body sys tem [ 1 ]  has 
recently been inves t igated in  i ts appl ication to  nuc l ear 
c ol l i s i ons . The progress  from one-dimensi onal  [ 2 ]  to two -
d imensional [ J ] , three-dimensional wi th axial symme try ( 4-7 ]  
and g�neral three-dimens ional [ 8 ]  c onfigurati ons s tudied was 
surpris ingly fas t in view o f  the c ompu ta tional di fficul ties  

* 
+ 

Talk pre sented by J .  A .  Maruhn 
Research sponsored by the U . S . E . R. D . A .  under c ontrac t wi th
Uni on Carb i de C orporation.  

** C onsul tant to Oak Ridge National Laboratory Research
�upported in part  by the U . S . E . R . D . A . 

+ T  Re search  supported by the U . S .  E .  R .  D .  A .



292 

involved . The as tonishing fl exibil i ty pre sent al ready in  
one-dimensi onal c ol l i s i ons ( 2 )  s timul ated  the  expec tat i on 
that TDHF migh t  be a f i rs t  s te p  towards a real ly  comprehen­
s ive theory of  heavy- i on reac tions . Soon , however ,  i t  was 
a l s o  recognized that  TDHF i s  fraugh t  wi th some s e ri ou s  in­
terior p roblems which  may make i ts d i rec t appl ica t i on to 
experimental data d i fficul t .  The firs t d i rec t compari son wi th 
experiment ( 7 )  showed some enc ouraging features but a l so  
s e rious qual i ta tive  d i sagre ement , as  wi l l  be d i scussed  l ater · 
i n  thi s paper .  The re fore we use  the resu l t s  ob tained from a 
" pu�e " TDHF calcul a t i on of  the 1 4N + 1 2c rcac ti on as the 
basi s  for further  inve stigations designed to overcome short­
c omings of the theory and l eading to sugge s tions for further 
devel opment o f  TDIIF i tse l f .  The compari son of  our final re­
sul ts  wi th experimen til data shows sat i s fac tory agreement 
and thus d emons trates  that TDHF does i ndeed  provide  a basic  
fi rs t  s te p  towards a more d e ta i l ed thco1y of  heavy- i on 
reac tions . 

2 . Derivation of TDIIF

One pos sible  de riva t i on of  the TDHF e qu a t ions , which  i s
particularly useful  for unders tanding the underl ying physical  
ideas , s tarts from the  e qua tion for the  one-parti c l e  dens i ty 
matrix wi thin the BBGKY ( 9 )  h i e rarchy : 

i11. 2 p (r,r') = - .2�
2. 

(V2 - v'' ) p (r, r')
at 

( 2 . 1 )

Here the interac t ion be tween the partic l e s  was as sumed  to be 
express ible  as  an interac t. i on potential v ( r-r ' ) ,  and pUJ i s  
the  two-part ic l e  densi ty matrix , which  can a l so be expressed  
i n  terms of  the  one-parti c l e  densi ty matrix and a two-par­
t i c l e  c orre lation func tion g ( 2 ) : 

p <') (r, r" ; r ', f' '} = p (r, r ') p (r ",r- ") - p (r, r'') p(r': r'} ( 2 . 2 ) 



Insert i ng th i s  express ion in  Eq . ( 2 . 1 ) ,  one obtains 

ift. 2. P. ( r f' ')  = - ft_
'l. 

(V2 - \7 1-l) p (YJ r ') 
c)t  , 1 .2 M 

-'- [ ii ( r) - v- (r ')] p (r, -r ' )  ( 2 . 3 ) 

- f c/ 3  , '' p(r, r")[ v(r- r")- v-(r'- r')] p (r1 r ') 

+ fd3 , 11 rv- (r - -r 1') - v- (r'- r")] c/tr, r"; r ') r ')

,1hc re v d e no tes  the ave rage poten t i a l , 

v (.,.) -= f d 5t' v (  r - r '') p (r U, r') ( 2 . 4 )  

O n  the ri gh t  s id e  o f  E q .  ( 2 . 3 ) the sec ond term descri bes  
sca t t e ring on t he ave rage po tent ia l , fo l l o�ed by the  corres­
pond ing  exchnngc term ,  whe reas the l a s t  expression deno tes  
res i dual  t\\·o-body i n t ·:::: rnc t i ons . In  ord i na ry macrosc opic fluid  
dynam i c s  this  l as t  t e rm has  i t,s ana l ogy in  the  c o l l i s  ion te rm 
of  the Bo l tzmann e qua t i o n ;  i t  i s  re s pons i b l e  for damping 
e ffec ts  suc h i: S  v i scos i ty ,  ,,;hereas the  po t en t ial s cat tering 
i s  usua l l y  negl i g i b l e  for mac roscopic  f l u ids . 

