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1 .  Introduction 

Discretized light-cone quantization (DLCQ) is  a 

method based on the diagonalization of light-cone 

Hamiltonians , i . e . , the Hamiltonians of quantum f ield 

theories formulated in light-cone coordinates . This is  

a nonperturbative method which has been successfully 

applied to bound states in  ( 1 + 1 ) -dirnensional theories , 

namely , to r� � theory1 > , � 4 and � 3 scalar theories2 > ,

QEDl+l encompassing the Schwinger model3 ) and QCDl+ l 4 ) ,
5 )as well as to scattering i n  QEDl+l 

We want to explore the feasibility of extending 

DLCQ to (3+1 ) -dimensional gauge theories6 > . Consider a 

fermion and an antifermion interacting through an 

SU (Nc ) gauge theory in ( 3+1 ) dimensions (an electron

and a positron for QED , or a quark and an antiquark for 

QCD ) . For s implicity , we restrict the Feck space to the 

valence ff space6 > of only one fermion and one anti ­

fermion . Therefore , we again g e t  a toy model i n  which 

realistic , phenomenology-related calculations are not 

possible , but they are not the goal of this paper . 

The goal is to explore the feasibility of formulating 

DLCQ in ( 3+ 1 ) dimensions and to develop appropriate 

techniques for studyi ng the spectra and wave functions 

of ff bound states resulting from specific inter­

actions within this model on the light cone . 
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2 . •  Essentials  of SU (Ne ) in ( 3+ 1 ) dimensions 

in  the light-cone formulation 

We use the light-cone coordinates xµ = {x+ , x ) -
+ - 1 2 - o 3 o 3 1 2 - (x , x  ,x  , x ) = (x +x ,x  -x ,x  , x  ) • Similarly ,

� o 3 µ V = V +V for any 4 -vector V .  The nonvanishing

t of the metric tensor are g 1 andcomponen s +- = g_+ = 2 

t.P 
<A = - ( 1 ) 

is the usual SU (N
c

) Lagrangian dens ity , where 

iD = i3 - Aa d Gµ v - a µ Av -a vAµ - fahcAµ �v Th fermion µ µ g an a - a ·a g b ·c · e 

field � has N color comoonents � • It is  convenient to C - C (+ ) _ + 
- 1 + -decompose it  by use of the proj ectors A = 4 y y 

like this : 

� = $+ 
+ � = A (+ ) $ +  A ( - ) � • ( 2 )

ll'.'e shall work i n  the ax ial gauge A +a - A0+A3 = o wherebya a ' 

it  turns out that only A! ( i=l , 2 ) and �+ satisfy the 

dyn��ical equations of motion ( involving the LC time 
l -derivative a+ = 
2 

a ) and are therefore independent

degrees of freedom . In contrast to that , $ _  and A; are 

dependent fields , being g iven at every LC time + by X 

tj,+ and A! through constraint equations which do not 

involve time derivatives .  (For detai ls , see Ref . 6 . )

Only the independent .fields �+ and A! are subj ect to 

quantization . 
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3. Discreti zation

We expand the independent fields 1"+ and A; 

in the creation and annihilation operators in the 

plane-wave basis. We discretize the single-particle 

momenta k� by imposing on the plane waves the periodic 

boundary conditions with box lengths 

{!:'or a formulation w ith antiperiodic boundary conditions , 

see Ref. 4. )  Then 

k 1 k+ 11' n=l , 2 , • • •  , 1'� 1 ' (3 ) = 2 = L n

k . -ki tT n1
=0 , tl , t2 , • • •  ,�Nl. ( 4 )= = - n , 1 Ll i 

Note that k+= 2k_> O to ensure the positive light-cone 
- 2 ·2 + single-particle energy k = (mp+kl) /k . Obviously , for

+ \' + the total longitudinal momenturn . P 
- L k ,  it  is the• 

p p 
same : P+ > o .

