FIZIKA 9 (1977) Supplement 4, 441-496

{Praceedings of the Int. Symp. on Nuclear Collisions and
Their Microscopic Description, Bied, Sepiember 1977)
Dissipation and Fluctuaticns within the Linear Response
Approach to Heavy Ion Collisions - a Critical Review of
- the Theory and its Applicaticn
Helmut Hofmann™
Physik-Department, TU Milinchen, James Franck-Strasse
8046 Garching, W.Germany

We describe the quasi-static approach to deep inelastic
reactions and examine critically its assumptions. It is
shown that the ccncept of a heat bath is not necessary for
obtaining the final form of the Fokker-Planck equation.
Response and correlation functions are calculated by assuming
for the relevant squared matrix eleménts the form suggested
by H.A.Weidenmiiller and co-workers. It is seen that in this
model the Einstein relation between the diffusion and friction
coefficients is obtained if only very weak assumptions on the
distribution of the intrinsic excitations are made. Possible
implications arising from quantal fluctuations of the collective
degrees are discussed. So far such quantum effects are neglected.

This paper containsg: Introduction; Discussion of the
basic ideas and assumptions; Definition of a perturbation
approach; Dissipation within linear response theory
(relaxation, friction and conservative forces, computation
of response functions); Fluctuating forces (master equation,
Markoff approximation, diffusion coefficients, choice of
statistical weighting factors); Fokker-Flanck equation
(comments on neglection of quantal effects, equation for
entire motion, equations for reduced densities); Cross
sections and applications (formulas for differential cross
sections, applications - computation of d'c /40 dEyen
for the 388 MeV Ar + Th system - computation of oI'6/J@dx
for the 365 MeV Cu + Au system); Summary and Discussion.

The author acknowledges partial support for attending the
conference from the Bundesministerium fiir Forschung und

Technologie.



442

I Introduction

Deeply inelastic reactions are usually described by following
the time-development of a few degrees of freedom Qﬂ (e.g. rela-
tive motion, rotation, mass asymmetry shape degrees etc.). In-
deed, the experiments1) show that the exit channel retains memory
of the entrance channel. Therefore, despite the high intrinsic
excitation not all degrees 6f freedom reach statistical eéuili-
brium - as in a compound nuclear reaction.

The first theoretical task consists in finding the proper
equations of motion for the Q;;- As the next step, one has to
understand how the coeffic;ents cdepend on the microscopic struc-
ture of the nucleonic degrees.

To describe the energy loss many authors have used classical
Newton equations with simple. frictional forcesz)-7). For another
treatment of dissipation we refer to the talk of C.H.Dasso at -
8). Nérenberg and Moretto1°) have derived and

used Master or Fokker-Planck equations to describe statistical

fluctuations of quantities like mass asymmetry, intrinsic exci-

this conference

tation energies etc. (For the work of Ndrenberg and co-workers
we refer also to the talk of G.Wolschin.) In this context the
coefficients mentioned above are then often called transport
coefficients.

It is worthwhile to recall that the way of posing the éroblem
is by no means new to nuciear physics. Indeed, in-the conventional

collective mode111)

one is faced with practically the same probler
There the coefficients to be computed are inertia and stiffness
(or the whole potential energy, for large scale motion). What

is new is the need to understand the nature of dissipative and
fluctuating forces - that is to say the nature of friction and
diffusion coefficients. This problem was attacked in refs.12)-15)

by applying the quasi static method known from statistical
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mechanics. In this contribution we should like to review this

approach as well as its application16)-19),

There exists another theory for the same problem develobed
by H.A.Weidenmiiller and co-workerSZO)-zz). Similar to the approach
just mentioned they too treat the dynamics along the trajectories
as well as the statistical fluctuations on the same footing. Their
starting point, however, is not the nuclear collective model but
the random matrix theory for complex nuclear reactions. These
authors have criticised strongly our use of the concept of a
temperature. In this paper we shall, therefore, pay special
attention to this problem. We shall also try to make clear that
in our particular case using a temperature does not necessarily
mean that nucleonic degrees must be embedded in a heat bath. In
a simple model treated in the appendix we show that a possible
uncertainty in the excitation energy has negligible influence
on the value of the friction coefficient. The simple model consists
in using within our theory the form for the average squared matrix
element as defined and used in refs.20)-22).

Discussion of the basic ideas and assumptions

The collective model obtains its great simplicity due to the
requirement of the existence of slow modes QA (the collective ones).
They are assumed to define the shape (or a rotation angle) of the
nuclear single particle field V(¥ {)8x). This picture works if
the nucleonic degrees X, are fast enough .to follow instantaneously
any change of the Q,,. The Qu -dependent single particle potential
then serves as the coupling between collective (q’~) and intrinsic
(xi) degrees from which the equation of motion is gemnerated. This
procedure is usually carried through by a perturbation approach.
For this the Q-dependent (adiabatic) ground state of the system
seérves as the zero order approximation. .

Clearly, for deep inelastic reactions the latter assumption
has to be abandoned. The fact that the intrinsic degrees get



excited must be described in some way. It would be extremely
helpful if that could be done by only one additional parameter.

To achieve this the following fact can possibly be used. In the
region of the expected excitation energy the level density is
extremely high. Therefore, clearly, a statistical description

is necessary and it is probably fair to assume a statistical
equilibrium. We shall see later to what extend this is justified.

As the additional parameter which characterizes the intrinsic system
one may choose .the mean excitation energy {E) or a temperature T.’
It is heartening to see that the simple model discussed in the
appendix indeed shows that a parametrization of the intrinsic systenm
by its mean energy is sufficient. We shall see that the influence
of a possible fluctuation AE on the friction coefficient for

instance is of second order in and thus negligible (see

(14
142
below).

The procedure developed above is the one of the so called quasi
static approach to irreversible processes: A change of the macro-
scopic coordinates qnexcites the intrinsic degrees. The latter
always have time to relax to a thermal equlibrium described by
a temperature T. For a large-scale motion of the ghT must change
in time. This picture has to be combined with the idea of the
nuclear collective model that the coupling of the Q; with the Xy
is given by the mean nuclear field V(xi’QH)' Then we can derive
the dynamical equations of motion for the Q# .

This procedure has several advantages, ones of principle as
well as practical ones:

a) Due to the special choice. of the coupling, the method takes
into account essential properties of a nuclear system - in
contrast to the piston model,for instance, or even to phenomeno-
logical hydrodynamical models.

b) The collective degrees appear explicitly in the Hamiltonian
from the beginning. They need not be found by some projection-
or coarse graining method.
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c) Due to the flexibility of the model the QP can represent any
slow collective degree.

