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1. Introduction

The time-dependent Hartree-Fock (TDHF) approximation to the
time development of an interacting many-body system (1] nas
recently been investigated in its application to nuclear
collisions. The progress from one-dimensional [2] to two -
dimensional [3], three-dimensional with axial symmetry [4-7]
and general three-dimensional [8] configurations studied was
surprisingly fast in view of the computational difficulties
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1nvoived. The astonishing flexibility present already in
one-dimensional collisions [2] stimulated the expectation
that TDHF might be a first step towards a really comprehen-
sive theory of heavy-ion reactions. Soon, however, it was
also recognized that TDHF is fraught with some serious in-
terior problems which may make its direct application to
experimental data difficult. The first direct comparison with
experiment [7] showed some encouraging features but also
serious qualitative disagreement, as will be discussed later *
in this paper. Therefore we use the results obtained from a
"pure" TDHF calculation of the 1%
basis for further investigations designed to overcome short-

N + 120 reaction as the

comings of the theory and leading to suggestions for further
development of TDHF itself. The comparison of our final re-
sults with experimentdl data shows satisfactory agreement
and thus demonstrates that TDHF does indeced provide a basic
first step towvards a more detailed thecory of heavy-ion
reactions.

2. Derivation of TDIF

One possible derivation of the TDHF equations, which is
particularly useful for understanding the underlying physical
ideas, starts from the equation for the one-particle density
matrix within the BBGKY [9] hierarchy:

th2 plrr)= -_{%1 @i -v") p(r.r')

s fatpe o rer) -0 e pOrsir ey (1)

Here the interaction between the particles was assumed to be
expressible as an interaction potential v(r-r'), and Pa)is
the two-particle density matrix, which can also be expressed
in terms of the one-particle density matrix and a two-par-

ticle correlation function g(2):

P (rresriet) = p(rr)eCirs) - plrr)plir) (2.2)
+ g% (nryriry)
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Inserting this expression in Eq. (2.1), one obtains

k2 plnr) - 0 (V3-72) plnr)
« [B0e)-TCplnr') (2.3)
- IdST" P(r,r")[v(r-r")-v(r’-r')}p(r,r')
+ d3'r”[v (r-r")- v(r-r")] cam(r, rsrr')

where < denotes the average potential,
o(r) = /dgr v(r-r”)p(r", r') (2.4)

On the right side of Eq. (2.3) the second term describes
scattering on the average potential, followed by the corres-
ponding exchange term, whereas the last expression denotes
residual two-body intz2ractions. In ordinary macroscopic fluid
dynamics this last term has its analogy in the collision term
of the Boltzmann cquation; it is responsible for damping
effects such as viscosity, whercas the potential scattering
is usually negligible for macroscopic fluids.

In nuclear collisions, on the other hand, the average
potential is strongly space- and time-dependent, while colli-
sions are inhibited by the Pauli principle, at least at low
energies.

It thus appears useful to study the approximation obtained
(2)z 0. This leads to the TDHF equation. For
practical calculations, however, we have to make two further

by assuming g

assumptions; 1) We use a zero-range density-dependent effective
interaction of the simplified Skyrme type [2,3], so that the
average potential becomes

- 2 .
G(r)=-aplr)+bpi(nr) (2.5)

a and b are determined such as to yield an equilibrium density
of .145 fm’3 and a binding energy of -15.85 MeV for nuclear
matter. The resulting incompressibility is 368 MeV.'

2) We assume a representation of F)(r, r') in terms of single -
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particle wave functions of the form

p(r,r') = ; n, ‘5(/;(,-) %*(r') 2.6)

with the occupation probabilities N, time-independent. This
is a slight generalization of the usual single-Slatcer--deter-
minant and allows partial occupation of orbitals in order
to, e.g., construct spherical initial states for 14N and

120 in a harmonic oscillator basis. The many-body systen is
then not in a pure state, but this does not have any draw-
backs, as all obsecrvables may be calculated via the density
matrices.

