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EFFECTIVE MODELS FOR LOW-ENERGY HADRON
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Croatia, Yugoslavia

Two effective models are considered: the Nambu-
Jona-Lasinio model (NJL) and the chiral o model (Co).
It is shown that in the tree-level approximation for
boson fields, the Co model represents an approxima-

tion to the NJL model. The results are in agreement

up to 15%.
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1. Tntroduction

Perturbative QCD continues to be entirely
consistent with experiments in hadron physics, but at
low energies perturbation theory becomes inapplicable.
To obtain meaningful results in this low-energy
region (up to %1 GeV), it is necessary to develop
another way of performing calculations. It seems that
the best choice are effective models, especially
three of them:

- the Nambu-~Jona-Lasinio model (NJL),

- the chiral o model (Co),

- the Skyrme model.

The aim of this work is to show a connection
between the NJL and Co models. This is an interesting
question because the Co model is solved, and from

the papers by “t Hooft and witten38)

it may be con-
cluded that the NJL model can be closely connected
with QCD. In fact, it seems that under the assumption
of confinement,the chiral-symmetry breakdown and the
l/Nc expansion, the NJL model can be "derived" from
QCD4'36’38).

These models are formulated in such a way as to
include the essential properties of the (QCD Lagrangian
(symmetries, spontaneous breaking of chiral symmetry).
An especially important approach is based on the concept

of different "phases" in QCD: this means that phenomena

of chiral-symmetry breaking exist in a definite energy
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range (below 1 GeV). This provides us with an important
argument for definite cut-offs needed in the

calculation (to obhtain definite results).

2. The.chiral o model (Cu) with valence quarks
The chiral o model was formulated by Gell-Mann and

15)

Levi .From this model we can get the mass of the

nucleon without explicit breaking of chiral SU(2) sym-
metry. Also, the famous concept of PCAC12'25) can be
incorporated into it, which is especially important
because the PCAC has been experimentally proved

*
very well.

The Lagrangian of the model is

" = 1
L = iqy auq - gq(o + 11175)q + 5 aucauO +

+
[N g

aulaul - u(:r_2 + 02) + co, (2.1)

where q,& are fermion (quark) fields, o and = are
the boson scalar isoscalar and the pseudoscalar iso-
vector fields, respectively, g is the nucleon-meson
coupling constant, the last factor is connected with
the PCAC (non-zero mass of the pion field) and u(1?+02)

is the interaction term between boson fields, commonly

used as
12 2 2 2,2
u = —\-4-r (o + LAY ) R (2.2)

The assumption v2>0 leads to the spontaneous breaking

of chiral symmetry (xSB) and to the definite mass of

the nucleon.

*
Owing to all that, this model has been widely and success-
fully used through years7'12'13'16-19’26).
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Analysis of (2.1) gives

o =
v fn’

(2.3)
my = gf_,
where % is the vacuum value of the o field (the
analogous value of the pion field is zero), mq is the
constituent (dynamic) mass of quark fields (we work
in the u-d sector)* and f_ is the pion decay con-
stant.
A natural condition in the sense of

xSB leading to the soliton hedgehog solution of

this model is (the linear ¢ mocel)

<a®(r) + 12> = €2, (2.4)

m

where we have assumed that boson fields are static,

The baryon wave function is
o> = lay>|P>l2> (2.5)
H ~qH 14 .

where Iq;> is the product of wave functions of three
constituent (valent) quarks (antisymmetrized in
colour space); |P> and |Z> are coherent states for
boson fields.

From the condition for minimum energy,
using (2.1) we can get (after a rather lengthy calcula-

tion) the following shapes (profiles) for boson fields:

o o(r),

r/r h(r) .

(2.6)

L

* I |
This means that the model gives a prediction for g.
Since fﬂ = 93 MeV and mq ~ 300-500 MeV, g is 4n7.
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wWith these results, we are in a position to
connect this model with the NJL model. This is the

subject of the next section.

3. The Nambu-Jona-Lasinio (NJL) model

The NJL mode129’3°)

was formulated in analogy
with the BCS theory of superconductivity. This is the
simplest model with chiral symmetry and with fourth-

order self-interaction between fermion fields:

L = 1%«”3”4- + % f_(ﬂ)z + (Wiws_'r_w)zl. (3.1)
In addition to U(l) symmetry, this Lagrangian has
SU(Z)LxSU(Z)R symmetry (adequate transformations are
=1 *
v exP(iEPL,Rl)' with PL,R =5 (1t Ys» .
It is easy to show that the generating functional

‘for (3.1) is

2 = [9 TO690Dn expEiId‘ixE(i?uau"qf“uWJr (3.2)
with
.9 =
6 = v
_u2 ’
7= -3 Piy_tv
R L e (3.3)
- g
G = ‘—2 ’

After performing a formal integration of quark

fields and using classical boson fields (the tree-level

iWith use of a simple dimensional analysis it is possible
to show that G has the dimension of M-z, so the model
is not renormalizable. We stiould remember that this is
only a model that represents a possible way to a real
rhvsical theorv.
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approximation), we get

eff

Z = exp(=S; ), (3.4)

where s;ff is the effective action in Euclidean
space:

eff _ _ I S o

§, = sp In(-1i¥y 3u + gf u) (3.5)

Here Sp denotes the functional trace

B 4
Sp = Mg gydEx .