So the main question arises: can this procedure be applied
to heavy ion collisions? As we have seen, this is mainly a question
of time scales. As a first hint we may use the following estimate.
One of the fastest modes to be treated explicitly is certainly
that for relative motion. For the reactions we are going to inter-
pret the relative kinetic energy at .the top of the Coulomb barrier
is typically of the order of a few MeV per nucleon. This value is
much smaller than the nucleons' fermi energy of about 35 MeV. So
it is very likely that the main conditions may be fairly well
fulfilled. Before we come to more details let us make more pre-
cise these main assumptions:

a) The reaction can be described in terms of a few collective
or macroscopic degrees Q/“.

b) The intrinsic degrees Xy relax to a statistical equlibrium
in a time T much shorter than a typical time for the collec-

tive motion T :
coll T L z.t.olf

Later we shall assume also that
c) the statistical fluctuations 4Q, are small. Then the concept
of classical trajectories is meaningful.

This set of conditions is finally completed by neglecting any
quantal fluctuations of the collective degrees. That is to say
the equation of motion for the Q/‘shall not contain any quantum
effects. (For more details we refer to section W ).



III Definition of a perturbation approach

In the foilowing, in order to simplify the formulas,
we shall restrict the discussion to the case of one col-
lective degree Q. The Hamiltonian used in the collective

model then has the form

L.

A F] A A Ao a
Hki, 7, 0) = Hexipi) + Vix,8) (1)

and Q is treated as a classical time-dependent paramecter.
The first part cf the Hamiltonian contains the nucleons'
kinetic energy. It may further contain any interaction not
represented by V(xi,Q). From (1) the equation of_motion for
Q(t) is then derived by the methods of the cranking model.
It has been shown in ref. (13) how this derivation can be
generalized so as to include dissipative processes. In a
paper‘z) previous to ref. 13) as well as in that?d),in which
the Fokker Planck equation was derived an auxiliary Hamil-

N
tonian Hc"l was added:

T o= 0o+ V+ g, (2)

It describes a bare collective motion:

A _ "51 A
Heoy = ” + W) (3)

The coordinate Q and its conjugate momentum are then

treated as quantal operators. In the following discussion
A
we shall follow this procedure and assume for ' the form



(2). In principle, the formal derivation presented below

can be used also for a more general coupling V.

The method for obtaining an eguation of motion for the
subsystem of collective degrees is as follows: Start with
an approximate equation for the whole system and average
this equation with respect to the intrinsic degrees. For
heavy ion reactions V certainly represents a strong inter-
action (for a Q which for instance describes relative
motion V is responsible for the huge energy loss of some
100 MeV). So V cannot be tr=ated in low order perturbation
theory. If, nevertheless, we want to benefit from the sim-
plicity of a perturbation apprcach we have to renormalize

the interaction.

Suppose we want to follow the motion at a time t around.

an arbitrary but fixed time t:

t,- 5t <t ot (0

At to the collective degree shall have the average value
. A

Q° =<£QY ¢ - We then rewrite H as
o

A A A A - s
H = H‘-“("‘i,f’c‘,‘ &) + §V + Hegy (3)
witﬁ
A A L4 s IS
S = Vﬂ:,ﬂ) - V(kl',oo) (6)

and
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fl- = ﬁ“&,ﬁi} + C’(’?n’j@o) (7)

wf

According to our assumption of small fluctuations of Q (see
section II) QV is small whenever §t can be chosen suf-
ficiently small: 6 may then be estimated by its average

value (6)t which for small 3%t will be close to Qo.

For the choice of the magnitude of §t we have to con-
cider two limits. Certainly, {t must be chosen smaller than

the typical time interval after which the Q has

coll
changed considerably. On the other hand, we do not want to
make it smaller than the intrinsic relaxation time T. Other-
wise we would loose important information about the intrin-
sic system. According to our assumption b) (see section II),

T and ?hcoll are well separated. For §t we therefore find

a value

T £ K Ty ®
which indeed guarantees that SV is small.

We may hence think ot $v as a small perturbation on the
intrinsic system. It is important to remember that this is
true only for SV and an intrinsic Hamiltonian which con-
tains a large fraction of the total interaction 6(§p6). It

is only by this renormalization of ﬁ that we can benefit

int
from the weak coupling limit. This has to be considered

when we want to compare with inferences obtained in other
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approaches like the one of refs 20)-22) where no such re-

normalization is performed.

A
For the further procedure 8V is approximated by the

first term of a Taylor expansion:

pal -
OV = (8- a.,)a:;"u@ﬂ) = (6-6) Y5, %) (9)
-

It is again stressed that neglecting higher terms, like for

instance /Q @) aa , is vossible only if assumntion
0

(c) is fulfilled (and if gquantal fluctuations are small'see

below) .

We still have to define the unperturbed state of the
system. It is here where statistics enters: we may anticipate
that during the reaction a situation is quickly reached .
where the level spectrum is very high. To follow then each
individual excitation explicitly is hopeless. Therefore, we
represent the intrinsic state by a statistical mixture. We
even go a step further and assume that to order zero in S%
the intrinsic density operator §int represents a statistical

equilibriun.

A
In previous publications, we have chosen for § int the
canonical form

-"_
o.0=

ok

. ) . . A
Since Hint depends on Qo in a parametric way, Q int is also
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a function of Qo’ The temperature T° is that for the in-
trinsic system at time to. It is to be computed from the

mean excitation energy

E(te) = Tr éint{a"'TO) ﬁ,-,,t (‘ﬂ.',f':.'j ®o) (11}

The latter is obtained by requiring conservation of energy

on the average:

€, = (ﬁm)t * (ﬁm){ = ER) + Eyle) O

In (12) the weak coupling 8V has been neglected for the

energy balance.

The validity of using the temperature concept has been
strongly questioned in refs. 20-22). It has been argqued

that the two reacting nuclei are not embedded in a heat

‘bath but form an isolated system. One has to remember, how-

ever, that we are not interested in distributions of the
total system but only in those for the subsystem of the col-
lective degrees. Suppose for a moment all degrees had

reached a statistical equilibrium and that the total energy
can indeed be split up as in eq. (12). Then the temperature
as defined by eq. (11) can indeed be used to find the distri-
bution for the collective subsystem2¥! In our case the
situation is different in that the collective degrees do not
reach equilibrium. Thus to be sure we have to consider this

problem a little more carefully. Therefore, we perform the

A
formal derivation without specifying gint‘
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We shall see that for our approach to be valid the
special form (10) for §int is by no means necessary. In-
deed, we could as well use a microcanonical distribution-
without changing the essentials of the derivation. In the
latter case §int has a different form. The statistical
weighting factors 3(Em) do not have as large a range as

for the canonical distribution

9(Em) = Ja exp {" 's—-m} (13)
can
but differ from zero only in a finite interval $E:
tonst+0 for  Elty)— §€ < Em< Elto)
¢ {Em) = (14)
m{crocan /] elsenhere

(Here Em are the eigenenergies of Hin . It is understood,

t
of course, that g(Em) does depend on Qo and To( or E(to))).

There is, however, one condition which the density opera-
tor must fulfill if it is to serxve as a zero order appro-
ximation: The implicit time dependence via E(t) must be small.
It must be such that during St §int.can be treated as a

constant.