N I  I and Nl are the paral lel and transverse cutoffs ,  

respectively . The discretization destroys Lorentz in­

variance , which must be recovered in the continuum 

4 . Formulating the model 

l4'e truncate the Fock space to only one valence 

fermion and one antifermion , i . e . , we have no 

dynamical gluons A! ( but  just A; from the constraint 

equations )  and no ff pairs from the sea . The single 
t + fermion state is bq l O> , where g = { c ,s , n , nl} are the

quantum numbers of color , spin , and (dimensionless and 
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discretized ) longitudinal and transverse momenta , 

respectively [see formulas ( 3 )  and ( 4 ) ] . What are 

the quantwn numbers of compos ite fermion-antifermion 

states ?  The total light-cone energy P- is a very 

compl icated operator . However ,  the space components 
· + l d p2 of the total momentum , P ,  P ,  an , are simple , 

and s ince they do not contain interaction , they are . 

purely kinernatical and are s imply the sum of the 

single-particle momenta k; , k� , k; of all the 

constituents p .  In fact , in the plane-wave basis , 

P+ , P1 , and P 2 are diagonal . W� choose the total 

momentum eigenvalues P1 = P 2= O ( i . e . , parton trans­

verse momenta are equal and opposite )  and 

P+ = �'II' K > O ,  where the integer K is the so­

called "resolu tion" or the total d imensionless 

longitudinal momentum . 

Remember that single-particle (parton ) 

longitudinal momenta are positive . This means that 

there are only K-1 ways how K can be partitioned 

among massive f and f :  n = 1 , 2 ,  • • •  , (K-1 ) ,  i . e . , 

(K-1 ) becomes 

there are N0 
eigenvalues 

N
I I

' the parallel cutoff . Therefore ,

= (K-1 ) ( 2Nl+l )  2 eigenstates with

P+ = � K , P1 = O, P2= O ,  and the total L 
helicity I .  The eigenstates can be written as 

Ne
1 

s , c=l 

1 1 K "' nl X < .,. I 'r" �.I > 6 C 6 -:_n r 2 S ' 2  S I " • C ,  n - u .,.. � 

-ni
( 5 ) 
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+ 
where G (n ' , nf) i s  the regulating function . For the

time being , we can take the naive , noncovariant 

choice ( " squ are cutof f " )  

where the cutoffs  i n  the paral lel and perpendicu lar 

directions are not rela ted to each other . However , 

we wil l  later introduce a covariant cutoff ,  when 

we address the continuum l imit where Lorentz in­

variance mu st be restored . 

Our goal i s to f i nd the e igenfunctions and the 

eigenvalues of the invariant mass  operator M 2 = p
u

pu 

of our ff  syste� .  Since P1 = p2 = o ,  �2 = p+ p- =
2 1t  - -= � KP = H ,  i . e . , s ince is already diagonal ,

the diagonal ization of' the i nvariant mas s  operator 

amounts to the d iagonalization of the l ight-cone 

energy P .  We therefore identify M 2 with the light­

cone Hamiltonian H ,  which is  to be diagonalized . 

P- , and consequently H ,  i s  very compl icated , and also

becomes very long when we insert plane-wave expans io ns 

for the f ie lds . However , working i n  the truncated 

ff valence space s implif ies it cons iderably , becaus e  

the only par ts that contribu te are6 > 

H 

2 
+ L !...

4 1T L2 
l



- 26 -

The symbols Xn - (n 
+ ).n are called "self-induced

inertias " :

C - ! � r r G (m , � l) ( { n-m I } + < n+m I } ) ,n 2 L2 

1 m mlm
2 

). - ! � r l G (m , i:i 1> ( Cn-m I ] - [n+m I ] ) ,n 2 L2 

1 m mlm
2 

where 

< n I l 
[ l �n n;iO 

= 

n=O 

rl �n
2 n;iO 

[n I ]  = ' n=O 
and

"' 2  2 (N2 - 1 )
CF t,j" , C = C g = 

2N F 
C 

(8 ) 

( 9 )  

( 10)  

( 1 1 )  

( 1 2 )  

We note that i n  spite o f  the absence o f  dynamical ,  

transverse gauge bosons , we still have nontrivial inter­

actions6 > in our truncated Hamiltonian , because of the 

constraint equations for the dependent A; and �­

fields , and because of the contractions of the boson 

fields in the pieces of ·the Hamiltonian where they app�ar 

bilinearly. Therefore , what we consider here is the 

valence mo�el of quarkoniwn with instantaneous , contact 

interactions specific for the light-cone formulation. 

