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Abst ract . The work consists of tbrce ��rts.Part 1 formulates the 
Pauli projecting io terms of strict theory of mcWs-bnny scatteriog.Tbe 
concept of ghost states is inserted as a dynamic generalization of the 
states forbidden by the Paue, principle in terms of the resonating group 
method; the integral equations of many-body scattering are projected on 
the allowed-state space . In Part 2 ,  Saito' s  model of orthogonality con­
ditions (OCU) is generalized to a three-composite-particle system and 
particularly to an approximate inclusion of the Pauli principle in t he 
theory of direct nuclear r�actions.?art J presents the construction of 
the proj ection techniques and the derivation of the integral equations 
that cake it possible to include not only the two-body but also three­
-body exchange effects .The relationship between t he forbidden states 
and the convergen ce of the Born series for elastic and rearrang�ment 
scattering is briefly discussed.Consideration is also given to the met­
hods for solving the derived equations.  

1 . The aim of  the ·  orojection aoproach

Numerous microscopic calculations of the_ collision dynamics in the

systems of two or several clusters bave been carried out ceceot l3 (mainM 

ly by H.Hackenbroich and his group /1/ , Tang et al /2/ ,  and some Japane• 

se groups /3/) .The relevant calculations of the spectra in many-cluster 

systems (such as 9Be ,  1 2c ,  etc) /4/ should also be noted.The resul..ts of

the calculations are clearly indicat ive of adequacy of the physical mo­

del (the cluster model with aotisymmetrization an d  its mathematical 

realizati�n through the resonanting group method ( RGM) and the genera­

tor coordinate method (GCU.)) applied to the treatment of such phenomena. 

At the same time , the RGM calculations are fairly tedious and,  what is 

of great est importance , su�h approaGh can hardly be applied to reveal 
the relationsbipS between t he basic physical factors affecting the re­
sults.  
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The above mentioned drawbacks become much more gravier when dealing witt 

more complex systems composed of several fragments . In this  case,  even 

high-speed computer calculations consume tens of hours ( I )  of computer 

time and require a long series of programs/1 , 5/ .  

A successful attempt to ow rcome the above mentioned difficultie� 

and to reveal t he simple regularities 1n the problems of cluster-clustet 

scattering was Saito' s model of orthogonality conditions/6/ and t he op­

tical model based on t he microscopically substantiated local potentials 

/7 ,8/ .It  is assumed in these apptoaches that the main antisymmetrizatioD 

effects can be reduced to  exclusion of
0
the forbidden st�tes from the 

spectrum of the hamiltonian of t he system or , in other  words , to ortho­

gonalization of the scattering wave functions ( and t he corresponding 

operators) to the forbidden states . It is also assumed that the exchange 

effects left after such exclusion , i . e .the allowed state  exchanges , are 

weak and may be treated by the perturbation theory.This very attractive 

possibility of considerably simplifying the complex problem of many-bodJ 

scattering has not been , however ,  realized as yet in practice mainly , as 

I t hink , because of two reasons , at first , in the overwhelming majority 

of real cases instead of strictly forbidden and allowed states it appe­

ars a lot of so called semiforbidden states which can give rise to such 

essential difficulties , as abnormal resonances etc./9/ , and secondly ,up 

to now t here was no any appropriate orthogonality proj ecting technique 

applicable to consideration t he off-shell effects in few-cluster systelllf 

For ex�ample , it can be shown/10/ that Saito 's  model ( formulated in 

terms of the conventional projection technique) does not exclude all t he 

poles corresponding to t he forbidden states from Green function (GF) of1 

mass shell but treats  the poles as located at zero energy. 

Recently ,  we have developed the project ion operator techniques/10/ 

which are an alterhative to the Feshbach technique and can be readily 

.used to solve a large class of the scattering t beory problems a.Dd,  in 

particular, to realize t he above mentioned perturbation treatmeDt of il.c 



· 397

exchan&e effects . Double applicat ion of t he ment ioned proj ection t ecbni­

que will be out lined in t he presen t report .At  first , we shall examine 

t he Pauli proj ecti�� and t he perturbation t heory for residual exchange 

effects in t�o non-trivial and exact ly solvable problems where t he Pauli 

principle is of crucial ioportance , n amely t he quartet neutron-deutron 

scattering t b.ro1JGh t be Paul i projection of t he Faddeev equat ions ( FE) 
- dtUJ.t'\..o"'