Dissipation within linear response theory

Formally, the perturbation approach is carried through by

applying the theory of linear response. A response function
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A »

SEOF measures a devivption, §¢0) , of the mean value of an
A

operator ) from its unperturbed value, as induced by the
interaction (6-00)%. In our case it measures the deviation
of any intrinsic operator from its equilibrium value

A A
<0>eq = .tr Sint O . It therefore also measures the relaxa-
tion of intrinsic excitations to equilibrium. We are mostly

interested in the mean value of 5 itself:

(f){ = (f)eq - S?-f%-ﬂ(ﬁm- 8o )dls (15)

Firstly, -(f)t defines the force exerted on the collective
degree Q induced by V (as given by eq. (9)) . Secondly, it
is mainly this quantity f of the intrinsic system which will

be affected by the time dependence of Q(s).

How, precisely, the form (14) is obtained is described
extensively in refs. 12)-14). (For a general discussion of
. linear response theory we refer to an article by Kadanoff

25)). Here

and Martin or to the book of Pines and Noziéres
we only repeat the definition of ﬁkt) as well as that of

two other functions:

S4) = 2000 ¥ = X'y +iT") 16)

for all t.

(@(t) represernts the step funtion). In (16) ¥(t) is decom-
posed into the so-called reactive (§U(t)) and dissipative

(i"(t)) parts. The latter is defined as:
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e = 3¢ [0, Fnly - 4104y, [0, Fi) o

with ?I“} = e

The decompositon (16) leads to a separation of the Fourier
transform of i(f), viz X (W), into its real and imaginary

parts:

Liw) = X'(w) +Ex (w) (18)

(and hence X' (W ) is connected to A" (W) by a Xramers-Kronig

relation (see refs. 12) and 14))).

It is important to note that the properties of these func-
tions described and used in refs. 12) and 14) also hold if
§int represents a microcanonical destribution. All these
properties are deduced from the fact that X" (t) is an odd
function. As can be seen from the definition (17) this is a

P,

property of the commutator only and not of gint' (For a re-

lation to correlation functions see below).

1} Relaxation

From the form (15) the meaning‘of a relaxation to equi-
librium can be easily seen: Suppose for a moment the intrinsic

system were excited by an impulse:

(6(5) - Qo) A~ §ts) (19)
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A
In this case (F)t -is given by

&), = (f)e? - Xit) = (1’3-%1 - 2. X% (20)

{ﬂ *?0
So we may say that the excitation decays to zero after a
time T if and only if the function X" (t) approaches zero
for t$T.

2) Friction and conservative forces

Let us now come back to the realistic case where Q(s) is
a continuous function. The force as given by eqg. (15) is non
local in time. To achieve lccality we may exploit the dif-
ference in the time scales for collective and intrinsic
motions. If Q(s) is a slow function of s compared to ikt-s)
the integral in (15) may be evaluated by expanding Q(s)

around s=t. Let us do this to second order:
a LAl
- - A A st
Rlt-5) -8 = Qi) =0 -G s + &y £ (21)

By inserting (21) into (15) (after changing the integration

variables (t-s)=» s) one obtains:

, N e

By, = (B - c(f-g) + ¥ Q) + m QW) (22)
with

k(ﬁe;T-) = (a5 %) s =ifes %) s (24)

m (07) =450 Ty ¢ =5 s X' s (25)



It should be noted that the time scale of the respoase
functions needed to ijustify the form (22) can be expected
to be even shorter than the relaxation time  as defined
above. In previous publications we used ratios of succeeding
moments in time to define this scale. They appear quite
natural for defining a smallness parameter by looking at ex-
pansion (22). Let us approximate the collective motion local-

ly by a harmonic one with a frequency W . The the ratio

coll
of the fourth to the second term on the right hand side of (22

(both involve the same response function iﬂ(t)) is given by

wcgn T2 witn

- L (1% de

(26)
§ ®'wyoe

This T is ideﬁtical to the decay time of the response function
only if the latter does not show marked oscillations. Such
oscillations are to be expected. Nevertheless, in the following
the decay time is used as a measure of the intrinsic time,

since it defines an upper limit.

The physical meaning of the different terms in eq. (22)
is obvious: c, ¥y and m define stiffness, friction and inertial
coefficients, respectively. Note that c and m+hhich represent
conservative forces are defined by X'(t), the reactive part of
X, whereas the friction force is given by the dissipative
part of the response function. We: see that iﬂ the framework

of linear response theory this separation is quite natural.

+The formula (25) for the inertia is a generalization of the
cranking inertia to the case of finite temperature (see (12)
and especially (13)).

455
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Let us finish this subsection with the following two re-
marks. Firstly, due to the generality of the choice of the
coupling G(fi,o) the formula for the friction coefficients
may be applied not only to heavy ion collisions but also to
fission. Secondly, the one-body dissipation formu1a27) appears
to be a special case of (24). It is obtained if V(X,,Q) re-
vresents an infinite wall enclosigg a big system of particles

moving on classical trajectorieszs).

3) Computation of response functions

Let us now briefly discuss the probem of how to compute the
response functions. Simultaneously we can check to see whether
these functions do indeed die out after some time T. To this
end we write 'i."(t) in terms of the eigenstates jmY (w;L-th
energies Em) of the intrinsic Hamiltonian ﬁ . Using the de-

int
finition (17) we obtain

¥ =-i ) Q(Ew) [KmIFINf sin(Ey-En)t (21

n,m

The computation of the riy..z hand side becomes very simple,

if the double sum can be converted into a double integral:

'xu)—-- f"‘E g(e)fde Tee) sinlE-E) (20
oD(E) 5 DY
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and if a simple ansatz can be made for the function ?(E,E').
Here this function represents an average of the squared
matrix element l(mlf‘l ny| 2 computed for states with Em(En)

lying in the neighbourhood of the energy E(E').

In the step from (27) to (28) we have replaced the discrete
level spectrum by a continuous one. This will be a fair
approximation 1f the mean level spacing D is small and if we
are only interested in knowing the function for times t 4(%
(this limit VD is sometimes referred to as the Poincaré re-
currence time). For the deeply inelastic reactions there
exists very naturally such a finite observation time, namely
that given by the duration of the reaction. For the latter one
expects values of the order of‘*/“qev which, indeed, is much

shorter than VD .

In principle the function ?(E,E;') can be evaluated with the
method of spectral distributions 26), Up to now no detailed
computation is available. Let us therefore use as a model ansatz
the form suggested in refs. 20-22 (for the case of Q represent-
ing the relative distance between two heavy ions)

_E-&Y*
?(E,E') =F e = \/D(E) D(E')’ (29)

The quantity A measures the width of the band of levels which
are coupled by the operator f‘ Since F ist a one body operator

these levels will predominently lie within one major shell. It
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can be expected, therefore, that & 1is of the order of

10 MeV or smaller. In refS. 20) -22) a value of 7 MeV is
estimated. The last factor D(E)D(E'?. leads to a strong de-
crease of f with iqcreasing E+E'. In this way one takes
account of the fact that the complexity of the levels in-
creases strongly with increasing energy (and thus their
overlap decreases). To justify the special ansatz for this
factor these authors argue that ?:(D(E)DE')Y," can be viewed
roughly as a spreading width and should not be strongly de-

pendent on excitation energy.

