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1. Introduction. - In thi� l�cLur� we shall concern ourselves with

the consequence of the indistinguishability of nucleons on the transition 

amplitude for nuclear collisions. In particular, we shall only discuss 

the analyses of exchange effects in the framework of distorted wave Born 

approximation (DWBA) . The role of exchange effects in nucleon-nucleus

collisions and in the collisions of light ions (tritons, alpha) on nuclei

has been discussed extensively in the literature1) . But it is only with 

the advent of heavier projectiles (6Li, 1 6o) that these effects have taken

on a more important role. 

In the collisions of nuclei of comparable sizes, the differential 

cross sections often exhibit a structure that is indicative of two differ­

ent coherent reaction mechanisms contributing to the reaction. This has 

been interpreted as due to the interference between the direct reaction 

and an exchange reaction where a nucleon (or nucleons) is exchanged between 

the colliding partners. The exchange effects have been treated by the use 
2> d' 3> h h . h f of resonating group or generator coor inate , met ods w erein t e ull 

antisymmetry of the problem is exploited, or by the method of molecular 

orbitals4) or DWBAS) where specific exchange p;ocesses are included and 

the other ignored. 

The DWBA is only applicable if the transition is predominantly a 

one-step transition. In the case where the exchange reaction involves an 

exchange of more than one nucleon, a cluster approximation is usually made 

because of the difficulties of performing a microscopic transfer calcula-
5) tion in DWBA. The predictions of DWBA have been compared with the pre-

dictions of LCN04) in a few cases. We shall pri�arily review the D�BA 

approach. 

2. Formalism. - Consider the reaction

A + A -+b + B  

whf�. contains n nucleons, A contains N-n nuc, �·-=··_c;, b cc,:-,1 .111::; m m.•1·1 � , .



3P.0 

and s cdntains (N-m) nucleons. If n ::::r m, it refers to "direct" elastic 

scattering and if n = N-m, it is "exchange" elastic scattering. The 

initial asymptotic state 1�1> and the final asymptotic state ltf> are de­

fined by 

(2,r)-3/2 exp(ik ,� ) lg (l• ••n)g (n+l• ••N)>a aA a A (2.la) 

I t>= (2,r)�3/2 exp(ik. ,� ) la. (l• .. m)g (m+l•••N)> (2.lb) f - -o bB -c B 

where gA(t) define the internal states of the nucleus A. The symmetrized

total wavefunction of the system is defined by 

where it is assumed that the internal states of a and A have been anti- -

symmetrized with respe:t to their constituent nucleons. Ni is the number

of permutation operations P which exchange nucleons between a and A, 

N = N! 
i �! (N-n) ! (2.2b) 

and 6
P 

is the parity of P. The unsymmetrized total wavefunction l'i'�
+)> is

a solution of the integral equation 

(2.2c) 

where B01 is the initial asymptotic Hamiltonian and V
aA 

is the interaction

between the nuclei a and A. 

'!he exact transition amplitude is evaluated by first calculating the 

amplitude for a transition to a final channel where the N nucleons are dis­

tributed among a,set of m and (N-m) nucleons in a specified order. The 

total transition amplitude is then obtained by consi -=-,ring all such equiva­

lent partitions, i.e.: 

(2.3a) 

where 



N = N! 
f m! (N-m) ! (2. 3b) 

Let us consider some specific cases. 

i) Elastic Scattering

(2.4) 

We can label the permutations according to the number of nucleou::. ex­

changed between the colliding nuclei. If I is the identity, P (i,n+l)

refers to the exchange of the first and Cn+l)th nucleons and

P(l•••t, n+l•••n+t) refers to the exchange of the set of nucleons (l•••t)

with the set (n+l•••n+t) , the total elastic transition amplitude becomes

(2 .S) 

where we have assumed that n s (N-n) .

ii) Rearrangement Collisions

In the case of rearrangement collisions, there is a mass transfer

between the colliding nuclei. One has to interpret the meaning of direct

and exchange terms. In the case of stripping, n>m, the direct term is de­

�ined as the case where the m nucleons of the nucleus b emerge from the 

�roJectile a. The number of ways of achieving this is to include all the 

permutations P which leave the first m nucleons unchanged, i.e.: 