and t he quintet deut�o::r/scattering ( t hrough tbe Yakubovsky-Faddeev four-

-body equat ions) .�beae exactly solvable problems will exemplify the

exact meaning of t he forbidden st ates in t he many-body scattering t heorJ

( � hich mean t he gen eralization of t he eicenstat es of Feshbach' s ant iaim­

metrizat ion kernel) , and suc h treatment wi ll  t hen make it possible to

indicate the dubious aspects of t he forbidden stat es in RGr.1 .Besides t hat

so�e =elationshi ps between �he Pauli  proj ecting and t be Born series con­

vercence in t he seneral t heory of many-body scat te ring will  be discusocc

T he second applicat ion deals w i t h  t he generalizat ion of Saito' s mo-
i� 

del of orthogonal�onditioo to the t hree-cluster ( and more comple�) sys-

tems .I s hall made SD attempt b.ere to show t hat t be two-body Pauli  pro,j ec 

tin� in the FE' s  is quit e  sufficient to in clude t he two-body exchange

effects in approximate mann er,  thereby avoiding t he complicated t br�e-bc 

dy operators , which are usually inserted into t he t rial functions inste­

ad of total antisymmetrizat ion over all t he nucleons/11/ in t be course 

of t he variation al calculat ion s of t hree-cluster system.In t he stead , t hE 

pure t hree-body project ors cocpoced of t bree-b9dy wave function s  of t he 

forbidden states will be inserted as t he OC�-generalizat ion to replace 

t he t hree-body exchange effects .Such generalization ccill be readi l7 car­

ried out using our technique of ort hogon al projecting . �ore t han that , it 

will  be shown t hat immediat ely in tegrable equations can obt ai!led by in­

creasing the dimension ality of t he three-body proj ectors .  

2 .  Tee 5bost st at es an d  t he Pauli  projecting in t he scattering theory. 

The n-d and d-d scatterings will be examineQ here on the basis of 

strict integral equations from t he viewpoint of t he Pauli prin ciple to 
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clarify t he general situation with the Pauli projecting iJJ more complex 

systems where the rigorous many-body treatment is not yet practically 

realizable ( though the formal equations for scattering of ! identical 

particles have been proposed/12,1.Tbe appoach as a whole will be based 

OD the concept of ghost states which are of extreme importance to the 

said treatment.It should be noted that the very idea of non-physical st1 

tes in tbe t hree-body scatt ering theory bas been kDowo since long ago 

( and was first inserted iJJ the work by Lovelace in 1964/13/) but was ne­

ver applied 1n practice.Consider first the low-energy n-d scattering in 

the quartet channel where the two-neutron interaction can be· safely ( due 

to the paralleliZ.m of the neutron spins) and the rest two n-p interacti­

ons are the S-wave and triplet ones .Further, we sball call the states �8 

antisymmetric relative to tbe transposition P12  of two identical neut�i

the peysical states , and the states f
8 

is symmetric relative to P12-tbo

ghost st�tes. 

The FE's for t he wave funct ion describing the scattering of particle 

k( 1 or 2) on the bound state of two other particles are 

( 1 )  �(.ij.) := (�!"') + �O Go T, ) (-t" ) 
C,..)l. �2. 'e� Go Ta, 0 �(LJ 

where ,1< 1 )  d )-
(2) are the Fadd v components of the total wave func-

tion 'fJ = '1' < 1 >+  j> ( 2) , G0::( E-H0) -1-free GF ; T1:Vi+V1GiVi lS the two-body
- - ( 1 )  t-matrix; � = l �23 ' !1 < 0) ) ( and,  similarly , �

(2)
) is  the initial sta-

te wave function7 where (p 21-is the bound state of the system ( 2+3) whi�

is here a deuteron with energy_§23 so that (p�0) )2/� +�23:E; the !ac­

tors !f- 1= § ik.Since the equation { 1 )  is linear , any solution of eq. ( 1 )

may be expressed through the symmetric and antisymmetric solutions sat1-

sfying the equation 
( .  , �\.) -== t D lt) .:t G -,. p f\ lp. l�J 

where 
.!'s, o.  ] c. L 1- _ s, u 

. &) � - = - �- '-1 
+-

( 2) 

(3)  

since T2:P12T1P12 due to tha identity o! particles 1 and 2 .The sign +and
- in eq. (3) corresponds to the subscripts .� and ! eo that tb.e Scnrod1D•



ger total wave function is  
°liJ - fi + p \ 1 . 1  (U 
�s. a - \L - 12.J I �. a 

The matrix kernel of t he FE I\ 
-= (

O Go Tt.)\e2. GoT2 0 
bas two sets of eigenvalues and, correspondingly , two sets of eigenfunc-

tions of the s and a type , both types being contained 1D tbe relatioas- � 
of completeaess and ort bogonality/14/. Thua we have the eigenvalues equa-

tiOD f (' J " s, a A i, a 
�,. j h  = ± i-.h t.. h , " (4)

where the signs + and - are for the � and � respectively ; _l ! • 8 is tho

two-line column .  

