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1 . Introduction

Adiabatic Time Dependent Hartree-Fock Theory 

K. Goeke�nd P .-G . Reinhard ..

Many sorts of l arge ampl i tude col l ecti ve phenomena have the very cha­

racteri stics , that there are certa i n  c l ass ical parameters q1 ( t ) ,  whose evo­

l ution in time is i ntimately connected wi th the time evol ution of the total 

A-body system duri ng the col l ective process .  Typical parameters of thi s

sort are e . g .  necking and elongation i n  case o f  fi ssion , 'the d i stance of

the ions in a heavy ion reaction , the mul ti pol e moment in a mul t i pol e v i­

bration. Al ready i h  the early days of nucl ear physics  thi s  feature gav� ri se

to theories which tri ed to descri be those processes by means of a col l ective

Schrod inger equation . Thi s  concept i s  obviously based on the . assumption that

the col l ecti ve degrees of freedom are i n  some way descri bable by the· para-·

meters qi and that they are to some extent decoupl ed from the other , i . e .  

intri ns ic degrees o f  freedom . 

In an actual microscopi c  cal cul a ti on one usual l y  proceeds i n  four steps : 

( For s impl ic i ty we wi l l  assume only one q ( t) )  

1 ) One guesses a co 1 1  ec ti v e  path . Th i s  i s  unders.tood to be a set of

time i ndependent A-body wave functions l q> characteri zed by q as parameter . 

Typical choices are Sl ater determi nants composed · out of s ingl e particl e 

functions of a parametri zed Saxon-Woods potentia l . Another poss i bi l i ty con-
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s i sts i n  the use of CHF techniques . For smal l col l id ing systems often d i s­

pl aced Gaussians or harmonic  osci l l ator functions are used . 

2) Usi ng J q> one cal cul ates a potential energy surface as expectation

val ue of the total Hami l tonian, assuming an appropriate two body i nter­

action :  

V (q )  = <q J H l q> ( 1 )  

3 ) Al ong the col l ecti ve path l q> one cal cul a tes the col l ecti ve mass

M(q ) . There are various  microscopic descriptions i n  the l i tera ture , e . g .  the 

cranki ng model , the approach of Thoul ess and Val at i n ,  the generator coordi ­

nate method , or the adiabatic t ime dependent Hartree-Fock approach i n  the 

way formul a ted by Bri nk ,  Giannoni and Veneroni .  Wi th the mass .Al and 

the col l ective potential 'V'one wri tes then down a cl assical col l ective 

Hami l tonian for the considered motion 

where p =.)((q )  q .  

( 2 ) 

4 ) The l ast step consi sts in quanti z i ng eq . ( 2 ) , often j ust by repl acing

p + - id/dq , which g ives then a col l ecti ve Schrodi nger equation .

Such a procedure conta ins several i nconsi stencies :  a )  There i s  a great

deal of arbi trariness i n  guess i ng the col l ective path . The cho ices suggested 

by no means guarantee that a long the path the col l ective and intri nsic de­

grees of freedom are decoupl ed such that they a l l ow a separate treatment of 

the col l ecti ve channel . Hence it is des irable to have a theory which deter­

mi nes the col l ective path by mak ing expl ic itly use of such a decoupl i ng con­

di tion , rather than guess ing the path . b} Col l ecti ve mass and col l ective 

path shoul d  not be detenni ned by d i fferent model s si nce they are c losely 



rel ated to each other. The dynamics of the movi ng system de�enni nes both 

quanti ties  simultaneously and the col l ective path i s  certa i nly  i nfl uenced 

by the variation of the mass al ong the path and al so of the col l ective po­

tentia l  a l ong the path . Hence one shou l d have a system of coupl ed equations 

whi ch detennine s imul taneously the path and the mass . c) The thi rd i ncon­

s i stency i s  rel ated to the quanti zation procedure . Certai nly  p 4 - id/dq i s  