(7 ) 
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5 .  Diagonali zation 

We want to solve the eigenvalue problem 

H I 'I' i > ::: M� 1 11' i > , ( 1 3 ) 

where is the i-th eigenvalue and 1 11'1 > the i-th 

eigenstate of the Hamiltonian I I  g iven by ( 7 ) . In the 

basis of states  ( 5 ) , the eigenvalue problem becomes 

where 

'!'i (n , ;{> = < n , �ll 'l' i> • ( 1 5 )  

I t  i s  convenient to divide the matrix element of 

H in the diagonal part and the off-diagonal part : 

+ I 
+ 

< , '>  n , n l HOFF I n , n l 

crn;+k12 
>

�2 2 = g (Xn
+XK-n ) + K 

n (K-n)
+2 

- a
n - an ( n 1> ,

C , -

( 1 6 )  

( 1 7 ) 

i . e . , the off-d iagonal elements cnn ' do not depend on 

the transverse quantum numbers . Then 

2 + � \" Mi 'i' 1 ( n , nl) = a 11' i ( n ,  nl) + l 
!l n ,

C .  , \" nn t. 
+,

"l 

, + ') ( , + ') G (.n , n l 'i' i n , n i , 
( 1 8 )  

so that the matrix to be diagonalized consists of the 

elements a
n

(�l) on the diagonal , and of ( 2N
1

+1 ) 2-

dimensional blocks c
nn

'P . Here P is  the so-called 

oairina matrix whose elements are all unity : 
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1 1 1 1 
1 1 1 . 1 
1 1 1 . . . 1

p = ( 1 9 ) 

We further s implify the matrix by working in the s trong-

coupl ing l imi t , g2
» � 1T � t , where the term with

can be neg lected , so that the dependence on 

elimi nated : 

.... 
a = a ( n 1 )  .... an (O)  = an .

� n .L 

The Ha�i ltonian matrix ele�ent is then 

( 20) 

( 2 1 ) 

This is a S irn!)le matrix , but also very huge . For 

ins tance , even for qu ite low cu tof fs , K = 3 2 , Nl = 10 , 
2 the dimens ion !·10 = (K-1 ) ( 2N t l ) is already 13 67 1 , so

that it is obviou s  that the direct nwnerical diagonaliza­

tion wou ld be hopeles s .  Fortunate ly , it  is  .possible to 

prediaqonalize  the problem analytically to  a large 

t -+ 2 e:< tent by recoupling each dp = !;. G ( n , nl) = ( 2Nt l )  -
n

l
dimensional  n-subspace of the initial bas is ( 5 )  to the 

basis  which diagonalizes the pairing matrix P , name ly , 

the so-called pairing basis : 

I t .... .... I .... n ; t> = !;. Ct (nl) G (n , nl} n , nl> ' t = l ' . . .  , dp . ( 2 2 )  

n
l 

It i s  we ll known that P has only one nonvanishing 

eigenvalue for l n ; l > : 
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c , P l n ; t> = c , dP6tl l n ; l > , ( 2 3 )  nn nn 

and that the recoupling coefficients for t =  1 are all 

equal : 

c1 c;1
) = 1 / q G (n , ;

1
> ] 1 /2  = 1 /fdp , rn

1
. ( 24 )

ni 
Other et ' t = 2 ,  . • •  , dp , are not even needed . It is

enough to know that the eigenvalues of l n ; t,&l > - are o.

From the orthogonal ity we  find that 

( 2 5 )  

( 2 6 )  

t·�e then eas i ly compute the Hamiltonian matrix in  the 

new basis : 

If we now regroup l n ; t > in subspaces of the same t ,  

the prediagonal ization i s  completed , because the 

eigenvalue probla� in the pairing basis 

Mf< n ; t l '!' , > = r <n ; t l H l n ' ; t "'> < n "' ; t ' l 'l' 1 > ( 28 )1 
n 't " 

falls apart in two distinct classes : 

1 ) ..r't � 1 ,  the trivial eigenvalue problem

( 2 9 )  

( 30)  