The ecquation which.is actually used in the model is thus
z 2
ik %'\P)(r,'().— - R_E‘_V ¥ (nt) -apt)y, ()
(2.7)
+ b P(r:t>z ‘(’,\(’/f)

with the total densilty
P("at) : Z n, Ip:(r;t)gﬁ(r,f) (2.8)
A .

There are as many equations (2.7) as there are N, differing
from zero.

3. Numerical Solution

The equations (2.7) are solved numerically by time-stepping
on a three-dimensional mesh. The integration in time is done
with a predictor-correcctor algorithm using the two steps
predictor: (3.1)

Y(etndt) = Y (t+(n-)at)+ At ; Pey @+ kat)

Corrector: (5.2)

¥ (t+qat) = Y (tr(G-00t)+ Atg CHY (e +w0t),

q; OHAR
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The quantities P: and C:",are purely numerical coefficients.
Practically we found an order n = 6 of the algorithm optimal
to achieve the accuracy discussed below at lowest cost.

The main problem in the calculation is the computation of
1& for each time, which is -made difficult by the unbounded
operator V' appearing in Eqs. (2.7). In order to avoid in-
stabilities, we consider the wave functions in momentum
space, which allows us to truncate undesirable high-momentum
components. In momentum space the TDHF equation becomes

w240 - B0« 230y @) (3.3)

with ¥(k) the Fourier transform of ¥(r). One may eliminate the
rapidly varying phase associated with the kinetic energy by
setting

W (ktle dy(kt) expl- 1 EX ¢] (3.4)

so that the equation (3.3) becomes

nE ¢ (ht) =

: (3.5)
| ? 1._.?(k-k')CP(k',‘f)exp[E;:(k‘—.k'z)tJ
Stability is further enhanced by truncating those components
of the wave function for which
Rk /2m > Euq (3.6)

For the collision energies considered, E ... = 125 MeV gave
sufficiently accurate results.

The entire calculation cannot, however, be carried out in
momentum space, because folding with the potential ¥ is too
time-consuming. Therefore we introduce a coordinate mesh

Pl (kdx,f-ﬂy,m-ﬂz) (3.7)
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and a corresponding momentum mesh

L s t

koot = 27 (T 2 Ty 7 s ) (3-8)
with Kre (. Nx; {s=l Ny; mt=1.R;.
Functions can be transformed back and forth via the finite
Fourier expansion, which can be done extremely rapidly using
the Fast-Fourier-Transform Algorithm (10, 11]. Thus the po-
tential operator is actually applied on the wave function in
coordinate space, where it is diagonal, and the result is
transformed back into momentum space.

In the calculation we put Ax = Ay = Az = 1 fm; N, = 16,
Ny = 24, Nz = 24 (thé x-axis perpendicular to the scattering
plane), and for a maximum stable timestep of 1.25 fm/c total
energy was conserved within 0.5 MeV and the sum of the norms
of the wave functions to within 10'3. The latter is a par-
ticularly stringent test as our algorithm is not explicitly
uniiary.

The symmetries assumed for the system were 1) quartet
symmetry, i.e. neglect of spin- and isospin differences;

2) Reflection symmetry about the scattering plane; and 3) (for
collisions with equal mass of projectile and target only)
inversion symmetry.

For the initial conditions we used harmonic oscillator
wave functions with the occupation of the 1 p shell such as
to produce spherical ground state density distributions. The
12C and 1“N distributions were set
10 fm apart, and the wave functions for the two clusters were

centers of mass of the

multiplied with the appropriate phase factors exp[zik;r ],
with the vector k,depbnﬂing on the energy and impact para-~
meter.

The calculation also contained the Coulomb interaction,
which for simplicity was suppressed for the discussion in
chapter 2. The exchange contribution had to be neglected,
however. For large impact parameters in the pure Coulomb
scattering regime we could reproduce the scattering anglecx

"within 1%.