In the appendix we describe extensively the implications of
the ansatz (29) on the various response functions. Let us men-
i 4242
tion only one result: i“(t) decreases with t as eXp (" —;) N
So in this model the relaxation time is determined by

> L
'l' A (30)

With the value estimated for A (2 7 MeV) we thus obtain a T
22

of -the order of 10 ““sec.

If the computatinn of "i"(t) discussed so far is to be
more than an illustration o:i_first orientation a microscopic
computation of ? is necessary (see above). It might, however,
be possible to avoid the somewhat tedious method of spectral
distributions (Note that the computation has to be performed

for different Q values). Indeed (27) can be evaluated direct-

ly if it is possible to calculate the matrix elements
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(ml§|n> in a simple but realistic model for gint' The
simplest possibility would be a deformed shell model with-
out any residual interaction. Such a computatiocn was per-
formed in ref. (15) for a head on collision of 65 on
2380. The collective degrees chosen are two dimensional
polar coordinates R and 6. The result for i”RR is given in
fig.1 (for more details we refer to ref 15)). Different
from the case mentioned before, this function keeps oscil-
lating also for ty T & 0.2 %'V, which time might be identi-
fied as its "decay"-time. These oscillations manifest them-
selves in that the first moment of this function, i.e. the
friction coefficient, vanishes without further manipulation.
The first modification one can imagine is to throw away
contribution from times longer than the reaction time 2~reac
- or, (what amounts to the same) to smear the levels with
some uncertainty t/z\"“ in the energy. Since ?reac is not
well defined the procedure is meaningful, only if the result

is independent of the cut-off time Z;u&, if ?':ut-is only of
the order of T . Such a result is indeed obtained for

reac
the friction coefficient as shown in fig. 2.

We expect that the behaviour of the response function
changes if the shell model computation is performed by in-
cluding a residual two-body interaction. Very likely the
oscillations for large times damp ocut more quicKky since
the interaction may make the level spectrum more complicated.

Studies of such effect are in progress.
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V Fluctuating forces

So far we have discussed only the conservative and dis-
sipative forces which appear in the Newton equations for
the mean values {QY . In addition there exist forces which
create statistical fluctuations, sometimes called fluctuating
forces. One way to take thein into account is to look for the
evolution of a density distribution d(t) in the phase space
of the collective degree Q and its conjugate momentum P.
The equation satisfied by d(t) is a Master or a Fokker-Planck
equation. Below we briefly sketch its derivation, for de-

tails we refer to ref. 14).

1) Master equation

Let us still look for an equation which is valid in the

time interval §t (see above), for which §v (see eqg. (9)) is

a small perturbation. One first solves the von Neumann

equation for the total density operator éeot(t) :

A
. (t) A @
:.33{0# = -[é‘tot(t) H,, 3V + H‘D"
At /] e
to second order in SV. For the unperturbed density operator

of the total system we use a factorized form:

Alo)

AP ég.“ (8o,To) + cl to) (31)



This is in accordance with our quasistatic approximation.
To order zero in &V we do not allow for correlations
between the collective and the intrinsic system other than
those which arise from the readjhstment of the intrinsic

Hamiltonian to the mean value of Q. The solution to second

A
order, g‘;l (t) , will contain terms of lower order

AL
St

operator:

(t) (1<¢2). The same is true for the reduced density

A A
—_ (32)
d = J"m PG

obtained after averaging over the intrinsic excitations. To
get a closed equation+ for d(z)(t) (and thus for d(t)! one
has to replace everywhere d(})(t) (i< 2) by d(z)(t) such
that the difference is of order three or higher in Sv.

2) Markoff approximation

The equation we arrived at contains terms which involve
~tegralsover remote times. In some of these terms the
ntegrands are proportional to the response function. They

have a form very similar to the one encountered before in

+ We would like to mention at this point that this equation
is identical to the one obtained from the Nakajima-Zwanzig
projection technique by expanding there the ‘integral kernel

to second order in $v (cf. ref. 14),

461
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eqg. (15). There are, however, terms which involve - in
the same way - another function, namely the correlation

function:

Yig-s) = < [:?IH:) —(?}q} il;sj-'(?)e‘i]{.)eq (33)

It differs from ﬁ?(t) in that the average is to be taken
for the anticommutator. So if4y(t) is again expressed in

terms of the intrinsic eigenstates we obtain (‘Fm ($>e$= O)

Yy = =5 olew) [<miFImf cos (6Bt 00
hm

We see thét\k(t) has a structure very similar to that of
ﬁf(t). Therefore Ay (t) can be expecéed to change on a
time scale i?c very similar to T . In the model mentioned
before the decay time rb is completely identical to T (see
the appendix). Therefore also the integrals involvingaf(t)
can be estiméted by a moment expansion. In this way the
equation for 3 becomes local in time. It is here where the
so-called Markoff approximation is made: at time t the
density distribution (which describes completely the sSystem
of collective degrees) depends on t only and not on the

history of the motion.
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3) Diffusion coefficients

The moments of the correlation function define diffusion
'coeffi:cients. In a phenomenological theory they might be
treated as new parameters. However, it would be very help-
ful if a relation could be found to the moments of the
response functions mentioneqabove. Such a relation is pos-
sible on very general grounds. Moments in t of the time
dependent functions can be expressed by derivatives of their
Fourier transforms, evaluated at & = O. For instance, the

friction coefficient can be written as

[ |
Y= ?..".‘./ (35)
b=o

T

with

') =T "z e(En) I(m[f [,})17—( §(w-2,0) - S'(m-JZ.,,,))

(36)
being the Fourier transform of 4" (t).

According to the remarks made above it is obvious that
the Fourier transform of 4(t), which is denoted by S, is
obtained from (36) by replacing §(W+2,)by - §(L +2y):

. - A
SStw) = T2 QUEw) Kinl FIiy P &(wo-2p0) + Sle “Ran)
' h'M

. ; (37)
The first diffusion coefficient, which we denote by A, can

* therefore be expressed as



o . :
4 =2’ fwtgoe = 4 $eo) (38)

As may be suspected from the similarity of the forms of
(36) and (37) that there exists a relation between
7ﬂwu)--and S(w). It is the so-called fluctuation dissi-

pation theorem:
[
L) = {-JA ﬂ.:i_" Stw) (39)

By differentiating with respect to w we find immediately
that the diffusion coefficient is proportional to. the

friction coefficient

A = — (40)

For a canonical ensemble ﬁ is identical to the temperature
T and (40)° is called the Einstein relation. As the reader
may have noticed, this is the first (and only) piace in
the derivation where the concept of a temperature is im-

portant. Let us therefore discuss now the

4) Choice of the statistical weighting factors.