too naive s i nce one knows that i t  i s  wrong . Hence one woul d l i ke to have a 

cl ear prescri ption how to quantize He wi thout ambigu i ties .  The GCM and RGM, 

of course, have no probl ems in deriving the Schrodinger equation ,  s i nce they 

are quantized theories from the beg inning .  So one coul d  use the col l ective 

path d i rectly i n  GCM and RGM wi thout cal cu lati ng expl i c itl y  a col l ecti ve 

mass and wi thout botheri ng about a quanti zation . However we do not know i f  

such a procedure i s  correct s i nce the exampl e  o f  uni form transl ation tel l s  

us that the mass of GCM mi ght not be always correct .  We remember that such 

consi derations l ed to the i ntroduction of the doubl e p·rojection method . 

Hence i t  i s  desi rab le  to have a theory, which 

1) sel ects by i tsel f the rel evant col l ecti ve degrees of freedom, i . e .

determines the col l ective path rather than guess ing i t

2 ) cal cul ates consi stently wi th the path a col l e�tive mass.JC.(q)  and a,

col l ective potenti al ?t{q)  l eadi ng to a cl ass i ca l  Hami l toni an (adia­

batic )
2 

H = _e_:_ + 'll{ q )  C 2J(( q)  

3) quanti zes unambiguousl y the cl assi cal Hc i n  order to obta i n  a quantum­

mechani cal He wi th

d 1 d He = - aq "'2f,f(qj' aq + V ( q )

4) provid.es a c lear i nterpretation of the col l ective wave function by 

cal cul ati ng matri x  el ements of obserabl es
1 
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We wi l l  see that one can formulate such a theory1 ) i f  one restricts onesel f

to col l ecti ve paths cons i sting out of Sl ater-determi nants . The corrsponding 

equations of motion are the TDHF equations whi ch wi l l  be used i n  thei r 

adiabatic l imi t .  Further detai l s  of the model wi l l  be found in ref . 1 ) . 

2 .  The ATDHF-theory 

The TDHF approach i s  essential ly characteri zed by the equation , al l 

i nvol ving the s ingle particle densi ty matrix p :  

i p = [W , p] W = T + Tr v p 

2 + p = p = p Tr p = A A = o 

E = Tr Tp + i Tr Tr p v p f = 0 

For an adi abati c formul ation of TDHF we perform an expans ion 

about the (yet · unknown ) col l ective path :

( 1 , 2 ) 

( 3 ) 

(4 )  

( 5 ) 

(6 ) 

The first order correction shoul d come from the vel oci ty and i s  assumed to 

have the structure 

If one i serts expans ion (5 ) i nto E of eq . (4 ) one obtains eventual ly a 

kinetic energy 

and a potential  energy 

( 7 )  

(8 )  

( 9 )



whose sum i s  a cl ass ical Hami l toni an wi th p = J({q )  q ,

2 
E = �c (q , p )  = � + V{q)

By means of  the equati ons of  motion to be  deri ved , one can wri te 

The essential question i s  now, how one can obta in  p
0 (q)  and p1 {q ) , both 

( 10) 

( 1 1 )  

quantiti es bei ng essentia l  for the dynamics . In  order to  perform a pertur-

bation expansion of the TDHF equations we wri te 

( 12) 

where the F j s  i ntroduced sol ely on the ground for conveni ence , namely to 

have the deri ved p
0 

as ei genvol ution of H
0

. F i s unknown and has to be deter­

mi ned . One obta i ns now a h ierarchy of equations : 

:: i p 0 

•O
a: q 

• l
a: q 

( 13a ) 

{ 13b) 

( 13c) 

Eq .  ( 13)  are yet only a rewri ting of TDHF , not yet equations to derive a 

path . For the fol l owi ng one has to cl ear an essential  co�cepti onal poi nt :  