In nuc l ear c o l l i s i ons , on the o ther  hand , the average 
po tentia l  is s trongly  spac e- and t ime-dependen t ,  whi l e  c o l l i­
s i ons are i nhibi ted by the Pau l i  princ i pl e ,  at  l eas t at  l ow 
energie s .  

I t  thus appears use ful t o  s tudy the approximat i o n  obtained  
by assuming g ( 2 ) a o .  Thi s l eads to  the  TDHF equa tion .  For 
prac tical  calcu l a t i ons , howeve r ,  we have to  make two further 
as sump t ions : 1 )  We use  a ze ro-range dens i ty-dependent  e ffec tive  
i nterac t i on o f  the  s impl i fi ed Skyrmc type [ 2 , S ] , s o  that the 
ave rage po tential  becomes 

v (-r) = - a. p ('1', ,,. ) + b p< ( r, r) ( 2 . 5 )  

a and b are determ i ned  such a s  t o  yi e l d  a n  equi l ibrium dens i ty 
o f  . 145  fm-3 and a bind i ng energy of  - 1 5 . 85 MeV for nuc l ear 
ma t ter .  The resu l t ing incompre s s ib i l i ty is 368 MeV! 
2 ) We  assume a re presenta tion  o f  p ( r ,  r ' ) in t erms o f  s ingl e -
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par t ic l e  ·wave func t i on s  o f  the form 

( 2 . 6 ) 

wi th the occupa t i on probabi l i t i e s  nl L ime-independen t . Thi s

i s  n s l i gh t  general i zat i on o f  the u sua l s ingl e-S l a t c 1-dc t er­

m i nant and a l l ows par t i al occupa t i on o f  o rb i t a l s l n  o rder  
t o , e . g . , c ons t ruc t s pheri ca l  i n i t i al s ta t e s  for 1 4N and
1 2c in  n harmonic o s c i l l a t o r  bas i s . The many-body sy s tem i s
then no t i n  a pure s ta te ,  bu t th i s  u o c s  no t l invc any d nw­
backs , as a l l obs e rvabl e s  may be c al c u l a ted  v i a  t l1 e  d ens i ty 
ma t r ic e s . 

'l'he e qua t i on ,d1 i c h  i s  ac tua l l y  u s i:- d  i n  l h c>  mod e l  i s  t h u s  

h.. z z 1/J - - v' ,fr;. ( r I -t) - Q p ( Yj t) 'f). ( r, t )
� M

-t h p (r,t/- t ( f" I  t)

,,· t t h  the  to  tn J  densi Ly 

( 2 . ' )

( 2 . 8 )  

'l'here arc a s  many c qua  L i  ons ( 2 .  i )  a s  t h e re are n>. d i ffer i n g
from z e ro .  

3 ,  Nume rica l  So l u t i on 

The e qua t i ons ( 2 . 7 )  arc s o l ved  nume ri ca l l y  by t ime-s tepp i ng 
on a thre e-d imen s i ona l mesh . T�e i n te gra t i on i n  t i me i s  done 
wi th a pred i c t o r-c orrec t or a l gori thm u s i ng the t \\°O s te ps 

pred i c tor :  ( 3 .  1 )

C o rrec tor : r, ( 3 . 2 ) 
't (t + q il t J  = t {t + (9- ,JLJt J +  t1 t Z c/'

n
,f; (t + kiJtJ )

k.: I 



'1 q,,i 
The quanti ties  P� and C k _ are pure ly numerical c oeffi cient s . 
Practically  we found an order n = 6 o f  the algori thm optimal 
to achi eve the accuracy discussed below at l owes t  c os t .  

The main probl em i n  the calcula tion i s  the c omputation o f  
� for each t ime , which  i s -made difficul t by the unbounded 
opera tor Vi. appearing in Eqs . ( 2 .  7 ) . In o rder to avoid in­
s tabi l i ties , we c onsider the wave func ti ons in momentum 
spac e ,  which a l l ows us to truncate undes i rabl e high-momentum 
c omponent s . In momentum space the TDDF equat i on bec omes 

( 3 . 3 ) 

wi th ii(.'<) the Fouri er transform o f  ii'(r) . One may e l iminate the 
rapidly varying phase associated wi th the kine tic  energy by 
se t t ing 

( :; . 4 )  

s o  that the equation ( :; . :; ) bec omes 

( 3 . 5 )  

Stabi l i ty i s  further enhanced by trunca ting those c omponents 
o f  the wave func tion for which  

1i. 1. k 'l/ :I. m > ECl('t ( 3 .  6 ) 
For the c o l l  i s  i on energies c onsidered , E °'t = 1 2 5  MeV gave 
suffici ently accura te resul ts . 