4. Results of Pure TDHF

The results of the pure TDHF theory as discussed up to
now show the complete development of the wave functions
during the collision. Each collision is determined complete-
ly by the incident energy and impact parameter. Since details
of their time dependence will be shown later in this confe-
rence {12], only an overview of the results will be given
here.

For a light system like 1QN + 120 we may distinguish rough-
ly four different types of scattering occurring for different
ranges of the impact parameter. At very large impact parame-
ters, outside the range of nuclear forces, we get only Cou-
lomb scattering. In the next smaller range the trajectories
are bent back by nuclear forces. There then is a small range
of impact parameters for which thé attractive and repulsive
forces balance such as to let the two nuclei orbit around
each other for an extended period, i.e. for one or even
several revolutions. Finally for small impact parameters
around the central collisions the nuclei come out of the
interaction at 0° (because of antisymmetry, no statement can
be made about whether the nucleons or clusters really "pass
through"™ or are exchanged, however, in asymmetric collisions
the nucleus ejected in the forward direction has an average
mass quite close to that of the projectile, so that in this
sense one may speak of the projectile "passing through" the
target).

The final kinetic energy of the two fragments can be de-
termined from the translational motion of .their centers-of -
mass in the final state, and this may be extrapolated to in-
finity with a Coulomb trajectory, in the same way as the
initial is propagated to a distance of 10 fm from infinity.

Although the interaction of the two nuclei, which gives
rise to the final state, is a very complicated quantum-mecha-
nical process, the final state itself can be used only in a
classical scattering formalism. The reason is that the center -
of-mass of each nucleus is not free, but is also bound with
roughly constant localization, so that asymptotically the
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uncertainty in angle goes to zero and there are no inter-
ference effects. Thus the only information to be obtained
classically are the final scattering angle GQ and final
kinetic energy Ef as functions of the incident energy Ei
and impact parameter b.

For fixed Ei the differential cross section may be cal-
culated from the classical formula

de _ 1L J(Eos@

de 2 d(b*) (4.1)

Evaluations using this formula were done by V. Maruhn-Rezwani
et al. [7]. Although these were based on an axially-symmetric
TDHF calculation, tne differences to our results should only
be quantitative. The result is a cross section that decreases
as sin'1Ck for small angles, in contrast to the experimentally
observed exponential deccrease T13],

Another severe difference to experiment is the low proba-
bility for fusion in TDHF, if fusion is defined by a very
long lifetime of the compound system with respect to break -
up. The main deexcitation process leading to fusion, namely
particle evaporation, has not been seen in TDHF calculations
yet. A simple solution consists of selecting a time limit
that indicates the reliability of TDHF; if the compound system
lives longer, it is assumed, decay processes such as evapo-
ration, which are not included in the calculation, will take
over and allow it to settle down [7, 12]. Since this ‘method
defines the fusion cross section uniquely only if there is a
very abrupt change in interaction time as a function of im-
pact parameter, a more detailed treatment is clearly required.
In the next two sections we shall give a simple heuristic
procedure to correct both,fusion and center-of-mass problem.
It should be stated clearly, however, that these additions
are not part of pure TDHF.

The possibly most severe problem associated with TDHF, viz.
the unrealistic description of the outgoing channels and their
spurious interactions, is not treated in this paper. It is not

believed to be detrimental to the present calculations, as for
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these light systems the mass spreads were found to be quite
small (42 mass units), and this should be indicative of

other quantum numbers as well.

5. The Scattering Amplitude

The unrealistic description of the center-of-mass motion
of the fragments in TDHF suggests supplementing the TDIIF
calculation by using the TDHF results only during the inter-
action itself and replacing the motion of the separated frag-

"ments with that of free wave packets. During the short inter-
action timec the lack of spreading should not be severe unless
we are dealing with very low energies.