We are i nterested in  ATOHF a s  a tool to derive a col l ecti ve Hami l tonian He 

from i t . Thi s one , of course, shou ld  be the same for a range of energi es of 

the col l ective states . Thi s means the He descri bi ng e . g .  a zero phonon state 

and the He descri b ing the two phonon state shoul d be identical , otherwi se 

there woul d be a strong coupl i ng between intri nsic and col l ective motion and 

the concept of a col l ective Hami l tonian would break down. Thi s  has as  conse­

quence , that only those TDHF trajectories p ( t ) can be used to extract the 
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col l ective path p0 , which are stabl e  aga inst a variation of the i ni tia l  

energy, or equival ently in  the col l ective channel , a variation of q .  Hence , 

we must treat q as a free parameter ,  and then our equations are bound to 

cal cul a te us the col l ecti ve path . 

Wi th q a s  free parameter eq·. ( 13c) spl i ts i nto two equations which have 

to be ful fi l l ed independently, vi z .  a contribution from q0 terms , which 

detenni nes together with eqs . ( 13a , l�b) the p0 and Pl 

( 14 )  

and a second order equation , �hich determi nes the p-h elements o f  p2 . These 

el ements shoul d  be smal l ,  if the approach i s  val id , and hence the fol l owi ng 

eq . ( 15)  can be used as cri terion for the val idi ty2 ) of ATDHF 

( 15 )  

After i ntroduci ng the operator Q by F = AQ and A =  aQ/ aq one obta ins after 

some formal bperations the final set of equations , wh ich determi nes simul ­

taneously p0 ( q ) , p1 ( q ) , .J({q ) and together wi th eq . ( 9)  al so V'{q) : 

(W0,ii1] + [R1 ,PJ = i a P/ aq 

J{{q) = i Tr f [P0
,P1] a P/aq}

The Q has the remarkabl e property 

p ( qp ) = p O ( q} + i p [Q, p oJ
One al so can i ntroduce an operator P by 

( 16a ) 

( 16b) 

( 16c ) 

( 16d) 

( 1 7 )



· ( 18 )

whi ch is  weakly conjugate to Q: 

( 19) 

The equations ( 16 )  can be sol ved in d ifferent ways 1 > , the eas iest of them 

wi l l  be described here : Suppose one starts wi th an i ni ti a l  guess for the 

CHF-operator Q . Then one can detennine p0 by sol vi ng eq . ( 16a ) and pl by 

sol v ing eq . ( 16b ) . The mass can be eval uated readi l y, eq . ( 16c ) ,  and al so 

a new 0, eq . ( 16d ) . Thi s  new Q may be. i nserted i nto eq . ( 16a ) i n  order to 

obtai n  a new p0 (q ) , etc . _unti l convergence . 

3 . The quanti zation

For the quanti zation we can expl o id  the fact ,  that by assumption there

exi sts a canoni c�l transformation from the . JA particl e coordi nates to i n­

tri ns ic  ones ,  ti ' and a col l ect ive one , Q .  Hence the total energy, bei ng 

i dentical wi th the cl assical  Hami l toni an 

2 
1ec( p , q) = � + 7/{ q) = E ( 20 )  

can be  written as  

( 21 ) 

The col l ective Hami l tonian He i s  now defi ned as that quant ity ,  whi ch remains 

i n  eq . ( 21 ) after averagi ng over al l t i 

( 22 )  

wi th P :  - i d/dQ . The wave packets <Q l pq> and the He i s  sti l l  to be deter­

mi ned . We assume He to be a l ocal d i fferential operator o'f 2nd order, then , 



s i nce ( 22 )  must· be val id for any val ue of q and p

<Q l pq> = exp( i pQ) <Q l q> ( 23 )  

The <Q l q> can be  detennined now in the fol lowing way: The rol e  of Q in the 

one dimensi onal Q-space, i .e .  