The ent i re cal culat ion c anno t ,  howeve r ,  be carried out in 
momentum spac e ,  because folding wi th the po tential v i s too 
t ime-c onsuming . There fore we introduce a c oo rdina te mesh

( :; . 7 )  
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and a c orrespondi ng momentum mesh 

(r,.,. s -t )
k ,.-st = 2.1' N .. l\x J � J � 

wi th k, r- = 1 1 • •  Nx ; l,s = I, . . NJ i m., t = 1r Ni • 

( 3 . 8 ) 

Func t i ons can be transformed back and forth via the fini te 
Fouri er expans ion ,  which can be done extremely rapi dly  using 
the Fas t-Fouri er-Trans form Al gori thm [ 1 0 ,  1 1 ] .  Thus the po-
tential operator is ac tual ly  appl ied  on the wave func tion in 
c oordinate space , whe re i t  is diagonal , and the resu l t i s  
transformed back i nto  momentum space . 

In the calculation "e put /j x ::: 1J y = Ll z ::: 1 fm ; Nx = 1 6 ,  
NY = 24 , Nz = 24 ( the x-axis pe rpend i cu l a r  t o  the scat tering 
p l ane ) ,  and for a maximum stabl e time s t ep of 1 . 25 fm/c t o ta l  
energy was conserved wi thin 0 . 5 MeV and the sum o f  the no rms 
of the wave func ti ons to  wi th in 1 0-3 .  The l a t t e r  is a par­
t i cularly stringent tes t as our al gori thm i s  no t expl ic i t l y  
uni tary . 

The symme tries assumed for the sys tem were 1 )  quar tet  
symme try ,  i . e .  neglec t of spin- and i sospin d ifferences ; 
2 ) Re flec ti on symme try abou t the scat tering pl ane ; and 3 ) ( for
c o l l isi ons wi th equal mass of  proj ec t i l e  and targe t only )
i nvers i on symme try .  

For the ini t ial  cond i t i ons we used harmonic osc 1 1  l a  tor 
wave func ti ons wi th the occupa t i on of  the 1 p she l l  such as 
to produc e spherical ground s tate  densi ty dis t ri bu t i ons . The 
c en ters of mass of the 1 2c and 14N d i s tri bu tions "e re set  
1 0  fm  apart , and the  wave func t i ons for  the two c l us ters were 
mul tipl ied wi th the appropriate  phas e  fac tors exp [ ;t i k, r- ] ,  
wi th the vec tor 1<0 dep-enr H !1.g on the energy and impac t para­
me ter .  

The calculation also  contained the Coul omb in terac tion ,  
whi ch for s impl i c i ty was suppressed for the d iscussion in  
chapter 2 .  The  exchange contribu tion had to  be  negl ec ted , 
however . For large impac t parame ters in  the pure Coul omb 
sca ttering regime we c ould  reproduce the scat tering �angl e�  

· wi thin 1% .



4 . Re sul t s  o f  Pure TDilF

The re sul t s  o f  the pu re TDHF t he o ry as d i scussed  up t o
now show the compl e te deve l opmen t of  the wave func t i ons 
during the c o l l i s i o n .  Each c o l l i s i on i s  d e termined compl e te­
ly by the inc i d e n t  ene rgy and impac t parame ter .  Sinc e de tai l s  
o f  the i r  t ime de pendenc e  wi l l  b e  shown l a t e r  in  t h i s  con fe­
renc e [ 1 2 ] , on l y  an overview of the re su l ts  wi l l  be  given 
here . 

For a l i gh t sys tem l i ke  14N + 12c we may d i s t ingu i sh rough­
l y  four d i f fe rent type s o f  sca t t ering occurring for d i fferent  
ranges  o f  the  impac t parame ter .  At  very l arge impac t parame­
ters , ou t s i de the range of nuc l ear forc e s , we ge t only C ou­
l omb sca t t e ring .  In the nex t  sma l l er range the traj ec t ori e s  
are ben t back by nuc l ear forces . The re then i s  a smal l range
of impac t parame t e rs for which  the a t trac tive  and repu l s ive 
forc e s  bal anc e such  as  to  l e t  the two nuc l e i  orb i t around 
each o ther for an ex tended peri od ,  i . e .  for one or  even 
several  revo l u t i ons . Final l y  for smal l impac t parame ters 
around the central c o l l is ions the nuc l e i  c ome  out  of  t he 
i n terac tion  a t  o 0 ( because o f  an t i symme try ,  no s tatement can 
be made abou t whe ther  the nuc l e ons  or c l us ters rea l l y  " pa s s  
through" or  are exchanged ,  howeve r ,  i n  asymme tric c o l l i s i ons 
the nuc l eu s  e j ec ted  in  the forward d irec t ion has an average 
mas s  qui te c l ose  t o  that of the projec t i l e ,  so that in  thi s  
sense one may speak o f  the proj ec t i l e  " pa:s s ing through" the 
targe t ) . 

The final  kine tic  ene rgy o f  the two fragmen ts  c an be  de­
termined from the trans l a t i onal . mo tion  of �he ir  centers-o f -
mas s  in  the f inal  s ta te , and thi s may be extrapo la ted  t o  in­
fini ty wi th a Coul omb traj ec tory , in the same way as the 
ini t ia l  is propaga ted to a d i s tanc e  of  10  fm from i nfini ty . 