Thus we assume that the incoming wave can be expanded in
TDHF wave packets centercd around an impact parameter b
(other quantum numbers suppressed):

#/‘." P ; C‘lgin (5.1)

The wave packet \k is then propagated in time by the rules
of TDHF and will reach a final state

W= f(0) ™ (5.2)

t
where 4?“ is an outgoing wave packet and fb(e) a function
peaked around 0= Ck(b) . The scattering amplitude will then
be given by

flr- 2 ¢ fu (o) (5.3)

The preceeding discussion is only a sketch of a mathematical
treatment of the problem. The steps are by no means proved nor
will it be easy to do so, as the TDHF equations are nonlinear
and the superposition principle thus does not hold for TDHF
wave packets, '

However, it appears physically reasonable that a theory
along these lines could be constructed. For the present we
take recourse to a result of semiquantal scattering
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theory [14, 15], which expresses the phase shifts directly

in terms of the deflection function
- -

§, = —él.([.'. 05 (¢)de (5.4)

2
The angular momentum is related to the impact parameter via

t= A A b2 E (a+a)” (55)

with the subscript "p" denoting the projectile.

Each outgoing wave packet has a different expectation
value of the kinetic energy, so that it appears that in TDIIF
wave packets for different P-values do not interfere. However,
at the end of the collision the wave functions are strongly
time~dependent, so that they have a considerable energy spread.
Estimating its size from the time needed to brecak up the neck,
which is the dominant time-dependence, we arrive at a value
of [ = 20 MeV, which is used in all further calculations. '
(The results did not seem to be sensitive to this parameter,
at any rate). We thus spread the final state in energy with
a factor

9. (€) = (PVw) *exp[- (€ Er (1)) */2r?] (5.6)

The semi~quantal reaction amplitude now takes the form

f(e)., _31-._ !Z (2:*') gc (E)Cz e‘z‘a-g Pc (CO-SG) (5-7)

is the probability amplitude for the system to emerge
in this channel, e.g. in this case we are looking at direct
inelastic scattering and if fusion is considered to be the
only other channel, then Cf gives the probability for not
fusing. The fusion cross scction is then given by

Cpsion = 'Ef-? (2e¢1) (1-¢7) (5.8)



The method used to determine the C(, is given in the next
section.

6. The Fusion Probability

The TDII® thecory contains a thermal excitation of the
nueleenie degrees of freedom by a randomization of nucleon
niotion via collisions with the moving walls. Our basic
assunaption now is that this thermal excitation may lcad to
nucleon cvaporation and that ouce a nucleon is evaporated
the systes has lost so much energy that it will fuse. Im-
plicitly it is also assuiied that nucleon evaporation is the
dominant de-excitation process during the collision, but
that should bc quite well fulfilled,.

we definc the therzal encrgy as

Eﬂl ({): Eést - Eca({ (t) - -é:(em.‘ (f) (6.1)

llere E4, is the (constant) expectation value of the Hamilto-
nian and Ecoll is the encrgy of collcetive motion defined in
ani:lozy with fluid dynamics

Eoutt):= jtmfdu‘”jz(ﬁﬁ)/P(r,f) (6.2)

j(r,t) is the total local flow of probability for finding a
nucleon, andp(r, t) is the probability density for nucleons

(sawe as (2.%)). The "Fermi encrgy” finally gives the

E
fermi

cnergy conlained in the Fermi motions of the nuclcons for
the ground state. We approximate It with a Thomas-Fermi-ex-

pression _1S]
Efermi = [dr[Ap(r)” + B|VYEI ] (6.5)

wvhere A is a numerical constant and B is adjusted so that at
the bezinning of the collision we get Ey = 0.
fie therwial cnergy obtained in this way is then inserted

into an expression for (he evaporation width of an excited

301
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nuclcus [19]

M- cR® Azl (i) ("
x exp[:?.\/z(ﬁf-—tf- ﬁf)]

Here U ~ 8 MeV is the cvaporation threshold, ¢ = 0.0153,
R=1.2 (1+(A-1) /3), and U is the sum of thermal and rota- -
tional energy. The angular momentws depcndence of the width

(6.4)

as given in Ref. 19 was found to be negligible. Since r de-
pends on time via U, the total probability for cvaporating
a nucleon during onc collision is deteruined by

t
(-¢;= 1- éxp[— -,‘f_—ft e I—'(ZI({))] (6.5)

C: gives the probability for staying in the dircet inelastic
channel. Identifying 1 - Cf with the probability for fusion
is a further aséumption that takes evaporation to be the
doninant decay mode and assumes that onc evaporation suffices
to let the system fuse.