=[(n) 
(

N-m
) J

I, 
<cZI jv 1, <+) >· m n-m f bB i (2 ;6a) 

The t nucleon exdlange term corresponds to one where (m�t) nucleons of b 

emerge from the projectile a and the remaining t nucleons of b emerge from 

the target nucleus A. Hence 
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y<.e.) fi = (-1) .e. ( N f )� ( N-m 
) (

m 
) < t IV P ( l • .. .e., n+l • • • n+.e. 1 v t) >

Ni n-m+R. R. f bB 

I I (+) x <t V P(l•••t,n+l•••n+11i' > 
f bB i 

'!be total rearrangement amplitude is thus 

where the 1 = 0 term yields the direct amplitude. 

(2.6b) 

(2. 7) 

The differential cross section is defined in the usual way, i.e.: 

(2.8) 

where t refers to the summing and averaging over the initial and final states, 

i.e.:

(2.9) 

where JA,JB are the spins of th� nuclei A and B, and Sa'� are the spins of

a and b and MA'�'µa'li> are the respective z-components of JA,J8,sa and Sb.

3. DWBA. - 'lhe DWBA expression is obtained from the exact transition

amplitude ( 2. 3a) and has the form 



0 

o-DWBA 
..7 fi ( :: ) � [6if <xt

> l"i,8 lt1
> 

+ i 6P <x�->1 (VbB _. "i,e>Plxl+),] (3.1)

wher� UbB is an auxilia;ry'potential chosen to reproduce the elastic

scattering. of the _nucl�i b and·B,lx��)>representin� the cor�esponding

elastic scattering wavefunction, and Ix�
+) > is the elastic scattering wave-

,. , . . l. 
function fo� the_pair of nuclei a and A. 

Ci) ·: El�stie:. Scatteril}S,. 

r� +··· E-
i.=C. 

(3. 2) 
./ 

'llle.totcal direct term consists of the potential sc�ttering term an? the

2.=0 .(no-�ucleon exchange) part of the second term� All the exdlange con-

tributi?ns artse from the.secqnd term on the right .hand side of eq, (�.2) . 

Tne usual practice is to cor..:.ider only one exchange process corresponding , 
to �e ex

.
cha�ge _9f the cores i.e.; exchange of n nucleons, i. e. : 

(3.3) 

If one ignor.es the �ass of the valence nucleons ·relative to that of the core

�n�-reco_il
. 
appr9ximation): ,the effect of the exchange of nucleons is equiva­

lent to making a parity transformation on the relative center-of-mass 
� � � 6) vector r

aA 
= raa = R. The transitio� amplitude then has the form 

-�i

(3. 4) 

:;e; 
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where x refers to the cluster of the (N-2n) valence nucleons, and the co­

ordinates are defined in fig. 1. 

The no-recoil approximation, eq. (3.4) ,  has been used in the analysis 

of elastic scattering of 12c and 13c and that ·of 2Bsi and 29si where the 

exchange process was a neutron transfer between identical cores. The 

success of this analysis seems surprising in view of the fact that recoil 

effects in single nucleon transfer reactions are known to be very 
7) important • It should be noted that only the L = 0 (L; transfer orbital

angular u:omentum) part of the transfer amplitude interferes with the direct 

elastic scattering amplitude, and all other L add incoherently . I€ the 

interference structure is successfully reproduced in the no-recoil 

approximation, the recoil effects should not change the phase of the 

transfer amplitude. It is worthwhile investigating the importance of re­

coil effects on the L; 0 part of the elastic transfer amplitudes. 

There have been several calculations of elastic transfer processes 

including two nu?le6n and four nucleon (a particles) transfer which have 

been considerably successful. This raises the question of the possibility 

of multiple transfer. The answer to this question has been pa:'.'tially 
7) answe�ed • If th� optical potentials are strongly absorbing potentials,

the probability of multiple transfer becomes small and DWBA becomes 

adequate. 