<Q l pq>Q � ( 1  + ipQ) <Q j q>

and that of Q in the 3A-dimensional space 

i s  obviously identical . Hence we are goi ng to identify the moments 

( 24 )  

( 25 )  

( 26 )  

which provides some information about <Q l q> . Thi s ,  however, i s  sufficient 

to defold the classical 'tee , if we assume Gauss ian l i ke wave packet 

wi th 

[ 1 2 <Q l q> � exp - :-:-:z (Q-q )  J
46Q 

For sufficiently smal l t1Q2 one obtains for a He of the form

d l d He = - aq '2RfciT aq + _V(q)

the relations 

M(q) = .Al(q)  

V(q)� = V{q) - 4 vu (q) - :-!.-:z - i ( 1/)() n 

BhQ 

The assumed structure· of the kinetic operator i n  eq . ( 29 ) i s  by no means 

( 27 ) . 

( 28) 

( 29 )  

( 30) 

(31 )



necessary ,  one can assume any other structure . The resul t ing col l ective 

Hami l tonian, however, after the defo ld ing procedure i s  identica l  to eqs .  

{ 29 , 31 ) . Thi s means , nei ther the k inetic operator nor the col l ective poten­

tial  are uni quely determi ned, but only the sum, i .e .  the total col l ective 

Hami l tonian . The resul t i s  identi cal to the one obtai ned by the GCM wi th 

GOA, al though the masses M are di fferent . Thi s  di fference wi l l  be the 

�ubject of a di fferent tal k3 > . The l ogical scheme of the present quantiza­

tion1 > can be exposed in the fol l owing way: 

(Asau11e ) g i v e n  

i11u:oduce wave 
packet  

c: l a s a i c a l  
!laoi l ton i a n  

t r a c e  C o l d ing teri:as 

iden t i f y  t h e  
1:1011ent s 

unfold 

A-SPACE

cq , p l ii : q , p •
,. 

LIHKS 

• � ( q , p >  I • - C 

I_ 

l 

Q-SPACE 

He • : P 2 k : • V ( Q ) j

< Q l p . q> 

< q , p ! Hc l q , p >Q 
2 !\r I Tij • V • -y- V"+-,:-2 + • • • 

8M6Q 

<q i (Q -q ) 2 l q >Q 

V • 1' - � 1'" • _I _ 
T at.Q 2

t( 

Thi s  scheme can obv iously be appl ied to any other operator in A-space : 

Suppose we are i nterested i n.  the matri x elements of an operator O ( x1 • • •  xa) 

between col l ective wave functions , i . e .  the ei genfunctions of He . Then we 

cal cul ate a> ( q )  = <q i D l q>A and construct from i t  the col l ective operator 
2 

Dc( q )  = .ll( q )  - 4 Zi" (q ) . The matrix el ements of D are now
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D = f ,(f )• (q )  D ( q )  , ( i ) ( q )  dq i f  C C C 

Hence al together we have a compl ete mapping of the A-space i nto the one­

dimensi onal col l ective Q-space . 

( 32 ) 

I t  shoul d be poi nted out, that the prescri bed quanti zation procedure 

i s  by no means restricted to Sl ater-determinants . Any theory, which i s  abl e 

to provide .J{(q) , V(q)  and AQ can be quanti zed i n  thi s  way. The effect of 

the tenns E.(q )  = V (q )  - V'(q )  in the col l ecti ve potential is by no means 

negl ig ibl e .  These zero poi nt corrections l ower the col l ective potential 

such that the l owest e igensolution of He l ies bel ow the ground state HF 

energy. The E(q) al so change the shape of the potential , which i n  case of 

fission i ng nucl e i , l owers sometimes the second barri er by more than 2 MeV 

wh i ch reduces the l i fetimes by a factor 10-6 . 
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DISCUSSION 

H. Hofmann : To my feeling the quantization procedure you de­
scibed is unique at most up to additive functions or Q whose
average over Q vanish. 

K. G.22ke : You are right !