Al though the interac tion o f  the two nuc l e i , whi c h  gives  
ri s e  to  the f inal  s tate , i s  a very compl icated  quantum-mecha­
nical  proc e s s , the fina l  s ta te i ts e l f  can be used  only  in a 
c l a s s i c a l  s ca t tering formal ism .  The reason i s  tha t the center  -
o f-mass  o f  each nuc l eu s  i s  no t fre e , bu t i s  a l s o  bound wi th 
roughly  c ons tan t l ocal iza t i on , so tha t asymp to tical l y  the 
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unc e rtainty i n  angl e  goes  to  z e ro and the re are no inter­
fe renc e e f fe c ts . Thus the o n l y  i n forma t i on t o  be o b t a i ned  
c l ass i c a l l y  are the fi nal sc a t tering ang l e  ef nnd f i nal

kine t i c  ene rgy E r as func t i ons  o f  the i nc i den t ene rgy £1
and impac t parame ter  b .  

For fixed E1 the d i f ferent i a l  c ro s s  sec t i on may b e  ca l­
c u l a ted from  the  c la s s ica l  formu l a  

� { cl (cos e,) }
°" d (b�) 

( 4 . 1 )

Eva l ua t i on s  u s ing th i s  formu l a  we re done by V .  �tnruhn-nezwani 
e t  a l . ( 7 ) ,  A l though these  were based on  an ax i a l l y- symrae t r i c  
TDJIF c al c u l a t i on , t�e d i fferenc e s  t o  our  re su l t s  shou l d  only  
be quan t i t a t i ve . The  resul t i s  a c ro s s  sec t i on t ha t  decreas e s  

a s  s i n- 1 01 for sma l l angl e s , i n  c on t ras t t o  the  expe rimen tal l y
observed expone n t i a l  decreas e [ 1 3 ] ,

Ano t he r  s eve re d i ffere nc e  t o  e xpe riment  i s  the l ow probn­
b i l i  ty for fus i on in  TDHF , i f  fu s i on i s  defined by a ve ry
l ong l i fe t ime o f  the c ompound sys tem wi th re spec t t o  break -
u p .  The mai n  deexc i t a t i on proc e s s  l e ad i ng to fus i on ,  name l y
par t i c l e  evapora t i on , has no t been  seen  i n  TIDIF c a l c u l a t i ons
ye t .  A s i mpl e s o l u t i on c ons i s t s  of s e l ec t i ng a t ime l imi t

that i nd i ca t e s  the  re l i abi l i ty o f  TDIIF ; i f  the c ompound sys t em
l ives  l onge r ,  i t  is  as sume d , decay proc e s s e s  such as evapo­
rat i on ,  whi c h  are n o t  i nc l uded  i n  the c al c u l a t i on , wi l l  take
over and al l ow i t  to s e t t l e  down [ 7 ,  1 2 ] . S inc e thi s ·me thod
de fines  the  fu s i on c ro s s  sec t i on uni que l y  only  i f  there is  a

ve ry abrup t c hange i n  i nt e rac t i on t ime as a func t i on o f  i m­
pac t parame t e r ,  a more de tai l e d  t rea tmen t  i s  c l earl y re qui red .
In the next two sec t i ons  w� bha l l  g i ve a s impl e heuri s t ic
proc edure to c o rrec t bo th , fus i on and c enter-o f-mas s  prob l em .
I t  shou l d  be s ta t ed c l earl y , howeve r ,  tha t the s e add i t ions
are n o t  part  o f  pure TDHF .

The poss ib l y  mos t  s evere prob l em assoc i a ted wi th  TDllF , vi z .  
the unrea l i s t ic d e s c ri p t i on o f  the ou t g o i ng channe l s  and the i r  
s puri ous  i n t e rac t i ons , i s  no t trea ted i n  t h i s  pape r .  I t  i s  no t 

be l i eved t o  be de t rimen tal  to the  pre s e n t  c a l cu l a t i ons , as for 



the se  l i gh t  sys tems the mas s spreods  were found t o  be qui te 
smal l ( £: 2 mas s  uni t s ) ,  and thi s  shou l d  be ind ica tive  of  
o ther quantum numbe rs as  we l l .  

5 .  The Sca t te ring Ampl i tude 

The unreal i s tic  des cript i on of  the c cnter-o f-mas s  mo t i on 
o f  the  fragments  i n  TDHF sugge s t s  supp l ementing the TDHF 
cal c u l o. t i on by using the TDHF re su l ts  only duri ng the i n ter­
ac t i on i ts e l f and re pl ac ing the mo tion  o f  the s e parated  frag­
men t s  wi th tha t of  fre e  wave packe t s . During the shor t in ter­
ac tion time the l a c k  of  s prend ing shou l d  no t be s evere unl e s s  
w e  are deal ing  wi tl) ve ry l ow ene rgi es . 