Fq. (3.5) can be solved in two different ways. One is
the method of proper time regularization (PTR), which
is exact at the numerical level. The other is the
procedure of gradient expansion. The first method
means that we have to solve (3.5) directly. This

equation can bé written in a slightly different way as

eff _ )
S = -sp In(z— + h), (3.6)
o
where Xg = it and the operator h is given by
h=20_ 4+ gf y©° (3.7)
== gf_ vy u . .

Because of the condition (2.4), the fields o and 1

have to be chosen as ¢ = £ cos 6(r), » = £ r/r sin 6(r),
where the profile 6(r) can be chosen as exponential

(6 (r) = -n exp(-r/R) or linear (6(r) = -n(1 - %));

R 1is the variational parameter.

After performing calculations, we obtain

E (R) = Nc[§ R, (e, ,A) = 1); R, (e ,A}] (3.8)
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where ei = ngi + k2 and e, 1is the eigenvalue of

the operator h ((3.7)), A is a cut=off to be
incorporated in the result, because the integral
in (3.9) is divergent.*

The value of this cut-off has to be found fraom
the connection between the second way of solving
the NJL model (gradient expansion) and the chiral o
model.

The gradient expansion means that we have to
expand the logarithm in (3.6) and to take only the
first few terms. The reasons for this are the follow-
ing. We assume that boson fields do not change
rapidly and, on the other hand, we can get physical-
ly meaningful results and the connection with the
chiral ¢ model.

The real part of (3.5) can be written as

eff 1 _
Re Sp = - 3 8§, 1n(l + GV) =
= -1 -1 2
= -3 L’spc;v 7 SpeV)° + oo, (3.10)
with
G = 'Tl_7 ‘
g t (gf“) (3.11)
- - u, b+
vV = igfny auu .

If we use a second-order expansion, we can get the

kinetic part of the Lagrangian in the form

L, = 2N09212(A}E{auu)2 + (aul)z_'] ' (3.12)

. _
This cut-off is discussed in the Introduction.
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where IZ(A) is defined by

——8
Q
<]

[}
c

1 — e . (3.13)

I(A) = (16 %)~
2 J 2
(gf_/h)
The cut-off A is chosen in such a way that Lk is
*
identical with the kinetic part in (2.1) .
We have obtained two results: one is the "exact"
equation (3.8), with A determined (we assume that A
* %
from PTR is the same as A from the gradient expansion)

and the other result is approximate:
G - 3 1 2 1 2
E_(R} = Iszd x {3096)% + 3(vm)“] | (3.14)

The difference between these two results is about
15%. This shows us that our approximation in the
gradient expansion is really satisfactory.

A solution with the baryon number B=1 (nucleon)
can be obtained if quark fields are expanded not about
zero, but akout its classical value (which minimizes
the action). Formally, the calculations are performed
with the new variable u (the chemical potential),
which is used to specify the baryon number. We have

to calculate the expression

££ F
S () =5 In(-ty¥a + gf v+ duyD). (3.15)

*It is clear that with the above choice of j, Eg(R) in
(3.14) is equal to the kinetic energy of meson fields,
i.e. this kinetic energy term represents the polariza-

tion of the vacuum caused by static meson fields.

* %k
fﬂ can also be reproduced with this choice of the

cut-off AZO).
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The calculations are, in principle, the same as
before. (A method similar to PTR is used.) The

results are

E(R)=Ne (R)"'E(R)r
1 c val o} (3.16)

-G -G
BI(R) Nceval(R) + RO(R) '

with B=1. €yal has heen obtained as an eigenvalue
of the operator h (Eq. (3.7)), with the classical
quark wave function as an eigenfunction. Numerical
results for the energy (mass) and for the minimal
radius of the nucleon are shown in Table 120). The

exponential profile has been taken into account in the

calculation.
Table 1
g A (Mev) E . (GeV) R (fm)
El 4 637 1 130 0.6
£ 4 - 1 330 0.7
Ref. 26 4 ® 1 070 0.4
El 4.8 638 1 072 0.7
E} 5.5 - 1 079 0.8
Ref. 26 4 © 1 070 0.4

We have used the zero-pion-mass approximation
throughout this section. It is easy to show that
the finite pion mass will not affect our results
very much. Also, if the condition (2.4) is not used,
after some more complicated calculations we find
that the results are similar to those obtained under
this condition.

Now we can calculate the quark condensate
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<0|Ppl0>. The result is <py> = fﬂ, and this means
that like the Co model, the NJL model allows for
XSB. This is one more step in the process of
connecting the NJL model with the fundamental

theory - QCD.

4. Conclusion

In this paper we have shown the connection
between the NJL model and the Co model, and also
to what extent this connection is satisfactory.
Numerical results show that the approximation of
the Co model to the NJL model is quite reasonable.
As we have already shown, the difference is about
15%.

However, there are many open problems concerning
this subject. First of all, the Co model gives
rather poor results for some of the physical
observableslz). On the other hand, it is clear that
the NJL model can be solved in a more satisfactory
way if we take into account the one-loop contribution
to boson fields, or, eventually, if we incorporate
the vector meson in the model.

Anyway, should the present results be confirmed
and should the MJL model turn out to be indeed a
good approximation to low-energy QCD, then one would
have a direct link between (CD and the chiral o model

with valence quarks.
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