We show below a DWBA analysis of elastic scattering of 6Li and d with 

the inclusion of exchaiige effects9) . The exchange in this case is an

alpha transfer reaction. The results are shown in Fig . 2 and 3 .  Unlike 

the case of heavy ion induced transfer reactions, the light ion induced 

transfer reaction is  volume process and not a peripheral process. 

ii) Rearrangement Collizl.:.,,s

Once again, the only exchange process usually considered is one where

the cores are exchanged, i. e. , in the reaction a + A -+ b + B ,  the exchange 

process is one where m nucleons are exchanged between a and A. The trans­

ition amplitude is thus 

ow - D ex
.!T fi = .!T fi + ..rfi (3.Sa) 



and 

D 
yfi cz 

(3.Sb) 

m 
[(

N-m
) (

N-n
)] 

J..i (-) 1· (+) 
<-> n m <xf (VbB - ub8) P (l•••m,n+l•••n+m>xi

(3.Sc) 

The exchange term is a sum of a knock-out term and a heavy particle

stripping termlO) .

The analysisll) of the reactions 11B ( 160, 15N) 12c, 12c (6Li ,a) 14N and
16oc6Li,a) l8F are shown in Fig. 4.

4 .  Other Symmetry Ettect:.�. - ::::r. the SJ:E>'!':i.i'll case where the pair of 

nuclei in the final (or initial) state are members of the same symmetry

multiplet, one can make simple predictions on the symmetries of the angular

distribution. In particular if the final nuclei are members of the same

isospin multiplet and if the total isospin of the system is unique, then
0 12,13)one expects a symmetry of the differential cross section around 90 

provided isospin is conserved in the reaction. The reaction 

13 cclSN,14N)l4c was analyzed14) where the expected symmetry around 90
° 

was

obsetved and the small asymmetry was explained in terms of the interference

of the proton and neutron transfer where an isospin violation is possible.

The reaction 12cc 14N 13N) 13 c IS) , however, exhibited features which could

not be accounted for by DWBA. The energy depend�nce of the interference 
0 

pattern could not be reproduced nor could the strong asymmetry around 90 .

The asymmetry in the angular distribution could possibly be obtained by a 

careful assessment of the Coulomb interactions in.the reaction but it seems 

unlikely that this could at the same time account for the strong energy

dependence of the interference pattern. 

In the reaction 13 cc 1SN,14N) 14 c l4 ) , a similarity was observed in the

transitions leading to 1 4N in its ground state and first excited state.

This seems to indicate that these states are members of a supermultiplet
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5. Cluster Transfer Model If more than one nucleon were
transfered either in elastic or rearrangement collisions, the
transfer amplitude is usually evaluated as if the nucleons are 
transferred as a cluster. The spectroscopic amplitude for the
cluster decomposition is defined in the case 

B a A+ x 

where B contains (N-m} nucleons, A contains (N-n} nucleons
and x is a cluster of (n-m} nucleons, by 

1 
(N-m)� Jd ! A ��

BMB( �B}g> JAMA ( �A}
!l-ffl 

• i <JAMA J i·i: J�ffo)

X �L AAJ!(JA}(LS)J JB) [<f,qS(fx} �Q,L(lxA >] �
where q and Q denote the oscillator quanta contained in the
internal motion of the cluster and its motion relative to the 
canter-of-mass of A respectively.Sis the intrinsic spin of 
the cluster. 

The binding between x and A usually simulated in the 
DWBA by choosing a Woods-Saxon potential which yields the 
empirical separation energy for their brealcup. The amplitudes 
A

AB 
are obtained by treating them as parameters used to adjust

the magnitudes of the theoretical cross-sections. The amplitu­
des thus obtained are compared with the predictions of struc­
ture calculations. Extensive studies of the C', amplitudes in the 
ll»shell nuclei have been made and compared with Kurath's 
predictions. 



(Wigner supermultiplet) and that the interaction causing the transition is 

spin and isospin independent. A more quantitative analysis would possibly 

yield an estimate of the degree of violation of the spin-isospin symmetry . 