Thus we as sume tha t the i nc oming wave can be expanded in  
TffllF wave packe t s  c en tercd around an impac t param e t e r  b 

( o ther quantum numbers suppre s s ed ) : 

( 5 .  1 )

The wave packc t 'fi. i s  then propagated  i n  t ime by the rul e s  
o f  TDHF and wi l l  reach a final s tate  

( 5 . 2 ) 

J..ci'4t . whe re � 1 s  an ou t go i ng wave packe t and fb ( e )  a func t ion 
pealrnd around e ,:  ef (b) . 'fhe s ca t t e ri ng �mpl i tude \\"i l l  then 
be given by 

( 5 . 3 ) 

The pr oc e ed ing d i scus s i on i s  only a ske tch of  a ma thematical  
t rea tmen t  of  the  prob lem .  The  s te ps are  by  no means proved nor  
wi l l  i t  be easy  t o  do  so ,  as  the  TDHF e qua t i ons are  non l i near 
and the superp� s i t i on princ i p l e  thu s does  not  hol d for TDHF 
wave packe ts . 

Howeve r ,  i t  appears phys ica l l y  reasonab l e  tha t a theory 
a l ong the s e  l ines  c ou l d  bo c ons truc ted . For the pre s e n t  we 
take rec our�e  to a re sul t o t  s em i quan tal  sca t t e ring 
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the ory [ 14 ,  1 5 ) ,  which  expre sses  the phase shi f t s  d i rec t l y  
in  terms o f  the cl e fl ec t .ion func t i on 

!::: _ 1 f 2 t�J. .z. 
( 5 . 4 ) 

The angu l ar momentum i s  re l ated  to the impac t parame ter via  

l =  A , A .2. b V#:i �· (A , + A.2.f' ( 5 .  5 ) 

wi th  the subsc ri p t  " p" d eno ting  the proj ec ti l e .  
Each outgo ing wave packe t has a d i f fe rent  expec ta tion 

value o f  the kine t i c  energy , so  that i t  appears tha t i n  TDllF 
wave packe t s  for d i fferent  f-values  do no t i n terfere . Howeve r ,  
a t  t h e  e n d  of  the c oll i s i on the wave func tions are s trongly 
t ime-de pendent ,  so that  they have a c ons i de rable ene rgy s pread . 
Es tima t ing i ts s i z e  from the time  needed  to  break up the neck , 
which  i s  the dominant time-dependence , we arrive a t  a value 
o f  f = 20 MeV , ,1h i c h  is used in  al l furthe r cal cul a t i ons . 
( The  resul t s  d i d  no t s eem to be s ens i tive t o  thi s  parame ter , 
a t  any rate ) .  We thus spread the f ina l  s ta te in  ene rgy wi th 
a fnctor 

�l (E) (e R)-£ exp [- (E - Er m)'/2.r2] ( 5 . 6 ) 

The s em i-quan ta! reac t i on ampl i tud e now takes  the form 

( 5 . 7 ) 

i s  the probabi l i ty ampl i tude for the sys tem to emerge 
in thi s  channe l ,  e . g . in th l �  cuse  we are l ooking at d i rec t 
i nela s t i c  sca ttering and i f  fus i on i s  cons idered to be the 
only o ther  channel , then c; gives  the probab i l i ty .for .!!.2.!:.
fus.ing. 'l'hc  fus i on c ross  sec t i on i s  then gi ven by 

:� 1: (2 e t  1) (1 - c/)
' t ( 5 . 8 ) 



'fhe r.i c th od u s e d  to  d e  l e rmlnc the Ce i s  gi vcn i n  the nex t 
s e c t i on .  

6 . The Fu s i on Probohi l i tv

The 'I DITl� the o ry c ont n i ns n the rma l cxc i la t i on o f  the
nuc:- 1  C" cn l c  clc�)'C" C :,  of fre e d om hy n rnndom.i z n t i on of nuc l e on 
�o l i on v i a c o l l i s i on s  wi t h  t h e  mov ing wa l l s .  Ou r bas i c  
n s sum p t i on no,, i s  tha t n� i s  t h e rmal exc i ta t i on may l ead t o  
nuc l e on cnlporn t i o n  and tha t onc e n nuc l e on i s  evapora ted 
the: sy s t c m  has  I o �  t s o  tmc h  ene rgy t h a  l i t  wi  11  fus e . Im­
p l i c i t l y  i l  i s  a l s o  a s sm.1cd tha t nuc l e on  evapora t i on i s  the
d om i n3n t d e-exc i t a t i on proc c , s  dur i ng the c o l l i s i on ,  bu t 
t ha t shou l d  bt qu i t e �e l l  fu l fi l l ed .  