Usually, the relation (39) is provedzs) for the case
that the 9(Em) are the canonical weighting factors. As
mentioned before, in previous publications we have used
always such an ensemble. However, the relation (39) remains
true also for other distributions. This is clearly seen
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from the discussion of the model prescribed above and in
the appendix. The only condition one needs is that the

function

\@(F) = - 0e (41)
°2F

varies slowly in the region where the excitation probability
\\I(E) is different from zero. The function ﬁ(E) can then be

approximated by the constant value
g = é(E’z <EY) (42)

which defines the quantity appearing in ( 39 ). From the

definition ofﬁ(E) as given by ( %4 ) it is seen that b

is identical to the inverse temperature. This particular re-

sult has its origin in the special choice for ?(E,E') - viz
——)

that it is proportional to {D_LED_ . The reason for this choice

is discussed above.

The error resulting from the use of the approximation
( 42 ) is estimated in the appendix and found to be of second

order in , with AE being the width of N(E). Even for a

aE
{€)
canonical distribution applied to a typical nuclear system,
this width AE is small enough for the error to be less than
ten per cent. This result is worthwhile to be looked at also
from a general point of view. It says that the distribution

of the collective degrees can be found once we define the
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intrinsic system on its mean. We mentioned above the same
feature for the case of all degress being in a statistical
equilibrium. Now we see that it is true also for the case
where the subsystem of the collective degrees is away from

equilibrium.

We may finally ask whether the relation ( 39 ) between
7 (W) and S(wW) can be used even for a more general
functicen F(E,E') and a distribution different from the
canonical one. The answer is yes, as can be seen in the
appendix. The only condition on F we need is that the dif-
ference E-E' is bound to values small in comparison to the
mean excitation energy ¢E) . (This should be a weak condition
if one considers that f is a one body operator). The defi-

nition of‘ﬁ(E) then changes to

——

4L D{g,e+n) 2
=0

'@(E) =23 Steevn) (a3)

but @ is still given by ( %2 ).We may thus draw the follow-

ing conclusions:

a) The form for the (Einstein) relation ( 40 ) is not re-
stricted to the canonical distribution. We:-recall an important
implication of this form: for a finite @ there is no friction

without diffusion and vice versa.

b) For the model based on the averaged squared matrix

element as suggested by Weidenmiiller's group, ﬁ is tdentical
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to the inverse temperature no matter how 'g(E) is chosen.

c) So far there is no special reason to believe in a
function ZQE,E') which would change the definition of F
drastically as compared to eq. (- 44 ) (with ( 42.)). so
for practical applications we may continue to work with B
defined as for the canonical ensemble. This point certain-

ly deserves more studies.

Fokker-Planck equation

To obtain the final form of the equation for the density
we make two further assumptions. They are made in order to

simplify the structure of this eguation.

Firstly we shall neglect all forms which contain moments
of ﬂf(t) higher than order zero as well as those of ﬁZ(t)
higher than order one. It can be shown that both restrictions
are consistent with each other if the temperature is not too

small. (In ref. 14) an estimate of W 3.5 T was given).

The equation for the density operator d(t) valid ‘in ‘the
interval St, then reads(for the sake-of simplicity we assume
A
here and.in eq. (45): Q°= <F7eq = 0; see the discussion on

page 467 of ref.14)):
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—

. A A f) @+ ddw) A (44)
,,‘ai(t) _ __[d({—), Hm:] -c [°’”+, (9]

( oT(t) P+Pofu) i A [dm (QJ) C?J

2.

This equation still contains quantal effects. As the
second approximation we neglect all quantum effects and
replace eq.(&q) by .its classical analogue, which turns

out to be the following Fokker-Planck equation 14) (FPE) :

(45)

adl) P 3dW) _ ade) |, g 3dw
2 ET) 2P 3P

1) Comments on neglection of quantal effects

A few comments should be made on this last step.
Quantal effects which are caused by the bare collective
Hamiltonian ﬁcoll are probably small. This should be the
case at least when Q represents the relative motion. For
typical reactions the de Broglie wave length is less than

0.1 fm (see ref. 30)) and thus much shorter than typical
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variations of U(Q) with Q. Furthermore, quantal effects
in eq. ( WUl ) which arise from the friction and diffusion
terms may also be expected to be small. Remember that we

have assumed in some way a high temperature (@ & 3.57T).

coll
We know from equilibxium statistical mechanics that this is

exactly the regime where quantal effects are small.

It is certainly true that this problem of quantal fluc-
tuations deserves a more detailed study, especially after
the findings of refs.21) and 22). These authors find strong
quantal off-shell effects due to the stronu interaction V.
We believe that in our approach the strong interaction of V
is to a large extent taken into account by our renormalizaticn
of g along the trajectory. However, the 1nf;uence of the

int

] 2 32v .
second term, < (Q-Q_ )" =, , of the expansion of 5\7 (see
2 0" 96g
eq. ( ﬁ )) still has to be studied {by treating SV to the
next order). It is mostly from this term that non trivial

quantal effects may arise.

Before closing this section we should like to refer to a
recent paper by K. Dietrich and Ch. Leclerqg-Willain, which

also discusses implications of quantal effects.

2) ‘Equation for entire motion

The FPE eq.(%5) still is able only to describe the motica
in the interval St. Remember that the coefficients c, bt and

D still contain the parameters Qo and To (or to). An equation
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for any t is obtained it Qo and To can be replaced by the

. values of ¢QYand T .at time t . But this replacement is

again in accordance with our assumption that the collective
degrees change slowly. For {Q) close to Qo the equation is
changed to an order higher than that considered if Qo is
replaced by ('C)) in all transport coefficients (Note that
the latter are of second order in &v). Since all these
coefficients are deduced from response functions we may

phrase the condition in terms of two inequalities12:

1 de e w4
z Q dt ) (46)

LK odl g w4 (a7
g a7 dt

Both compare the implicit time dependence of ﬁ' via¢Qyand T
to its explicit time dependence which is defined by the
characteristic value (£§t (see eq. (§) ). It should be
noted, however, that the actual conditions we need are
weaker. This is because the transport coefficients are de-
termined by particular properties of "i only, namely its

first few moments.

Before we write down the form of the F.P.E. actually
used in the application a further manipulation should be

mentioned. We use again assumption ¢) (section II) of



small fluctuations in the collective degrees and approxi-

mate the bare collective force by

K(g) = & N(],) + W,_?‘?c)(@ a,) (48)

<

E}

Then the FPE reads

adl) 7 9dw (6.) - ¥ -q ))od8) 9
3t m28 (KQ‘) e (@ ‘))ap

+ y(0) & (P + Tle) 2 ) dit)
with

CQH(Q‘) - C(@‘)._aé_'(_f_?:) (50)

4
The quantity Qc introduced defines the mean value of Q:

@, ) -—-_(deP ol (4) @ “(51)

We also use the mean value of P
Py = loedp dle) P (52)

The equations for these quantities are easily derived by
differentiating with respect to t and applying the FPE

(#3 ) to the right hand side. We obtain:

d @ P (53)

dP‘ = K(Q.) - X(Qt) 29- (54)
d ’~

471
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It can be seen that these equations form a closed set

and that thev are identical to Newton's equations with
frictional forces. This is to say the mean values of the
density destribution follow the classical trajectories.