Si.Dee , however, each kernel may be expaoded 1D its system o t  eigen-
,... ..-s  "'a  tUDctions , the Faddeev koro e� K2 is  broken into two parts K2 aDd K2 eit-

her of them a1'fecta the spaces of the functions of ita own symmetry.Thea 

the total resolvent is also a sum of the resolvente of the two parts.It 

is known , however , that the bound states correspoad to the eigenvalues 

in=:t1 ,  with � 0=+1 for the symmetric bound states ( 1 . e . the ghosts) for 

wbich P12! s= J 9 and j n=-1 for the true bound states , where P12,!a=-'Va

aDd, hence , "-" should be used in eq. (2 )  .Therefore , the ghost states 

currespond to the poles 1D the symmetrie part ot tbe resolvent while 

the p�sical bound states relate to the pol�s in the antisymmetric part. 

Since these singularities belong to different spaces and the symmetric 

s�ates (ghosts) can be explicitly distinguished from the antisymmetric 

states , the ghost states whould have seemed to fail to  a1'fect at all the 

scattering 1D the physical ( antisymmetric) channel. 

A bit �ore thorough examination of the scalar equation (2) shows , 

however ,  that tbis is not tbe fact .If, in fact , t be symmetric channel 

comprises a bound state with energy E� ( i . e .  {ghost) theo ol0
(E0)=+1 aod 

hence the Born series for the equation}< ;)== '
:l

i)+G0TiP12'! �i) will be 

divergent.On the other ban4,  it is obvious that the Born series for the 

antisymmetric solution i . e. that for the equation \t' ii)
= 'f( i)--0,0

T1 P12'f';'·- - -
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will also be divergent since .wo Aernel �oTi�,has at least a higher-mo­

dulus eigenvalue \«,{0\ ") 1 .In other words , t he ghost will result in the 

Born series divergence for the pb.ysical channel too and exert, in this 

respect I the same effect on the scattering as the "physical" bound sta­

te.The situation outined above . is identical with the potential scatte-

. ring by a strong repulsive potential which is kDown to give rise to qui• 

te  the same divergence of the Born series for t he Lippmann-Sch'Winger eq• 

uation as the attractive mirror potential with a great n�ber bound sta• 

tea , since in both cases the kernel G0V will be la�ge and differ only

by its &�.Specific calculations made in teruu, �! tuo t��e-bod.y model 

with separable Yamaguchi potential (fitted to· the triplet data) show 

that the quartet triton (i.e.  the spatially symmetrical atate) bas ener­

gy E0=i-5.5MeV • 

Now , let us construct 8D iteration series for equation (2) 1n a sub­

space orthogonal to the ghost state.With  this purpose we shall briefly 

outline the orthogonality projection technique us1ng �rthogona�zing 

pseudo-potentials (OPP)/10,15/ .  

Le t  the equation 4!� = 0  b e  necessary t o  solve with additional condi­

tion of solution orthogonality to some subspace {'f 1H 2 1 • • ln} of mutual­

ly orthogonal v;ctors 1 i .This problem may be soived by t he metb.od of 

Lagrange multipliers following the frequently used procedure ; it is more 

convenient ,  bowever,  to use the pse�dooperatorcf�=cf+�I. wb.ere .fis the 

ortboprojector· onto· the subspace \lf \ , i.e.  f = �l'fi)('fl; � is the coast-
,..,,,,,,,� - \.. - - - -

ant .Then , tb.e equation cl\� =0 should be solved already in the total sub-

space and,  eventually , th; limit �-+ oa must be taken.It can be easily - r,"'J 
sbown/10/ that in tb.is case one obtains the solution Y wb.ich is exp-

licitly orthogonal to the subspace of the vectors comprised 1.n I'.such 

orthogonality projecting method is convenient to t he scattering tbeo?7 

because it is not necessary first to construct the scattering basic in 

truncated space and, instead the operations in the co�plete . spac� are 

quite possible ,bereby automatically giving the scattering operators 1D 



t he orthogonal subspace in the limit � ... oo .Besides that , t he addition-
)ir is actually a separable potential resulting in simple algebraic ma---

nipulations.

Let as  examine,  as  an example , free GF G0(E)=(E-H0) -1 and uae tbe

above described technique to construct GF �0 orthogonal to the subspace

r .The ansatz described above gives immediately t hat 

- G (E.' -= (E. - Ho - �rr1
= G - G  r'rG r)-t r G  (5)  u , J  -��.c-:. - - o o.:.U. o_ _ r. 

where the .matrix ( £G0C )-1 is
_ 

inverse to the matr� <i 1l G0li j)• It

can be easiby confirmed t hat rG
0
(E)=O, 1 . e .the GF G ( E) exhibits the re-- ,o 

quired orthogonality to t he subspace..[.we have successfully used such 

projection technique to rearrange t he Born series of the scattering the­

ory/10, 15/ OD the basis of the Well JmOWD f,ct t hat the scattering fUDC•

tions tor the Hermitian 'hami�tonian are ort hogonal to the functions of 

t he discrete spectrum for any particle number. In this case, the conside­

rable decrease of t he integral kernels will result in convergence of 

tb£, Born, series at all energies incluiding t he lowest ones , and at any 

number off bound states in t he system ( for the interactions satisfying 

certain ·constraints ,  see in/10/) . In part icular such orthogonality pro­

jectiDg for FE' s gives the . equation . whose iterations will be convergent 

/even at the lowest energies. Instead of t he operators G
0
T1:G1v1 (Gi is

channel GF) ,  t he kernels of orthogonalized equations comprise t he opera-
- -1 

tors GiV f,�1-<\.£ (£ ')i.C )G0T1-( -1.-.Q1)G0T1 where Q1 'ls A proj ection opera-
tor, though other t hee an HermitiB.D one. 