�e de fi ne the therGa l e �c rgy as  

( 6 . 1 )

I !e rc £ l- t  is t he ( c on s t an t )  e x pec ta t i on  va l ue of the  Ilam i l to­
n i an and Ec o l l i s  t he e ne rgy o f  c o l l ec t ive  mo t i o n  d e f i ned i n
an� l ogy w i t h  fl u i d dynn� i c s  

( 6 . 2 )  

j ( r , t )  i s  the t o ta l  l oc a l  f l ow o f  proba b i l i ty f o r  f i nd i ng a 
nuc ! c on , end p( r , t )  i s  t h e  probab i l i ty d cn; i ty f o r  nuc l e ons
( smH? a s  ( :.? . S ) ) .  The  " Fe n:i e n e rgy " E fc rmi f i na l ly gives  the
ene rgy c on U� i ned  in the  Fcrn1 i  01o t i ons o f  the nuc l e ons  for 
t he f;rouncl s t a t e . lie n pprox i mn t c  ! t  w i t h  a 'Thomas-Fe rm i -ex­
pre s s i on : 1 s ]  

..-
f 3 

[ ( >n I r--, I 2 1t:: {tr,., : = d r A p r) + B v' y p ( 6 . 3 )  

�here A i s  n nu�c ri c n l  c on s tan t and 8 i s  a d j u s t e d  s o  t ha t  a t  
t he b e ;; i nn i nf o f  t h e  e •) l l i s i on ,,e ge t E ti, = o .  

n�� :. J i c rr.r n J  c n c r;;y ob t a i ned  i n  t h i s  '1-t·a:r i s  thL: n i ns e r ted  
i n t o  an e x p re s s i on f •> r  the  C H\ iJO ra t i on ,d d t h o f  an e xc i t ed  
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nuc l eus  ( 19 )

� 3/y 
r(u) = c R t A - I c u- U,. )  -3L )  )('

A a. 'U- U. 

>( e x p [iva: (fu-u, - ru )] 
Here U0 ::: 8 McV i s  t he cvn110ra t i on thre s ho l d ,  c :: 0 . 01 5 3 ,
n = 1 . 2  ( l + ( A-- 1 ) :1 /3 ) ,  and U is  the sum o f  t.hermaJ  a n cl  ro ta.- · 
t i onal energy . TJ1c augu l ar momcn tu:i: d c pc n<l cnc c o !  lhc ,d d th  
as  given in  Re f .  19  was  found L o  be negl i gibl e .  S i nc e r d e­
pends on t ime vi n U ,  tllc t o ta l 1,robubi l i ly for c vupora t .i ni 
a nu�l e on during one c o l l i s ion i s  dc t c rw i nc d  by

t1 
I.- ct'L = I - e.xp [- � { dt 1'{11(0)] ( 6 . 5 ) 

c: gives  the probab i l i ty for s tnying i n  the d i rec t i ne l as t i c 
channel . Iden t i fy i ng 1 - c; wi th t.he probnh i l i ty f o r  fus i on 
i s  a fu r the r a ssump t i on tha l tnlt o s  evapora t i on l o  b e  the 
d ocinan t de c ay mode and assum e s  t ha t one e vapora t i on suffi c e s  
t. o  l e t  lhe sys tem fus e . 

'l'llc fus i on c ro s s  sec l i on i s  now gi Ye n by 

::: n: r (;. e t 1) (1- c: )
k( {:r. 

( 6 . 6 )  

7 . Re su l t s

In  t he fo l l owing w e  sha l l d 1 scuss  da tn ca l c u l a t e d  for t he
1 11N + 1 2c rcn c t i on a t  S ncv pe r nuc l e on i n  t he l nb sys tem .

F i g .  1 sh o,\·s the c l as s i c a l  d c f J cc t i on func t i on o b t a i ned 
from 'l'DJJF . One mny c l earl y d i sc e rn the  pu re C ou l omb sc a t t e r­
i ng above I. = 2S . F'o r  sma l l e r  f-,·n l tt c s  t h e  nn� l c bcc oi:i e s  
n e gn t i vc a n d  qu i t e  l n rac u round e = 1 5 ,  go i n g bac k grndun l l y 



to zero for  the near-c entral  c o l l i s i ons . 
F ig . 2 c ontains the angular-momentum de pendenc e of  the 

t o tal kine ti c  ene rgy l oss and the ampl i tude for remai ni ng 
i n  the d i rec t i ne l a s t i c  channe l as d i scussed in  se ction 6 .  
The energy l oss inc reases monotonously  for dec reasing l ,  
wi th the s te epe s t  part o f  the curve as soc iated wi th angu­
lar  momenta s l i gh t ly be l ow the grazi ng value . I t  i s  im­
portant to no te , however,  that the b i ggest  energy l oss 
occurs for the c entral  c o l l is ions , a l though these have a 
_re lat ively  short interac t i on t ime . The ampl i tude curve 
shows tha t  there is c ompl e te d ominanc e of fus i on only for the 
n orbi t i ng n angu l ar momenta . 