6. Discussion. - There are several polnts of interest that arise in the

context of DWBA analyses of heavy ion collisions.

i) The most important question obviously relates to the validity

of DWBA . Th i s  1 eads back to t.he quest.ion ,"Jf elastic scattering potentials . 

ls it possible to deterw�ne whether they arP strongly absorbing or weakly 

absorbing potentials? 

ii) The question of recoil effects in elastic transfer reactions

have to be investigated in more detail. The interference structure in 

elastic scattering is due to the coherence of the direct amplitude with the 

L = 0 part of the transfer amplitude. It should be of interest to study 

the effect of recoil on the phase and magnitude of  the L = 0 part of the 

transfer amplitude. (The LCNO model implicitly makes a no-recoil approxi­

mation. ) 

iii) A well known inadequacy of DWBA is its failure to predict the

angular distribution in the case of charged particle transfer when th� 
16 ) Q matching is poor The discrepancy between DWBA and experiment becomes

larger as.the charge of the transferred particle increases. This effect 

should thus be present in the case of elastic transfer of a proton or 

alpha particle . 

iv) The DWBA, unlike GCM or RGM , does not include all the possible ex­

change amplitudes. There are interesting reactions where the possibility 

of a �artial exchange of the cores may be important. Consider the reaction 
1 60 + 18F .- 160 + 18F*. The usual DWBA calculation includes the direct

inelastic scattering and the core exchange term 

160 +
1 

cl6o + a >  
2 

-+ l 60 +
2 ·<

16o + d >
1 

18 1 7) There are some states of F which have a large alpha cluster amplitude . 

One can in this case have a possible reaction 
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(2c + al} + ( l l+N + r:J:t
I I 1 �YJJ,1 

1 60 1 8F 

+ (1 2c + �2} + (l l+N + a }
L--.J l 

1 60 1 8p* 

which involves a four nucleon exchange . One would normally expect this 

process to be less important because it involves four spectroscopic factors 

instead of two in the case of a deuteron exchange . If, however, the 

particular final state has a large a width and a negligible deuteron width: 

the reaction proposed may be important . At the present state of DWBA 

technology, the reaction amplitude is very difficult to evaluate . In 

contrast, the RGM and GCM calculations would automatically include these 

processes. If the RGM and GCM techniques are extended to include many 

channel effects through the introduction of optical potentials and are 

modified to treat collisions of ?uclei heavier than a particle, it would 

provide a more accurate treatment of exchange effects. 

The author wishes to acknowledge Dr. M .F. Werby for providing many of 

his unpublished results and useful discussions. 
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Fig. 5,  

Comparison of experimental 
and calculated di!!erential 
cross-section !or 
12c(6t1 ,ot)�4N ground state 
transition. The calculation 
vas done including the di­
rect and exchange mechanisms. 

Fig. 6. 

Comparison o! experimental 
and calculated di!!erentia.l 
cross-section !or 
12c(6z.i ,�)14n ground state 
transition. The direct and 
exchange c0111ponents are 
plotted separately. 
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The direct and exchange con­
tributiono obovn oeparatel7 
!or the reaction 
11B( 16o, 15zi> 12c groWld sta­
te transition. 
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DISCUSSION 

K .  Dietrich : I wish to say that I share your scepticism c on­
c erning a multiple exchange of nucleons or clusters of nucl e­
ons in these li5ht ion reactions . If this multiple exchange 
mechanism were to exist I would expect that it is strongly 
energy-dependent since the penetrability of the barrier bet­
ween the interacting nuclei depends strongly on the enerGY of 
relative motion. Has such an energy-dependence been obs·erved? 

M. A. Nagarajan : �o ! t�  �Y knowledge , the type of en�r0y a��
pendence you refer to �as not been observed .

G. Delic : Did iou make an� comparison or your calculations
for i!B (160 , 1� )  12c with those which I made ( see Phys . 
Rev.Lett • .z§. (19?6 ) 569) ?

M.A. Nagarajan : I am sorry. I was not aware of your paper.