In t he case of interest to us , tbe project ion should be onto the 

.eigenstates of the t hree.body hamiltotian , 1•.e .onto t he ghosts .. � 

�s:ymmetr:y differs from the symmetry of the scattering states.The projec­

· ting t ecbnique fQr this case ahoald be somewhat modified.Thus ,  in t he 

examiDed case,!"' = · 1 i >< �( where ,! is t he wave function of t be ghost

state (wbicb is .the .quartet "triton" .function for the n-d. scattering) 1 

and then tbe projected· FE is of the fo1'1D,
� tu r-.... lu ·- �(t>� a = ,! . - k� .! �  (6)  

401 
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where. 'R. i  =-�- Q.:)\<� = (i- Q �) G-o Tt ·P,2 

and �Ii) �  �ill_ G-;.f \f'-•!r! J'.ii.l= �-G ,)� (.:J
is the "plane" orthogonalized wave. It will be empbasized that tbs projec 

ting does not change the total (Scbrodinger) wave function 
K...... 

. . j '=- � - C..f{[G-£Y-J_.r_� =� 
since ,  a s  i t  was said above , f � : 0  for the Hermitian Hamiltonian . 

. - -
The iterations of the three-body equation (6) may be rigorously pro­

ved/15/- to converge from zero energy and, after that , the scattering am­

plitude will be found from the expresion , 

FCl =- �<'!t) \G-:1. (-\t.) \yt> > + �<!ll)\rq-��sr1:r\ �f\)> <7>
It will 'be noted that the iterations begiD from the zero-order term 

i = U <. r,f·>. \ rr r<r� rrt. 
f' \ �l'-) > (7a) 

0 � - - \!  - - -
which does not contain the kernel K1 at all. 

The subsequent iterations of (6) for the wave function give the cor­

responding series for the scattering amplitude F8.S1nce the zero-order

amplitude F0 failS to contain the three-body rescattering processes (the 

kernel K1 is absent) and comprises only the 1.Dhomogeneou.s term of the

equ�tion , the amplitude 'i0 essentially describ�s the scattering by ortho 

gonality condition (to the ghost) and is the three-body generalization 

of tbe · ortbogonality scattering amplitude introduced by ShakiD. et �l/16J 

Pig.1 presents the convergence of the iteration �ies of eq. (7) for the 

n-d scattering, and Pig.2 shows the comparison between the zero-order

approximation and t be exacli pilase.  In case of a single ghost state <¥>6 ( as
· n-d d� '1' -

for the .real:imd�ses) , the J., amplitude of zero-order approximation

( 7a) becomes · 
·lt) l &... (.'" I l�> � 1A c( � JG.'>� rcr.lf > ('lb) � s: lfi 2..4, \ G 1. \ ':f?er "> 

Thie amplitude gives a ve�good ciescription of the quartet length of 

. the n-d scattering and the low-en·ergy S-phasee (the difference · from the

exact results and from the experimental data does not exceed ?%) .Thus , 

.the simple orthogonalization of tbe plane wave to a ghost state permits 



tbe quartet low-energy n-d scattering to be explained. 

It will be noted t bat even if the pol� two-body GF in the deut�oi 

pole only is substituted in ( '7b) , the approximation will remain of high 

quality , in particular t be amplitude will be s,;ill unitaryoln this case 1 

'F;, will contain not the ghost function _t G but its overlap flitb tbe 

deuff'on function , 1.e.tb.e form:factor<.! { i) \i G""> and w e  sllall return t o

Saito's  simplified model o f  orthogonality condition with Vn=O.In con­

trast to  Saito's  approach based on RGM, however ,  we always deal with 

explicitly defined on�article states , to which the orthogonalization ie 

t o  be made and which are merely the ghost-state formfactors �� \tG ) .