In the continuum limi t ,  this spectrum would become 
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continuous. It can be shown that the minimal such 
-2 eigenvalue , the so-called "band head " Mfl '  appears

for n = K/2 and that for K> > l 

2 "'2 4 n  2 = 4mF + g 3 Kq l , ( 3 1 )

where ql : nNl!Ll. The minimal trivial eigenvalue is 

thus comparable with the invariant mass of an isolated 

quark , which can be shown to be (again in the limit 

K» l )  

( 3 2 )  

So , they both diverge linearly for  K + w .

ii ) For t = 1 ,  we have'" the nontrivial eigenvalue

problem 

K-1 
= a � . (n )  + l dPcnn ;�1 (n ) , i = 1 , 2 ,  • • •  , K-l ,n 1 n ;=l 

( 3 3 ) 

where •1 Cn )  - < n ; t=ll,i> are the "transverse coherent

states " for t = l .  t,:e have to diagonalize ( 3 3 )  numerical­

ly , but note that i = 1 , 2 ,  • • •  , K-l , that is , we have to 

diagonalize numerically just a (K-1 ) -dimensional matrix 

which corresponds to the t = 1 subspace . Thus , for 

K = 3 2  and Nl = 1 0 ,  the numerical effort is reduced 

from diagonalizing the N0 = 1 3 67 1 -dimensional matrix to 

diagonalizing the nK=K-1 =3 1 -dimensional matrix. Thus , the

amount of numerical effort is comparable to the one 

encountere� in ( 1+ 1 ) dimensions. 

BY. use of the definitions for Xn and by simplification of

vari�1.1s parts of ( 33 ) as much as possible , the (K-1 ) -
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dimensional problem becomes 
2 

n (K-n) 
2 

ql 

4g
"'2 q l K n

;- < 2n l !. - K K�n 1 ) ] ( ) =
2 (K-n) L - 1" n m m=l m 

= 4g2 - K
ll' 

m=l 

K-1 1" (n)  - ,:,Cm )r 
m=l (n-m)  2 
m;iln 

By diagonalization for �ncreasing K ,

( 3 4 ) 

2 we get the logarithmic behavior for the lowest level Mff :

2 "'2 2 Mff "' g q l ln K ,

and similarly for higher coherent levels. Therefore , 

( 3 5 )  

-2 2 we find the favorable result that Mff and M
q 

diverge as K/ln K
2 at the scale of Mff ' the scale of coherent

states. However , it is also obvious that we cannot simply 

take the continuum limit by letting K � � , as we would 

also induce the divergent dependence of the coherent 

states on the unphysical , auxiliary parameter K. This 

is the consequence of the noncovariant regularization ( 6 ) 

we have used up to now. For the continuum limit,  we must 

use covariant regularization . 

6 . The model in the covariant continuum limit

The regulating function G must  be a Lorentz­

invariant function of  momenta and of  some invariant mass 

A. We adopt the Brodsky-Lepage regularization which

admits only the Fock state·s with invariant masses smaller
2than some sufficiently large cutoff scale A :
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A m 2+ (k ) 2 

2 u 2 P l P 2 
M..: k = P

IJ 
P = -Pl + l < A • ( 3 6 ) -r-oc p=l xp 

The sum is over partons 

we get . 

p . For two partons of mass m ,
P .  

Therefore , the allowed values · of 

within the sphere centered at x = 

x and ki_;A 2 are 

1 /2 , kl = 0 :
k2 

2 

(x _ ! ) 2 + J: < !. _ � = ( ! _ e ) 22 A 2 4 A 2 2 

Here c says how much the radiu s  of the permitted 

momenta is smaller than 1 /2 , and it is determined by 

, the ratio m 2 /A 2 through p 

In the continuu.� limit , where the regulating 

( 3 7 ) 

( 3 8 )  

( 3 9 ) 

function (37 ) has been used , the self-induced inertias 

t (x )  

>. (x ) 

A2 2 
= 4 [ln <�:� > + X ln ( 1 -� ) ]

X 

1 - £ 

= A 2 [!. j dy :t ( 1 -y) -c ( 1 - c )
2 

£ (x-y )  

- ( �  + x )  ln 1::;eJ •

( 40) 