Of course, this feature is due to our approximation for Sv
being linear in Q and/or to the assumption of small fluc-

tuations. The latter can be measured by the second moments

of d(t):

Wit)

]

L {dedP dw) (P-Rt)* (s5)

WYit) = .2!' Sd@dP o t) (Q —Q(t))(P-E(f)) (56)

) = %j&wp dw (@- ) (57)

Trey, too, fulfill a set of first order differential
equations. It is probably not necessary to write down these
equations explicitly (see refs.14),17) and 19)), but
suffice it to mention a few properties: This set is not
closed but coupled to the equations for the first moments,
which is a consequence of the dependence of the transport
coefficients on Qc' The equations are inhomogeneous, the
inhomogeneity term being given by the diffusion coefficient
D = ¥T- This implies that W,X,¥ reach finite values even

if they are taken to bezero before the interaction (limit

of Newtonian mechanics).



After solving for the.first and second moments we
have important information on the density distribution.
As a matter of fact, for a FPE with the particular form

(#9) » this is all the information we need to define
the solution d(t) completely. Due to the fact that the
equation is linear in Q and P this function d(t) is a

Gaussian.

3) Equations for reduced densities

In applications to heavy ion collisions very often not
the full equation (9) is used but equations for reduced
densities Q(P,t) or §(Q,t). Let us briefly discuss how
they can be obtained from eq. (#5) . This is especially
simple for the case where we want to average (integraté)
over the coordinate Q. Let us do that for the case that
P represents an angular momentum and Q an angle. We may then
put K(Q) and c equal to zero (assuming that there exists
no conservative force to rotate the system). Xf we inte-

grate over Q we obtain

0 6(Pt) 3 [P =
— e 2 4+ TE ) Sre (58)
¥t ; “o'P(/* Sp) S

without making any approximation. An equation of that type

9
is used by Nérenberg)to describe the probability for in-
trinsic angular momentum. The friction and diffusion coef-

ficients are even put equal to constants.



474

To obtain a useful equation for $(Q,t) is not as simple
and not possible without further assumptions. A simple
integration over P would lead to the continuity equation

12)

only . According to Kramers.“) (see also ref. 32)) one

L7
has to integrate over the path Q +?§ = Qo and assume )

I ol I
—_ Uh T - &4 (59)
K daFa

[ 2d | .

— —nT.- L1 . (60)
ol E)QJ;-—"&

Then one obtains:

26(aL) C) Ke) - ce)(@-6) T(a) 9
o -2 | - 18 2 G
ot oQ yla) y(@.) 0@ (61)
That this equation does not fully describe the dynamics
can easily bé seen by looking at the equation for the mean

®”)

value Qc~(t) .

X{Q(_‘) d-ag-; = k ( O{_ ) (62)

It can be deduced from eq. (4) in the same way as egs.($3)and (s+)
from eq. (§9) . We see that eg. (62) results from the

full Newton equation (§%) only in the case of overdamped

motion: the acceleration term is neglected. For the sakc.e.

of combleteness we also write down the eq. for the second

@)
moment YAt) .
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dre) o &) xw) + T8 (63)
dt y(&) ¥le)

An equation of the type (64) was used by Nﬁrenbergg)

and Nga3“° for the mass asymmetry degree. All the co-
efficients were taken to be time independent and ¢
put equal to zero. In this case the solution of eqs.(GU

and @S\ become trivial: they are linear in t.

VII Cross sections and applications

1) Formulas for differential cross sections

The solution d(t) of the FPE can be used to obtain
cross sections which contain the effects of statistical
fluctuations. We can do that for any quantity which can be
expressed as a function of the slow degrees we are able to
take into account in our model. Imaginé our set of col-
lective degrees consists of two polar coordinates R and @ for
relative motion and a few other degress Qn' like mass asym-
metry, shape degrees and rotation angles of the fragments.

-The corresponding momenta shall be denoted by P Po and

R'
PQ . Suppose we want to obtain, fo; instance, the differen-
n

tial cross section QEI for the angular distribution. We
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obtain that by integrating first over all coordinat'es

(and momenta) but © :
N(Gd:) = _(d“(-dﬁnjdpqd% }f_d%“ d(?ﬂ’ Qn} p”pg},p&nj{) (&4
" »

This quantity “ defines the probability for finding the
system in the range d6 of the angle © - provided it has
started at t-¢ - from a given initial configuration. This
configuration is described by means of an impact parameter
b (Note that the widths of d are taken to be zero before
the interaction (see above)). To obtain &Lg we therefore

have to integrate over 2jibdb, and let t go to + 60!

g% = S?.ﬁsdb W(e,t—> ) (65)

If we are interested in a multi-differential cross section
we proceed in the same way. The only difference is that the
coordinate or momentum for which the probability is to be
computed has to be left out from the integrations on the
right hand sides of egq. (G(r) . We do not want to give further

details or other examples but refer to ref. 17).

The integrations needed to obtain the probability ]J
can be performed analytically. Remember that d is a simple
function', namely a multidimentional Gaussian. In the case of

eq. (“,) we obtain
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2
G eﬁ(i
" ( })

.14
(or e & ')

I\/(e,t) = J) (66)

where )Lee is the second moment in © as defined by eq.{5%

for Q = ©.

An interesting feature is that for finite Xee(t-pw)
the cross-section %%. obtained from eq. (6!’) by in-
serting the form ({6) remains finite even at the clas-
sical rainbow angle. If we may recall, the purely classical
cross section (based on Newtonian mechanics only) diverges
at this rainbow angle. This ‘classical result can be ob-
tained from eq. (b%) (together with eq. (b€) ) as the

limiting value for ‘xee—b O. Indeed, we get

A1 _tim (2R bdb Nigtow) =
d@ 6
Clags X=>0

(67)

= Szﬂ.db S(o-gu) = 2w, :!l?
n < ‘

A ba

(For examples we refer to a previous paper16)).
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2) Applications

The simplicity of the final version (Uﬂ) of the FPE
makes it véry easy to combine this equation with phenome-

nologiczl models for trajectoriesz)~7)

s This is true because
the diffusion coefficient’ (tensor) can be approximated by
the friction coefficient (tensor) times the temperature of
the intrinsic system (see above). So once we know the forces
appearing in the Newton equations we can compute the
statistical fluctuations. For these forces up to now there
indeed exist only phenomenological ansatzes. A fully micro-

scopic computation of, for instance, the friction force form

factor £(R) is not available yet.

In refs. 16)-19) we have applied the FPE to several such

phenomenological models. Here I would like to discuss brief-

2
-~
ly only the computation of the cross sections EL—
dz S d 6 Ehl:'l

and . '(Ekin = kinetic energy for relative motion,

X = mass asymmetry).

ds

a) Computation of d_(qd Ehin for the 388 MeV Ar + Th' system

For this calculation19)

we used the friction force as
suggested and applied in ref. 7) to the same system. Although

there are objections to some of its assumptions we have

.chosen that particular phenomenological model, mainly because

of its simplicity in comparison with other models (for a .

detailed discussion we refer to ref. 19)).