Now we shall examine at greater length t he relation between the ghostS 
I and t he eigenstat es of t he antisym.metrization kernel K(R , R  ) .These eig-- _, 

enst�tes are known to be determined /17/ by the equality 

\l \jl\ > = ,.,. \j)\ "> ( 8) 

In RGM, the states .J-'-" for which t n::1 and/ n=O are called t he

!DI-bidden and allowed states respectively.The intermediate case ( 1� is 

this case that is actually realized in almost all instances) relates to 

t he so called semiforbidden states giving rise to  the major difficulties 

/9/ e it will be noted t hat t he eq. (8) corresponds to but a single degree 

ot freedom ( t be functions_,"7\hdepend only on tb� variable of relative moti

on) and is not related to  tWY Bamilton1w:i .In �ur approach,  the ghost sta 

t·es are the exact eigenstates of the many-body Hamiltonian wit b. a sytamet 

ry violating t he Pauli principle.In accord8.Ilce �itb this definition , t�e 

ghost states are defined ( through their Faddeev expansion) by relation 

(4) wit b.� 0=+1 for the antisymmetric channel.It can be seen t hat RGM

(8) and the rigorous definition (4) are alike , but the exact definition

involves the Faddeev kernel K2 instead of t he ( pure structural) antisym-

met rization kernel K(R , R ) 8.Ild it is evident that such dynamic treatment 

fails t o  involve any semiforb�dden states .The eigenstates� n in FEq. (4)

for which �  
0
<1 ( for example ,� 0=0.9) correspond not to tbe semiforbid-. " den states , as in eq. (8 ) , but to tbe �vi�tual atates of forbidden symmet-

403 



404 

ry.For such virtuai:' state to become a boUDd state,  it is sufficient to 
" I 

slightly increase the two-partic�e scattering amplitude ( and not the po-

tential as usual) . 

It may be supposed, t herefore , that the forbidden states 1n RGM echo 

uld appear due to the limitation of t he subspace by only the fUDctions 

of the ground ( or several discrete) states of clusters and,  once limita­

tion is removed (which essentially means that we quit RGM) such eemi:tor­

bidden states become conventional virtual states ( of forbidden symmetry) 

Discussed briefly below will be the ghost states tor t be quintet cha 

nnel of d-d scattering •. 

Pour particles in the quintet channel all have parallel spins.The Ba 

miltonian comprises only four interactions· ( the interaction of 'two identi 
·1. cal neutrons (tb.�umbers are .2 and 1*)  and protons (their numbers are 1

and 3) is disregarded) and is invariant relative to the transpositions

P13 , P24 and cyclic transposition P1234=0.
The detailed examination in terms of four-body Yakubovski integral 

equations shows in this case that there is one ph3sical channel (with 

taking into a�count of the initial channel symmetry) witb. antisymmetri­

cal wave function and six the ghost channels ( two symmetrical ones�ur 

channels of the ,mixed symmetry) .Such examination shows the�bat the pro­

jecting in t he symmetric (ghost) channel results in a decrease of the 

norm. of the ke�el in the p�sical ( antisymmet.rical) channel too. 

Consider further the most evident ghost channel, namely the symmetr� 

channel.The ground state in this channel is the deep-bound compact spa­

tially symmetric state resembling tk ol-particle.Tbe existence of an ex-

cited ghost state 1n the channel is also possible .If, now ,  the four-body 

equations are projected onto the ghost states ( it will be emphasized 
i� 

tbat""iiieans projecting onto  the eigenfunctions of other kernels) , the ze-

ro-order approximation amplitude � will be generated , as in all other 

cas�s ,  by the inhomogeneous term of the equations.In case of a single 

ghost state , we get the evident generalization of eq. (7b) 



t he formula ( 9) may be furt her simplified by using only the pole parts 

G12 , 34 (without continuum) , with tb.e e1eu�on wave functions j1 d(u.).i11c4yl�) 

being the residua.Here again we get a simplified OCM where , as earlier, 

the forbidden state function is represented not by the eigenfunction of 

the antisymmetrization kernel ( as in 0:JM) but by t he formfactor.(�d( 1 2) ·

j>i 34>l�G( 1234)) of t he ghost state function , which is t he eig-;-nfuncti·

OD of the t otal four-body Hamiltonian with forbidden symmetry.It will a].. 

so be noted that in both cases ( 1 .e .when the use is made of either the 

complete GF or  its pole parts) t he amplitude F0 
is unitary.Tb.ere is eve-

ry reason to  assume that t b.e ort hogonality scat tering amplitude ( 9) 

(wit h a symmetr�c ghost ) should be as good approximation of the low-ener­

gy d-d scattering as it is for the t hree-nucleon case . It is of �mportan­

ce to emphasiz� that the formula ( 9) can be explicitly generalized for 

scattering of any Snposite particles and , at the same time , if the near­

thresbo ld bound or resonance states are absent from, while the Pauli pri• 

nciple is dominant in , the examined channels , t he amplitude ( 9) will ade• 

quately describe the low-energy scattering .Sue� examples ar� quite nume­

rous in the region of light-cluster scattering .For example , the n�e 

and 3He(3n)-4Ile a;ystems in t he s-ch.mo�l,  t be _ n-Jlie( )li) system 1D the

channels with .�T:01 , 10 ,  11 , ate .will be noted.Summarizing in brief tb.e 

discussion of the ghost projecting , it may be indicated that the derived 

conclusions can probably help in overcoming the d Lf!iculties met with 

tbe projecting onto the partly forbidden states in RGM { and OCM) , which 

will be always the fact when the studied clusters ean be described by OS• 

cillator functions of diffe�t radii ( for example , · 10 theo( -01 6  case)or , -
when the non-oscillator functions of clusters are used (for example , in 
case of deu1ffoon scattering by a:t:JY nucleus) . In such cases ( and ,  pre!erab-