The fusion cross section is now given by

Epusion = kzé (aee1)(1- (e (6.6)

7. Results

In the following we shall Jdiscuss data calculated for the
th + 120 rcaction at S McV per nucleon in the lab system.

Fig. 1 shows the classical deflection function obtained
from TDHF. Onc may clearly discern the purc Coulomb scatter-
ing above £ = 2S. For smaller f-values the anglc becoues

nezative and quite large around € = 15, going back gradually



to zero for the near-central collisions.

Fig. 2 contains the angular-momentum dependence of the
total kinetic energy loss and the amplitude for remaining
in the direct inelastic channel as discussed in section 6.
The energy loss increases monotonously for decreasing 14 ,
with the steepest part of the curve associated with angu-
lar momenta slightly below the grazing value. It is im-
portant to note, however, that the biggest energy loss
occurs for the central collisions, although these have a
relatively short interaction time. The amplitude curve
shows that there is complete dominance of fusion only for the
"orbiting™ angular momenta.

The fusion cross section computed from these data is
6 = 856mb , in good quantitative agreement with the experi-
mental value of 900= 100 mb [16].

The doubly differential cross section d’¢/dfldE is plotted
in a three-dimensional representation in Fig. 3 to show the
structure more clearly, the curves have been cut off at
400 mb/MeV sr.

The peak at high energies and small angles arises mainly
from f-values above the orbiting value, whereas the low
energy small angle peak is caused by the "feed-through"
scattering at small ¢ . Experimentally, the energy loss in
this region is so large that the fragments cannot be distin-
guished from fusion residues. Comparison with experiment
therefore has to concentrate on the high-energy peak. By in-
tegrating ihe cross section from 50 MeV upward in energy we
get the angle-dependehce of the cross section for direct
inelastic scattering, which is compared to the experimental
cross section [13] in Fig. 4. The theoretical curve now shows
an exponential fall-off as does the experimental one, but it
still contains pronounced oscillations at forward angles due
to Fraunhofer scattering. This effect may vanish if we take
the hitherto neglected distribution of the final spins of the
fragments into account. The overall normalization of the
theoretical curve is off by about a factor of three, but this
turned out to depend sensitively on the precise values of the

303
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fusion probability, so that one will have to be content with
the present situation until a more rigorous treatment has
been devised for these.

The dashed curve in Fig. 4 shows the cross section integrat-
ed in energy from O to 50 MeV, i.e. for the small angular mo-
menta "feed-through" scattering. No comparison to experiment
is possible for this curve at present.

In ordex to check the dependence of the results on the
presence or absence of this type of scattering, we artificial-
ly suppressed it by setting (,=0 for ¢ less than the orbiting
value. The result is shown in Fig. 5. There is still some re-
sidual cross section between O and 50 MeV, but it is less by
more than a factor of ten., It is interesting to note, however,
that the direct inelastic cross section is affected only in
the details of the oscillations at larger angles, so that this
type of measurcment is not sensitive to such a cut off.

The fusion cross section is increased to about 1055 mb for
this case and is" thus somewhat larger than the experimental
value.