479

Fig. 3 shows the cross section as a function of the
scattering angle and the kinetic energy in the center of
mass system. The dashed line represents the result of the
trajectory computation. The full lines show the influence
of the statistical fluctuations in energy and angle.It is
to be noted that for the deep-inelastic branch for given
impact parameter the uncertainty in the angle ( e-ec )
amounts to an order of 10°. Withouﬁ taking into account
these fluctuations this pattern could hardly be obtained.
As one may see it looks very similar to the experimental
curve which can be found in ref. 29). This is not the case,
of course, for the quasi elastic part for which our ' theory

cannot be applied.

ds
a) computation of gdx for the 365 MeV Cu + Au system

The computation was performed in the following way. For
the relative motion (described in polar coordinates R and o)
the forces were taken to be those of ref. 2). For the mass

asymmetry degree x it was assumed that:

i) it is statistically uncorrelated to the relative motion,
i.e. the density distribution for the total system was

assumed to factorize in the following way:

A(R,6,6 B By, %it) = ARG Ryt hliBt) ()



480

ii) it is overdamped, i.e. the equation for dz(x,t) has
‘the form (64),

Both assumptions do not mean that there is no dynamical
coupling between the x-mode and the relative motion. Such
a coupling comes in via the Newton equations for the mean
values. The assumptions were made for simplifying reasons.
They imply that the only force which has to be parametrized
anew is the friction force for the x-degree. Two possible
choices have been used. The results are shown in figure

4a and b. For fig. 4a the friction coefficient Xxx was

17)

chosen constant whereas for fig 4b xxx was takern to

be proportional to the formfactor f£(R) of the radial
18)

friction force . By comparing these figures we get an idea
of the importance of the dynamical coupling of the x-mode

to the relative motion (Note, however, that this coupling

is not only given by f(R) but also by the conservative
forces). The experimental curve is shown in fig. dc (for
details see ref. 17)). It is seen that essential properties
of this pattern are reproduced by the theoretical curves.
The agreement is certainly better for fig. 4b. It should

be strengthened, however, that the models are too crude for

a hope for better quantitative agreement.
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VIII Summary and Discussion

We described how it is possible, to derive a FPE within
a weak coupling approach. For this it is necessary to renormalize
the Hamiltonian for the intrinsic system along the trajectories of
the collective motion. We showed that the transport coefficients
are determined by specifying the mean of the excitation energy
only and not its width. At the same time we showed that the use
of a temperature in the FPE does not imply the assumption of heat
bath (canonical ensemble). This result was obtained by considering
carefully the particular situation of interest, namely a small
system like a nucleus with the collective degrees away from equili-

brium.

‘The application of the theory within simple models led to a
qualitative agreement between computed and experimantal cross sec-
tions. We may thus ask the question: is the approach realistic
enough such that the agreement could be made more quantitative?
The answer at this stage is that it is probably not. All the
assumptions made in the theory are unlikely to be fulfilled - at

least not for the entire duration of the reaction:

1) We certainly did not take into account all slow degrees. Shape
degrees, for instance, are certainly important in the last, stage

of the reaction (see ref.6)).

2) The statistical assumption about high excitation energy {(high

temperature) are not valid at the beginning of the reaction.

3) The estimated relaxation time of ©¢& IO-zzsec is very likely
not small enough so that at the beginning of the reaction a clean

separation of the fast from the slow modes is possible (for a
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discussion of this point see also ref.15)).
In which way could the theory be improved?

i) As the most important problem appears to be the treatment
of the initial stage of the reaction. It is very unlikely that
for this stage one can use any kind of statistical assumptions.
ii) The statistical theory presented above could be improved
by not assuming a high teﬁperature limit. We should also look
more carefully at the problem of quantal fluctuations in Q.

If they lead to a sizeable uncertainty AQ SV has to be treated
to higher order (see section VI.1). It should be mentioned in
this context that the model computations showed the statistical
fluctuations AQ to be fairly small.

16-18)

iii) In the practical applications done so far the tempe-

. S |
rature T(t) was estimated by assuming n D= lJa ElY) ana taking

for the level density parameter a the usual ansatz: Q= £L.

10
This estimate, of course, might be too crude: It does not accou
for the special situation of a composite system whose level stru
ture will be quite different from that of spherical nuclei. We
may also put it differently: In this way we do not account for
the necessity of renormglizing Hint along the trajectory. We

would do better justice to this particular problem by computing

the temperature from the relation (11) (cf. also ref.14)).

The author wishes to express his deep gratitude to C.Ngd
and P.J.Siemens for their patience to cooperate with him during
several years. He also wants to thank H.A.Weidenmiiller for stimu
lating criticism and K.Hartmann for carefully reading the manus-

cript.
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Appendix

Response and correlation functions in a simple model

In this appendix we study a simple model in order to exhibit
important properties of response and correlation functions used
in the text. Special emphasis is paid to the question of the
importance of the intrinsic energy distribution. We shall see
that only very weak conditions on this distribution are needed.

Bll the functions we are interested in have the form
=)= z ?(Em) kml ’Fh}l g(xl En=Em) (a1)
Nm
with x representing either a time t or a frequency W . This is

easily seen by using the following relation (cf egs. (2?)' (3%),
(35), (‘5?)) :

(Rt 2wt s
e v L
~l& (et-Yu-f _ e:t.in.t ‘V(ﬁ) =
- {  J=Z

X ( (6~ Lugs) = S0+ 24s)) X(w)

TC( 8(0-nw) + (¢ 20a) S(w)
(a2)

Our first assumption is that the level spectrum is almost
continuous, with an average level spacing D(E). Then the double
sum in eq. (A1) can be replaced by a double integral:

P
== giﬁ 9(6) Sd": Tee) §Cx, E-E) (A3)
o O(EY
Here the function ?(E E ) of the energies E and En represents
the squared matrix element |(m|Fln}| « In principle, ‘this function
can be obtained by the method of spectral disttibutionsu).
For our purpose it is ernough to use some simple approximation,
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for instance the one suggested in refs. (20-22) . We therefore write:
. (e-8")*

Seee) =" e = {NeDeE) (a4)

A pdssible 'Q-dépendence is contaired entirely in the strength factor
Foz (compa;ré section 1,\7-3 ). For present purposes such a factor

is completely unimportant. Therefore, we put F; 2 equal to unity
in the following. By inserting the ansatz (A4) into (A3) we obtain
after a trivial change of integration variables:

o0
=) = {dg W(E) E}'S(x.f—;) (A5)
o
Here, &S (x,E) .is def:ned as _ ;s-z‘;
xe) = (aqa [O(8 o 2&°
3’5'(,?) ’SE DiEw e §(x, 2) (36)

and
8(e)
b(e) @an

defines the probability function for the intrinsic excitation
energy E.

e

To compute the integral ¥, (x,E) we make use of the following
general property of a statistical eguilibrium: No matter how
the statistical weighting factor @(E) is chosen, W(E) will be
different from zero essentially only in some finite interval AE
around the mean value (E) . Possible choices for j(E) are:

. -T
g(e) - g__ (A8)
2
or
Q(E) =[constant for E_- &E<E<E°_ (a9)
O elsewhere.