+ ( 1 -2 e ) -

( 4 1 ) 

The wave functions < n , �
1

1 v > = V (n , n
l

) become <x , k
l

l V > -

= V (x , k
1

) .  The eigenvalue problem now becomes 



- 3 3  -

2 + + + 
M 1i' i (x , kl) = a (x , kl) 'l' (x , kl) +

+ PV Jax " fa 2k 1 c cx , x ") G (x ' , k i" ) lf i (x " , ki
"' ) , ( 4  2 )  

J - -

where , just  as  in the discrete case , we have decomposed 

the Hamiltonian matrix element into the d iagona l nar t 

2 .. 2 
mF+ k

l "- 2 - J = x ( l -x )  + g [X (x ) +X ( l -x ) 

( 4  3 )

and the off-diagonal par t  

... 2 1 = - L __ _
1T (x-x .. ) 

( 4  4 )  

Now we can s tep by s tep fol low the procedure 

developed in the di screte case , and , after taking the 

s trong-coupling limit in orde'r to be able to neglect 
+2 the k �  term , we can again prediagonal ize the eigen-

va lue problem . 

t•;e go over to the continuous pairing basis 

( 4 5 )  

The only essential dif ference with respect to the 

discrete case  is that the dependence of the range of 

the index t now depends nontrivially on the subspace 

of the long itudinal momentum x to which this index 

t is attached : 

(4 6 )  



- 3 4  -

Analogously to the discrete pairing basis , the minimal 

value of t ,  now t =  o ,  labels the transverse coherent 

states for each x subspace : 

for t=O , IV + 1 'C.. (x , k  I )  = --- , o .I.. la Cx ) 
J{x , 

= o (t )  ld (x ) • 

The matrix element in the new basis  i s  then 

<x ; t ! P. j x ' ; t '> = o ( t-t ' ) [a (x ) o (x-x ')  + 

+ c (x , x ') /d (x ) ld (x ') o (t ) J .

( 4 7 )

( 4 8 )  

{ 4 9 )  

Therefore , we again have the prediagonalization , because 

the problem again falls apart in  two distinct cl:asses : 

i )  tiO g ives the trivial case ( " incoherent states " ) : 

( 50 )  

i i ) t = O gives the eigenvalue problem for the

transverse coherent states : 

"- 2  
+ L PV'If 

1 - £ 

dx .. IP (x } d  (x ') -tl> (x .. ) ld1x7f la(x) , (S l ) 
(x-x .. ) 2

where t (x )  � <x ; t=o ! , > .  Note the cancellation of 

singulari ty at x = x ' . F (x , £ )  i s  a s lowly  varying 

function of x and c :  
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F (x , E )  = a (x , E ) + a ( 1 -x , E }  , 

a (x , e: } = 1 - 2 e: + !. ln r l +x ( �}
2
] 

4 \.) -x l+x -e:  

+ � 1 n [l -x 2 x+ E 4
] 

4 x2 <1+x-t } • 

+ 

7 .  Results on the spectra and 

the eigenfunctions 

De tails of solving ( 51 )  are g iven in Ref .  6 ,

as we l l  as cons iderations on approximate solutions 

and e_igenvalues . Here we just  g ive the results . 

The spectrum of the eigenvalues o f  M = M/gA , 

plotted against the para�eter t , i s  shown in Fig . 1 .

Obvious ly , the reg L�e e: � O is the mo st interesting 

one because e: � O is equ ivalent to A > > mF and the

reg ion of x and k ,  i s  not very restricted , whi le 
l 

t � 1/2  is obviously an unphysical reg ime , not only 

becau se of A �  mF , but even more because E � 1/2

constrains x and k ,  to the smal l  neighborhood of 
l. 

( 5 2 )  

the point x = 1 / 2  and kl = o .  For e: = 1/2 , only this

sing le point is al lowed and all  level s  therefore 

col lapse to a s ingle leve l . However ,  for t not c lose 

to 1/2 , we have d iscre te spectra , which indicates the 

existence of f l  �ound states . Being simi lar to QEDl +l

spectra3 > in  the ff approximation , the discrete ·spectra

show no clear s ign of an ioni zation thresho ld , ind i cat­

ing that the model may be confining , al though we have 
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0. 0 0 . 1 0 . 2  0 .3 0.4

F ig .  1 .  The s�ectrurn m1 ( i n  units of gA ) of the

covariant integral equa tion ( 5 1 ) is plotted 

versus t over the range from t = O to t = 0 . 4 5 . 