405 
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Iy, in all other cases) it is desirable to use not the eigenfunctions of 

the antisymmetrization
. 

kernel K(R,R
1

) but t he formfactors�j A�Bgp- po)

(!G) constructed on t he basis of eigenfunctions of t he N-body Hamiltoni

an �\G with a symmetry forbidden by t he Pauli principle .It may be expect

ed bearing in mind of t he usuai high binding energy of such ghost states 

t·hat the functions may be found using many approximate methods ( for e.%8.• 

mple, t hrough t he shell model, t he byperspherical expapsion , etc) . 

) . Integral equations for t hree composite particles ; Generalization of 

ocu 

Discussed in t his Section will be the second topic which is closely 

associated with the problems examined above and where the replacement of 

antisymmetrization by t he orthogonality projection may prove to be high• 

. l.y effective .Namely , the scattering theory for three composite nuclear 

particles ( clusters) will be discussed on tbe basis of t he developed met 

hod of orthogonality projection .In other words , an attempt will be made 

to  generalize OCM for the case of three clusters . 

The aim of the examination is to formulate a theory permitting main­

ly the description of the continuum in a system of t hree composite par­

ticles and also the discrete and quasidiscrete spectra of t hree-cluster 

nuclei tho'kb these last probleu:6 may be treated successfully by RGM or 

GCM.In particular the proposed approaco permits toe formulation of rigo­

rous integral ·theory of direct nuclear reactioos in terms of t hree-body 

model ( e.g .tbe direct re�::�c�3 with deutroos and GLi and ?11 ions) /18t
In t his ease we shall extend the conventional formalisms q.ased on DWBA 

and attempt to  formulate · rigorous equations ( of course ,  in terms of t he 

assumed model) which may subsequently be used to derive various approxi• 

mations • 
\.� 

Recently with the same aimVview, Scblhid/19/ suggested a RGM genera-

lization for three-cluster systems .His approach, however, involves very 

tedious exchange potentials and seems at present to be hardly tractable 
for the three-body continuum. 



At first , we shall formulate the integral equations where t he Pauli 

principle is included only through the two-body forbidden states aDd, 

correspondingly, through two-body projecting .After that , the formalism 

will be generalized for the case of three-body exchange effects , i . e.the 

triple exchanges due .to tbe ope�ators Pijk ' where 1 ,  j ,  k all relate to

· different clusters .Either t he OCM-in�eraction , i .e .the t-matrix given by 

the solution of Saito� s model 
( \{o +V:n)_i = E � .i � .l" \j "> = o .:,  �=i, . . .  h .  (10)

or the microscopically substantiated cluster-cluster optical potentials

with the forbidden states proposed by our group/7/ and by Buck et al/8/ 

will be used as t he input cluster-cluster or nucleon-cluster interaction 

In terms of tbis model ,  the forbidden states are , in contrast to OCM, the 

eigenatates of the Hermitian potential and, therefore , the function· of 

scattering on the mass tbell are automatically orthogonal to _tbe functi­

ons of the forbidden states .However ,  a contribution from the forbidden 6 

states appears to be outs ide the mass shell a.Dd,  therefore , the scatte­

ring operators in such optical model should be so modified t hat the am­

plitudes in the t hree-cluster system would not contain the contributions 

from the' virtual tra.Dsitions into such forbidden states .It is evident 

that the construction of correct scattering operators in OyM as descri­

bed by eq. ( 10) is sufticieot for the corresponding operators for the abo 

ve optical model to be obtained merely as a special case of the C:CU ope-

rui.ors . 

The orthogonality project ing technique d1scribed above can be easi].J 

used to find the expression for the wave function of scattering in OCM: 

. Jc = A E  - .G�(rG-_rf
1 

£2\ e. (1"! ) 
where J E is the solution for the equation (H0+V D�� E=E_{E• and similar-

ly for GF , 
z; = G - G _r (.rc;. ..rr:_r G- c1·2>, 

It is obvious thatSJ E=O and_tC. :o; i .e .  they satisfy OCM.