The fus i on c ross  sec t i on compu ted  from the se data is  
� = 856mb , in good  quan t i tat ive ,greement wi th the  expe ri­
mental value of 900 : 1 00 mb [ 1 6 ] .  

The doubly  d i f fe re n t ia l  c ross sec t i on d2rt/dQd£ is  pl o t ted  
in  a thre e-d imens i onal re pre sentation i n  Fig .  3 to show the 
struc ture more c l earl y ,  the curves have been cut o f f  a t  
400 mb/nev sr.  

The peak at  h igh energies  and smal l angles  ari ses  mainly 
from e-val ues above the o rb i ti ng value , whe reas  the l ow 
energy smal l angl e peak i s  caused  by the " feed- through"  
scattering at  sma l l  l .  Experimen tal l y ,  the energy l oss in  
thi s re gion is so  l arge tha t the  fragments canno t be  d i s t i n­
gu i shed from fus i on re s idue s .  Compari son wi th expe riment 
the re fore has to  c once n tra te on the hi gh-energy peak . By i n­
tegra t ing  the c ross  sec t i on from 50 MeV upward in  energy we 
ge t the angl e-dependenc e o f  the cross sec t i on for d i rec t 
ine las t ic sca t te ring , which  i s  compared t o  the expe rimental  
c ross  s�c t i on [ 1 3 ]  in Fig . 4 .  The  theo re t ical curve now shows 
an exponent ial  fal l-o f f  ns does the expe rimental one , bu t i t  
sti l l  conta ins pronounc ed osc i l l a t i ons a t  forward ang l e s  due 
to Fraunhofer  sca t t e ring .  Thi s  e f fec t may vani sh i f  we take 
the hi the r t o  ne g l ec ted d i s t ri bu t ion  of the fina l  spins or  the 
fragmen t s  i n t o  ac coun t .  The overa l l no rma l i za t i on of the 
theore t i c a l  curve is o f f  by abou t a fac tor  of three , bu t thi s  
tu rned o u t  t o  de pend s e ns i t i ve l y  on the prec i se va lues  o f  the 



fus i on probabi l i ty ,  s o  that one wi l l  have to be c ontent wi th 
the pre s en t  s i tuat i on until  a more ri gorous treatment has 
been devi sed for these . 

The dashed curve i n  Fi g .  4 shows the c ros s  sec t i on integrat­
ed in energy from O to  50 MeV ,  i . e .  for the sma l l  angular mo­
menta " feed- through" scat tering . No compari son to experimen t 
i s  poss ible  for thi s  curve a t  presen t .  

I n  order  t o  check the dependenc e o f  the resul t s  o n  the 
presence or absence of thi s  type o f  scat tering , we arti fi c i al­
ly  suppre s sed  i t  by s e t  t ing Ce :;0 for i 1 e s s  than the orbi ting 
value . The re sul t is shown i n  Fi g .  5 ,  The re is s t i l l  s ome re­
s idual c ross  sec ti on be tween O and 50 MeV ,  but i t  i s  l e s s  by 
more than a fac tor  o f  ten , I t  i s  i ntere s ting to note , however,  
tha t the d irec t ine lastic  £�oss  sec tion is affec ted only in 
the de t ai J s o f  the o sc i l l at ions at  l arger angl es , s o  that thi s 
type of measurement i s  no t sens i t ive to  such a c u t  o f f .  
The fus i on cross sec t i on i s  inc reased t o  about  1 035  m b  for 
thi s case and i s ·  thus somewha t l arger than the expe rimental 
val ue . 

8 . C onc lus ion

The resu l ts di scussed above show that the TDllF theory
c on tains many of  the fea ture s  ne eded for a fundamental  
descri p t i on o f  heavy- i on reac t i ons , bu t has s e ri ous  de fic ien­
c i es  as  we l l .  The varie ty o f  scat tering even ts  a t  d i f ferent  
impac t parame ters show the fl exibi l i ty o f  the  theory ,  and the 
subs tan t i�l ene rgy l osses  suffered in the co l l i s i ons appear 
to  ind i cate  that s ingl e-parti c l e  viscosi ty is indeed a s trong , 
and pos s ibly  the dominant , d i s s i pa t i ve mechani sm for heavy 
i ons at the energie s  cons i de red ( 1 7 ] .  The heuri s tic  s ol u t i ons 
we have pre sen ted for the center-of-mass  mo t i on and fus ion 
problems are ce rtainl y  no t de fini t i ve , bu t we hope tha t  they 
ind i ca te  the d i rec t i ons in wh ich  the theory wi l l  have to be 
expanded : The combina t i on of  TDHF wi th a ri go rous sca t t ering 
the ory i s  e s sen t i a l  t o  ob ta in  rc su l t s  wh ich  go beyond c l as s i­
ca l  behav i our .  In order to trea t fus i on ,  and in gene ra l  the 