8. Conclusion

The results discussed above show that the TDHF theory
contains many of the features needed for a fundamental
description of heavy-ion reactions, but has scrious deficien-
cies as well. The variety of scattering events at different
impact parameters show the flexibility of the theory, and the
substantial energy losses suffered in the collisions appear
to indicate that single-particle viscosity is indeed a strong,
and possibly the dominant, dissipative mechanism for heavy
ions at the energies considered [17]. The heuristic solutions
we have presented for the center-of-mass motion and fusion
problems are certainly not definitive, but we hope that they
indicate the directions in which the theory will have to be
expanded: The combination of TDHF with a rigorous scattering
theory is essential to obtain results which go bevond classi-
cal behaviour. In order to treat fusion, and in general the
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presence of distinct channels, more realistically, however,
onc will have to go beyond the single-Slater-dcterminant
approximation. Since this may destroy the one supreme attrac-
tive featurc of TDHF - namely its computability -, one méy
have to study these generalizations in one-dimensional
situations.
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DISCUSSION

A. Weiguny: I am a little surprised to see that with a discre-
tization length of 1 fm you can go up to 100 MeV in scattering
energy. Resonating group calculations show that the ion - ion
potential fluctuates considerably over a length of 0.5 fm.

J.A. Maruhn: The TDHF equations are very stable and tend to
promote smoothness in the solutions, so that even at these e-
nergies we do not need better spatial resolution. Remember al-
so that the nucleonic wave functions in the ground state have
an internal energy that is much larger than the additional e-
nergy of translation. Numerically, of course, we have a very
sensitive check - if the representation became inadequate, we
would lose energy and norm very rapidly.

E. Goeke: "In the adiabatic time dependent Hartree-Fock theo-
ry one is interested in a special sort of TDHF trajectories
i.e. those, whose time-even part is invariant against .a varia-
tion of the modulus of the initial velocity. Did you investi-
gate your trajectories in this sense and did you perhaps find
those ATDHF trajectories?

J.A. Maruhn: We did not specially investigate this problem,
but it may be of interest in this connection to mention that
at low energies the trajectories seemed to scale very nicely
in the initial velocity, so that this may indicate the exis-
tence of such trajectories of the type you mentioned.

v. Németh: Can you calculate the cross-section for different
possible processes (for exarple branching ratios) in your
theory? One cannot calculate them in the case of the original
TDHF equations.

J. A. Maruhn: Our theory does not contain anything that would
make thé'decomposition of the final state into different mas-
ses, charges, etc. easier than in pure TDHF, aside from the
special problem of fusion. If we wanted to compute, say, bran-
ching ratios into different masses we would still have to use



the pure TDHF prediction based on the final wavefunction.

R.W. Hasse: My question concerns the use of Skyrme's inter-
action. One knows that Skyrme always gives too large a compres-
sibility. In your case it is two to three times larger than

the commonly accepted value of K=150-200 MeV. Your nuclei, hen-
ce, are too stiff which may affect the results drastically.

Can you comment on that?

J.A. Maruhn: We did investigate this problem by doing a few
calculations with a more general force including a @“-term,
which allowed us to vary the incompressibility. We. could go
down to about 275 MeV and the results did not change drasti-
cally. Of course the scattering angles and final energies chan-
ged somewhat, but no qualitative change in the cress-section
was to be excepted from these. Naturally we cannot exclude mo-
re drastic effects at very low incompressibilities but consi-
der them unlikely.

K. Dietrich: 4s you have mentioned, TDHF contains an infor-
mation on' the mass-distribution. It also contains information
on other measurable quantities like the excitation energies
and the angular momenta of the outgoing fragments. The prob-
lem is Jjust to extract this information from the Slater deter-
minant. Consequently, your cross-section should contain a di-
stribution of the system with respect to these final observa-
bles. The simple classical cross-section formula you showed
implies the additional assumption that all fluctuations of
these observables are small.

J.A. Maruhn: I agree that we should try to get more informa-
tion on these additional quantities "hidden" in the TDHF final
state. For the mass distribution it was shown that only very
small spreads resulted but we do not know anything reliable
about the other quantities. However, there is the overriding
problen of whether TDHF should be expected to yield realistic
izY:zzation on them - it may not be worthwhile to invest the
-72~c5 if the results -are of little interest.
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BGGiraud: Concerning the question of Dietrich, the diffi-
culty is, that when t-» +02 , the TDHF determinant has not a
stationary expansion into channels. Therefore one should a-
verage with respect to time in order to define cross-sections.
And that time average is hard to define.