They correspond to the canonical or microcanonical ensemble,
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respectively. (Note that because D(E) is a strongly decreasing
function of E, for the microcanonical distribution AE is

smaller than SE. Also, usually, AE/microc. is smaller than
AE/

can.

The integrand in (AG) is bound to small values of JZ by the
Gaussian factor @~ 12& . The width A is expected to be smaller
than 10 MeV. (The authors of refs.zo)zz’) estimate &= 7 MeV; compare
section N.3). On the other hand, the mean excitation energy &>
is much bigger:

AL €
. (A10)

This is certainly true except for the initial stage of the
reaction, . - . The following computation is made
assuming the inequality in eq. (A10). Then £ is much smaller
than E and thus the following approximation can be used:"'

A
D(E+%) Z DPle) ”P(‘Qab'o > 3;;0 (A11)

Moreover, the l-wer limit in the integral of (A6) can be replaced
by =00 . Then J-i(x,E) reads

'3 (x,€) = fd.iz exp(

%ﬁ‘ﬁ )§(x.-n) (a12)

Ame)
with .
_ﬁ(b‘) = = %—W (313)
and
1o 1 b
T2 & *2 YL (A14)
' <2\aE

With the usual ansatz for the level .demsity, D(E) ~ & ) (S
and I can be estimated to be

ﬁ (e) = E’E‘ (A15)

+Such logarithmic expansions are often used in themédynamic
computations, since D depends strongly on E.




] ) 1 Ja

- - L A
By inserting a & %[éw‘] we see that for a typical situation
(number of particles A2 100, E Z 1no MeV) the second term on
.the right hand side of eq. (16) is negligibly small. Therefore,

I is given by
Ixa (a17)

and thus independent of E (if a small E dependence of A is
neglected).

In the model described above, let us now test two assumptions
which are essential for obtaining the final form of the Fokker
Planck equation. They concern the use of a temperature and the
condition that the response as well as the correlatioa functions
( 'f.' (t) and ’W (t)) die out after relaxation times C and C.. To
begin with the temperature: essentially it enters (see section :_‘7 )
only via the '

a) fluctuation-dissipation theorem.

This reads:

®'(w) = Ygh (1_;' Stw) (A18)
or, in the notation used above,
oP 4
Sde Wee) 336,(&,5) = {gh 63_(') foe e ¥5(w,€) (a19)
] o]
The integrals E.xa and Es are given by
uz
— 2 ufi=-
L — a7 2% sl Y fite)
3= fue ep(-Z,+ 3 ) [So-2)+ furgf] =2 e
2
N

3,7t op (-2« fe)[slon) -foral] = 27 &7 eink 2460

(A21)
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From these expressions it is clearly seen that a sufficient con-
dition for (219) (and thus (A18)) to hold is:

‘(é(E) = ‘(S(L—':.(E)) =0 (A22)

That is to say, the function (§(E) must be sufficiently smooth in
the interval A E around {E) such that it can be approximated

by a constant. Had we used for g(E) the canonical distribution
(a8), (¢E» ) would indeed be identical to the inverse temperature
(see textbooks on statistical mechanics, especially ref.l% ).
Different to the usual derivation of the fluctuation dissipaéion
theoreng)
element of the operator-f . The advantage is that our procedure
also holds true for cther choices of g(E), for instance, the
microcanonical distribution (A9). In this case (A22) serves as
the definition of the quantity @ appearing in (A18).

we have used explicitly a special form for the matrix

It is obvious that a similar procedure can be performed for
a function?(E,E') more general than that given by eq.(A4). In
this case we would perform the logarithmic expansion for f(E,&)
= ?(E,E'*.V.)/D(ap)instead of D(E+R):

?(E.Q) = {(g) exp (-%?_*-é 2 ) (a23)

where A and I now are defined as

Lter=2 %{1__ (a24)

2 -
I'z —_ - 3 LVI @(c.-ﬂ)
2
o® R-0
(The new factor f£(E) will not invalidate the arguments used above
to find eq. (A19) true).

Let us finally estimate the error which results from the
restriction (A22). It is not necessary to do this for the whole
range of frequehcies W since we are mainly interested in the
low frequency domain (see sectionsE#Z). So let us estimate the
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error for the friction coefficient 3 +

ax" '’ y -8
- - -5 28% ¢.° -
Y= o Ay gds N(E) [aw e 28 s¢nly %}(;)}Uso
ol
= T [de HE) fee) (a26)
©

To evaluate the last integral we

.. expand _‘} (E) around E={Ey . It is enough to use for _é (B)
the estimate (A15)

E (e) (E-w))"
bler= r (5(1 * +§ &> ) (A27)

and to assume HE & E . Then we see immediately that the
relative deviation of the friction coefficients evaluated with
and without assuming (A22) is of second order in A& /(E) :

Sy _ 3 @&
y 8 er

The linear term vanishes accordinrg to the definition of the

(a28)

mean value

w
(E> = (de W) E (A 29)
(/]

12)-18) we have always suggested the use of

In previous papers
the canonical distribution to parametrize the equilibrium of the
internal degrees. On the other hand the two reacting nuclei

form an isolated system. Thus the incertainty in the excitation
energy might be expected to be smaller than AE as given by the

canonical distribution:
,
peyto Flabe) 4oL (E R R R
CL P ey ey 2e T

(see for instance ref. 2% ). Thus we see that the use of a

+Note that according to formula (A20) the diffusion cogfficient
(which is given by}l_s(O)) appears to be independent of ‘é(E)‘.
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canonical distribution produces an error of the order of a few
percent only - contrary to the suspicion expressed in refs.20)-22).

Let us now come to the problem of estimating

b) relaxation times.

They are defined as the times ¢~ (and © ) after which the
functions &" (t) (and ¥(t)) become negligibly small. As can be
seen from egs. (A2) and (A3) they are given by linear combinations

of the functions
. y)
_ﬁ- (t) = de N () fom —@k[’(‘iz,_*' y_é(e) )+ ,,_g{.) )

(Here, we have used again (A5) together with the approximate
form (12) for Eg(t,E)). The trivial integration over o leads
to

~-t'a

= =fwae * fo*e we) exp(LB2) i)’

(A32)

As a result we thus cbtain in this model that the relaxation
times T and ?‘ are equal and determined by i :

T =7 =1 (A33)
LN

Note again that this conclusion is reached without specifying
the statistical density function S (E).
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DISCUSSION

R.W. Hasse: I wonder whether your formalism worls for phase
oscillations, too. At some point you employed an expan31en in
terms of time derivatives of Q, i.e., Q, Q, and Q,, and trun-
cated them. By comparing with the Newtonian equation of moti-
on, you iGentified the mass and friction coefficients. If o-
scillatiocs are concerned, however, éd Q“Q and so on,so that
the coefficient of a.is by no means vanishing. The above men-
tioned identification should therefore not work.

H. Hofmann: It works perfertly if the conditions mentioned’
at the beginning are fulfilled. The smallness parameter for
this expansion may be chosen to be ,,,,,‘T with ?'2 defined by the
ratio of the second momest of the response function to the
zeroth one, for instance.