At t = 1/2 � levels collapse to a s ingle 

eigenvalue 1 ( 3 / 4 ) ln 3 . 

E
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just the residual , contact interactions from the 

constraints on the dependent fields . 

It  can be shown6 ) that the transverse coherent 

states in the color neutral sector are in fact the 

only states �hose masses are finite at the scale of A . 

The others (trivial , prediagonalized eigenvalues , 

masses of free fennions and masses of colored 

fermion-antiferrnion combinations ) all diverge because 

they contain a divergent integral [the same one as 

appears in formula ( 4 1 ) ] , whose s ingularity can be 

cancelled by the off -diagonal part in the integ�al 

equation only for the coherent states , while in all 

other cases it  remains uncompensated . 

The wave functions , or , more precisely , 

the wave functions souared , f i (x ) = l t 1 (x ) ! 2 , are 

shown in Fig . 2 for several lowest s tates . The ground­

state coherent wave function is  in a good approxima­

tion proportional to fd (x ) , i . e . , 

IJ, (x ) � .J( lx ( l -x ) - c ( l - c )  

where j( i s  the normalization constant . In fact , the 

eigenfunctions look aualitatively l ike vibration 

modes of the string with f ree ends ( except that the 

ampl itudes at the edges are much larger ) multiolied 

bv the factor lx ( l -x ) - e ( l -e ) . This means that as 

( 53 )

we go up in the mass spectrum , the exc ited wave 

functions are more and more depleted for x � 1 /2 , and 



f ( X )  

2. 5

2 .0 

1 . 5 

1 .0  

0.5 

0. 0

0.0 0. 2

- 38  -

0. 4 0. 6 0.8 X 1. 0

Fig . 2 . The structure functions f (x )  = l $ (x )  1 2 

of the lowest f ive eigenstates of the covariant 

integral equation ( 5 1 ) are plotted versus the scaled 

rnomentmn x for £ = O .  
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close 
enhanced Ato the edges , x = 0 and x = 1 .  At infinite-

ly high energies , we would ultir.ta�eiy get delta 

functions at x = O and x = 1 ,  which wou ld cor­

respond to plane waves in coordinate space , i . e . , 

the fermion and the antifermion wou ld be delocalized , 

deconf ined at infinitely h igh energ ies . In contrast , 

the ground -state wave function , of the shape 

x ( l -x ) -£ (1 -t ) , has the max imum at x = 1/2 , and the 

momenta x are qu ite widely spread around this 

max ima l value . This means that the fermion and the 

antifermion tend to 1stay relatively close

together and form a wel l-locali zed but extended 

configuration in the coord i nate space , as one would 

expect from a bound ground state . 



- 40  -

References 

1 )  H . C .  Pauli  and S . J .  Brodsky , Phys . Rev . D3 2 ( 1 9 8 5 ) 1 9 93 , 

ibid . 2001 ; 

2 ) A .  Harindranath and J . P .  Vary , Phys . Rev . D3 6 ( 1 9 S7 )

1 1 4 1  and Phys . Rev . D3 7 ( 1 9 8 8 )  1 06 4 ;

3 )  Th . Eller , H . C .  Paul i  and S . J .  Brodsky , Phys . Rev . 

� (1 987 ) 1 4 93 ; 

4 )  K . J .  Hornbostel , Ph . D .  thesis , SLAC report 3 3 3 , 

December · 1 9aa , to be published ; 

5 ) J . F . Briere and H .  Kroger , Phys . Lett . B21 7 ( 1 9 8 9 ) 21 5 ;

6 )  D .  Klabufar and H . C .  Pauli , "Discretized Light-Cone

Quantization in a ( 3+1 ) -Dimensional Valence �'1ode l  for 

Quarkonium " , Max-Planck-Institut  fur Kernphysik , 

Heidelberg preprint 1 9 8 9 . 