Consider now the t hree.body problem.The two-body interactions 1D t he 

pair ij ( and the corresponding projectors) will be denoted w1tb subec� 
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ript _ K ( i , j ,k:1 ,2 , 3 &Dd their cyclic tr&Dspositions) .The action of t he 

opera.1Jor l' k on the three-body wave function is defined  as

.rkl' � � �"(�) � �\t (1�)� (�, l.11-) Gh/k. 
Then , the projected &Dd con-proj ected two-body GF's  in the three-body � 

r--
space Gk( E) and Gk(E) are introduced �hich satisfy the conventional re-

- - - � - 1 
solvent equations Gk=G0+G0VkGk whence Gk=(1-G0Vk)- G0 where the orthogo•

naliziDg pseudopotentialVk=Vk+ )l' k.Now�the total proje�ted GF which 
"'- ,.._ -

satisfies t he usual eq. G:::G0+G0VG (where V is the total pseudopotentia])

we introduce the Faddeev decomposition on t he channel GF cf.. i)
=.GJ'� and.

after simple manipulat.ioos ,  !ie shall get . the modified set of the Fadde-

ev equatiot'_s C li..) =- C::'-\i
t (

Go + �) +· 
G'("-) ) ( 12) 

It can be easily seen that in the limit � ..... C>Q t be constant � is rigoro-

usly excluaed from the obtained equations. In fact , 

t.m (� v�) = G\ Vt - C; r, {st--<c!, r�ti. r, ( 13) 
� -"1> 00  - - - -

ana � v  !" G\ � = -.!� . §\·O�
Further , actin� the projecto��i on , we find

r;. (G. + 'G:'
li.
\ �C.i> + c;_t11., ) s. ft�-= o

wbi� means t hat the total projected GF is orthogonal (for the limit 
').. _., oo )  to all forbidden states CODtained in all r .i ( 1:1 , 2 ,  3) .. It will 

�a ampbasized that the individual Faddeev c�;:: .G( l) are not orth�

gonal to f 1 • .  i .. e .. .f ;ac i)I O and. benceo , t be channel GF comprise the

contribution from the forbidden sta�es but t he total GF is free of such 

contribution. In contrast to the varia.tional calculat�s of three-clus­

ter aystems/�1/ where t he complic�ted tbree-body projectors are used to 

take . into account the Pauli principle , our approach does not nece�sita­

tes the construction of such three-body projectors and only two-body 

·projecting is sufficient .

The found equations for GF G c� also be directly used to find the 

three-body equations for the full wave function whose Faddeev compo-
'\:j( i.) , • • -a � r.eots are defined as � =� CS _ .After that , we get the equations for

the scattering ot cluster 1 by the bound state ot clusters 2 and 3



......... . i<;o\.':(Uro� ... to � )  ,.._ � ( 23) {'!H,i pseudopotential V 23)

- � = y�) + 1:ii �) + �(Z) 
_ i. - .1. - 1. - J. . 

��
'"
) -�(21)..§(y- 'l::io) ;t �i.� �?) + yJ.(k.) ) (14) 

It can be easily seen tbat_!'i �1=0,  i . e. the solution of t he eq.( 14) is

orthogonal to an .£ 1 . In t b.e case where the iiass of one of tbe partic­

les ( say,  the t hird) may be c�nsiderea to be infinitely great , i .e .  

m3= oo (wbicb is. a �°Jtt 
approximation for the deuton-unduce! ..... 

r�actions

on medium and heavy..,.-, the Faddeev reduction can be convenie"tly made in 

somewhat ot her . way by decomposing the total wave function ( and ,  corres­

pondingly, all t he th�ee-body operators) into the sum of two parts in 

accordance with the decomposition of the Hamiltonian H::H0+V 3+v 12 , with

v3:v13+v23 .Now ,  t he Pauli principle can be included on the nucleon-nuc­

leus variables , i . e .  r13 and r23 .Applying a procedure similar to t hat

described above , we obtain the projected set of two equations 
?r �l.) I -U>)� = G ,2. V.2.. \.Go + G-

�
(1.) 

= cl V1 (Go + t (rL)) ( 15) 

where G3=G3-G3f Cf.!!J C, )-1.r G3 and f is the total three-body projector;

G
.3

(E)=g13ttg2j=- .lit �'3 11�) 92i(E�)�,! is the convolution of two one-par�-
, - -c:,,a � ,..,._ --- • le GF s ,  and similarly G3:g13*g23 .similarly to t he above , it can be

easily shown that .[ 1f=0; S 2f=0 at � _... c::,,,Q 1.ic,. i,otal GF found !rom

tbe solution of eq. (iS) is strict ly ort hogonal to tbe forbidden states 
-�S' 

. 1D t he nucleonY"system. 

Two . equations ( 15) can be easily used to derive a single equation 

for the three-body wave function 

"i. (12.) = V. � + \ �l '1.. <,z.) ( 16) 
..;_\_ ,� - \Z.. .. :.). 

where S 12>;v12\j! ,_ T12 is t he t-matrix of the n-p scattering;

AGpG:r-Go ; 
<3:> =�1 {K,2)fil.h- P}s the wave ft..ntiko� of the initial state.