pres enc e o f  d i s t inc t  channe l s ,  more real i s tical l y ,  ho�ever ,  
o n e  ,;1 1 1  haYe to  g o  beyond the s ingl e-Slater-dcterminant 
approx imn t i on .  Since thi s may des troy the one supreme attrac­
t i ve fea ture of  TDHF - name l y  i ts compu tabi l i ty - , one may 
have to  s tudy the se  gene ra l i za t i ons in one-dimensi onal 
s i tuat i ons . 
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Fi g . 3 :  The doubly  di f f e re n t ial  c ro s s  sec t i on .  
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Fi g .  5 : 

( d �:E)lob
[ mb/ MeV· sr) 

Same as Fi g .  3 ,  bu t w i th " feed- throu gh " sc� t t c ri n gsuppre s sed  ( see t ex t ) .  
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F i g .  6 :  Same as F i g .  4 ,  bu t wi th " feed- through" sca t tering 
suppressed . 

311 



312 

DISCUSSION 

A. Weiguny: I am a little surprised to see that with a discre­
tization length of 1 fm you can go up to 100 MeV in scattering 
energy. Resonating group calculations show that the ion - ion 
potential fluctuates considerably over a length of 0. 5 fm. 

J . A. Maruhn: The TDHF equations are very stable and tend to 
promote smoothness in the solutions , so that even at these e� 
nergies we do not need better spatial resolution. Remember al­
so that the nucleonic wave functions in the ground state have 
an internal energy that is much larger than the additional e­
nergy of translation. Numerically , of course , we have a very 
sensitive check - i:1' �be representation became inadequate ,  we
would lose e�ergy and norm very rapid�y. 

K. Goeke : ·· In the adiabatic time dependent Hartree-�ock theo-
ry one is interested in a special sort of TDHF trajectories 
i . e .  those , whose· time-even part is invariant against .a varia­
tion of the modulus of the initial velocity. Did you investi­
gate your trajectories in this sense and did you perhaps find 
those ATDHF trajectories? 

J . A. Maruhn : We did not specially investigate this problem ,
but it may be of interest in this connection to mention that
at lo� energies the trajectories seemed to scale very nicely
in the initial velocity, so that this may indicate the exis­
tence of such trajectories of the type you mentioned. 

u .  Nemeth : Can you calculate the cross-section for different
possible processes (for example branching ratios ) in your 
theory? One cannot calculate them in the case of the original 
TDHF equations . 

J .  A. Marubn : Our theory does not contain anything that would
make the decomposition of the final state into different mas­
ses , charges ,  etc . easier. than in pure TDHF , aside from the 
special problem of fusion. If we wanted t� compute ,  say, bran­
ching ratios into different masses we would still have to use 



the pure TDHF prediction based on the final wavefunction. 

R . W.  Hasse : My question concerns the use of Skyrme ' s inter­
action. One k:lows that Skyrme always gives too large a compres­
sibility. In your case it is two to three times larger than 
the commonly accepted value of K=l50-200 MeV . Your nuclei , hen­
c e ,  are too stiff which may affect the results drastically. 
Can you comment on that ? 

J .A .  Marubn : Ye did investigate this problem by doing a few 
calculations with a more general force including a p

;-term ,
which allowed us to vary the incompressibility. Ve. could go 
down to about 275 MeV and the results did not change drasti­
cally. Of course the scattering angl es and final energies chan­
ged somewhat , but no qualitative change in the cross-section 
was to be excepted from these . Naturally we cannot excl�de mo­
re drastic effects at very low incompressibilities but consi­
der them unlikely. 

K . Dietrich : As you have mentioned , TDHF contains an infor­
mation on · the mass-distribution. It also contains information
on other measurable quantities like the excitation energies
and the angular momenta of the outgoing fragments. The prob­
lem is just to extract this information from the Slater deter­
minant . Consequently, your cross-section should contain a di­
stribution of the system with respect to these final observa­
bl es . The simple classical cross-section formu�a you showed 
implies the additional assumption that all fluctuations of 
these observabl es are small . 

J . A .  �aruhn : I agree that we should try to get more informa­
tion on these additional quantities "bidden" in the TDHF final 
state .  lor the mass distribution it was shown that only very 
small spreads resulted but we do not know anything reliable 
about the other quantities.  However , there is the overriding 
proble� of whether TDHF should be expect ed to yield realistic 
� � : : :=ation on them - it may not be worthwhile to invest the 
� : : � =� if the results ·are of little interest . 
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By.Giraud: Concerning the question of Dietrich, the dit!i­
cul ty is , that when t � + oo , the TDHF determinant has not a 
stationary expansion into channels.  Therefore one should a­
verage with respect to time in order to define cross-sections .
And that time average is hard to define. 