The equation (iG) may be a convenient startiDg point to examine the di­

rect nuclear reactions with deuton�. ( stripping , pick-up, disintegration 

of deutons in the field of .nucleus , etc) where the Pauli principle can 

be approximately included by orthogonality projecting (generalization 

see-below) while t be three-body continuum and t he �ouplingJcbanneio\. are 
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accurately included .A model of a similar type was recently used Austern 

/20/ to describe the deuton-induced nuclear reactions.The Scbrodinger 

form�lism used by him ( instead of the Faddeev technique) prevents howe­

ver , the promotion to the range higher than t he deuton disintegration 

threshold from being correctly , applied. 

Now let us attempt to generalize the equations derived to taking in• 

to account of triple exchange forces,As it was shown above , the inclu­

sion of the Pauli principle at t he two-body level in. a sy�tem of three 

composite particles is general11 inBUffioioni , It the tb�oo-bod1 versioD 

gf i6U is ��@4 , the effeg�1ye HWQil,enian. will oompris�hree.body nonlo•

cal excha.J;Jge terms/19/.As@WDe , follow!"� the OCM ideolo� , that the ba­

si� t��ort�oe of such terms may be included by orthogonalizing to � 

-body functions of the .forbidden states , or more strictly (bearing in

mind Section 2) to the t hree-body formfactors of t he form lfe "> =
��sll.z.�J\{a > where �B is the wave function of a bound state with j 

forbidden symmetry of the N-body -Hamiltonian and l� is the inter•

nal wave function of the i-t b cluster.The formfactors found in terms ot 

the shell model ( consideration will be given only to the configurations 

forbidden in the conventional shell model) are probably a good approxi­

�ation for \ f g) and for tbe corresponding two-body formfactor.The set 
of three-body integral equations which include the three-particle Pauli 

projecting is ·derived as 1D the preceding case .In the most general case 

when t here are both two-body and t hree�body projecting t he set of equa­

tions becomes 

c.tt>=- t ''"'ft- c�rJr, G�!n- 1r, + cser��rr1 r G�:i.c.rt�ftf1£., 1 ,,.  
where A - (. at l Go + c<J> 1:s.t°'�} � ,..._ )-1 -- (ii) 

\:r i,  �,�_,.oa \..�- Ka- 'J'., - �£" -�£) == v.- \i-0 Vi.. G. j 
£ - \<\>s"i> -' �\ -is the three-body projection operator and 'G = (E-H -JJr )-1 ._ _ . o� ...... o ;--
The indices i , j ,k::1 ,2 ,3 and their cyclic permutations.This-is our final 

set of equations .It can be easily found a!ter the action of projectors r,:;, and£ OD t he 1-th equation of (i1) thatfl=o ahd.fG( i)=O and hence

_[G:6.This means t hat the solution of the derived equations (il) is - or-



r. t bogonal bo h to the two-body and three-body forbidden states , i . e . just

what ·was necessary.It should be noted if we r.ant to include t he three-
�

body projecting only , it is n ecessary to substitute· ·a'i instead of G1
and to neglect the all terms with.l"i in the equations .Similarly if we

want to  limit ourselves t o  t he two-body projecting only it is necessary
,_, " ' 

to substitute Gi instead of G1 and to  ·neglect the all terms with_,! . 

It seems expedient in conclusion to return again to the relationsb�

betweon the forbidden ( or ghost) states and the convergence of t he Born

ser:l.es as it was discussed above. It was already noted 1:a Section 2 t hat

tbe ghost statP.s give rise to the divergence of Born series for the in­

tegral equations O'addeev and Yakubovski) of many-body scattering just

as t he physical bound states do.Therefore , the projected equations (ii)

have smaller-norm kernels that the corresponding non-projected equatiom

which facilitates t he iterative solution of t hese equation s.However, it

is not sufficient that all the forbidden states should be projected out

to obtain the convergent series.It arpears necessary to include also an

the a tlowed bound states .We have rigorously shown recently/15/ t hat , in

case of the conventional t hree-body scattering , for the Born series �o

be convergent at low energies it is sufficient to project the Faddeev

equations onto tbe ent ire discrete spectrum ( 1 .e . tbe ghost and  physical

bound states) .It is very probably ( t hough bas not strictly proved) t hat

tbis theorem 1.s also valid 1n our case of three composite _ particles. If

tbis is ·so , the equations (i1 ) need not being necessarily changed to . ob•

tain the convergent Born series for them.It is sufficient to supplement

He ��i.�:- �ocl'f e4�c.i:��.r . .  !:>1 (apart from the forbidden-state formfac­

tors) t he contribution from all , or ( if the' total energ:y is not too low) 

the deep-l;ying pb;ysical bound states .Then , t:be system (1�) may be direc• 

t ly iterated. 

�bua , tbo above described ortbogonal1ty pro�ecting technique not OD• 

11 malcoa it poaaible uo derive tbo aoaaaaa:1:1 equAtioa1 tor oompoaite PA• 

. riioloa buil Aloo gS.veo a. dil'OOi �d oonvaniontl motl bod o:t tlt\oii oolut&ioa. 
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