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EQU I VALENCE BETWEEN DEEP AND SHALLOW NUCLEU S - N UCLEUS
POTENT I ALS  FROM S UPERSYNHETRY 

D . Baye

un ive r s i t e L i bre de Bruxe l l e s , B ru s s e l s , Be l g i um 

The deep  or  s ha l l ow na t u re o f  nu c l eu s - nuc l e u s potent i a l s
i s  a cont rove r s i a l  que s t i on for  a l ong t i me .  Deep po ten t i a l s
rece i ve a con f i rma t i on f rom m i c ros cop i c  mode l s  : t he i r
add i t i ona l bound s t a t e s  s i mu l a t e  t he forb i dden s t a t e s  wh i c h  are
a cons equence o f  t he Pau l i  pr i nc i p l e . Sha l l ow po ten t i a l s  are
phys i c a l l y more s a t i s fa c t ory s i nce a l l the i r  bound s t a t e s  can
be i n t e rpre t ed as  mo l ecu l ar s t a t e s  of  the un i f i ed  nuc l eu s . 

S upe r s ymme t r l c  quan tum mechan i c s ' o f fe r s  a s i mp l e
t echn i que for  cons t ru c t i ng s ha l l ow po t en t i a l s  wh i ch prov i de the
s ame phase  s h i f t s  a s  deep po t en t i a l s 2 • Le t u s  cons i de r  a
po t en t i a l  V < r >  wh i ch i nc l udes  the  Cou l omb and ce n t r i fuga l t e rms
o f  a g i ven par t i a l  wave  l .  The  corres pond i ng ham i l ton i an H can
be fac t o r i zed  ( for � 2 / 2 � a 1 )  a s  

H • - d 2 / dr 2 + V a A· A - + E0 

whe re  A ·  i s  t he adj o i n t  o f  

A - = - d / d r  + < l n 0 ° > 1 

( 1 ) 

( 2 )

and where E0 and 0° are t he g round- s t a t e  ene rgy and wave
func t i on of H .  The s uper symme t r i c  par tner  

H 1 a A - A ·  + E 0 ( 3 )  

has  t he s ame bound s pe c t rum a s  H excep t  for t he ground s t a t e
wh i ch i s  s uppre s sed . However H and H 1 prov i de d i f ferent  phas e
s h i f t s . Le t u s  now fac tor i ze H i as  i n  ( l ) w i t h  t h e  s ame
fac tor i za t i on e ne rgy E 0

• S ince  E 0 is no t an e i genva l ue of H , , 
0 ° i s  rep l aced i n  ( 2 )  by an unphys i c a l  s o l u t i on o f  H i O  • £0 0
wh i c h  i s  bounded a t  sma l l r - va l ue s . Then the s upersymme t r i c
pa r t ne r  H 2  o f  H i  has the  s ame bound spec t rum a s  H i bu t the  s ame
pha se  s h i f t s  a s  H .  I ndeed t he po t en t i a l  Va  corres pond i ng t o  H a
can b e  wr i t t en  a s 2 

V a  II V - 2 ( 1 n J"' 
0 ° ( t ) 2 d t ) " ( 4 )

a 

Obv i ou s ly , t h i s po t en t i a l  doe s no t d i f fe r  from V for  l arge r ­
va l u e s  as  s oon  a s  t he bound- s ta t e  wave func t i on  0 ° becomes
neg l i g i b l e  s o  tha t bo t h  po t e n t i a l s  are  pha s e  e qu i va len t .
Moreove r they  l ead t o  the s ame bound s pec t rum except  for  t he
ground s t a t e  o f  H .  

S i n c e  0 ° behaves  as  r l • i for sma l l  r - va l ue s , t he
po t en t i a l  V a  behave s a s  

V z = V + 2 ( 2 l. + 3 )  r - 2 = ( ! +  2 )  ( .f. +  3 )  r - 2 ( 5 )

and i s  t he re fore s i ngu l ar .  Th i s  s i ngu l ar i ty  i s  i n  fac t imposed
by t he Lev i n s on t heorem and by i t s gene ra l i za t i on s � : i ndeed two 
regu l ar po ten t i a l s  w i t h d i f feren t  numbers  o f  bound s t a t e s  cou l d  
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n o t  prov i de e qu i va l ent phas e  s h i f t s  a t  a l l ene rg i e s . 
I t era t ing t he p roces s  de s c r i bed  above a l l ows  one to  

s uppre s s  a g i ven number N o f  bound s t a t e s  from  a deep  po tent i a l  
and make i t  s h a l l ow .  The resu l t ing potent i a l  i s  s i ngu l ar 

V a N  = C .t + 2N ) ( ..l + 2N + 1 )  r - 2 ( 6 )

ne ar  r • o , but  i s  phase  equ i va l ent to  V .
I n  order t o  i l l u s t ra t e  t h i s  t echni que , we app l y  i t  t o  t he 

s i m p l e  a +  a po tent i a l  o f  Buck  e t  a l ' . The s u c ce s s i on o f
po t e n t i a l s  V t o  V 4  for the i • o par t i a l  wave are  s hown i n
F i g . l .  The phase  equ iv a l ent po tent i a l s  V ,  V a  and v,  wh i ch 
d i f fe r  on ly  by  t he i r  numbe rs  < re s pec t i ve l y  2 ,  1 and O )  o f  bound 
s t a t e s  ( ho r i zont a l  bars ) a re represented by f u l l  l i ne s . They 
pre sent ve ry c l o se  a s ymp to t i c  behav i o u r s . The i n t e rmed i a te 
po ten t i a l s  v ,  and V >  ( da s hed l i ne s )  have re s pec t i ve l y  the  s ame
bound s pec t rum as  Va and v,  but are no t pha s e  equ i v a l ent to V .  
T he i r  a s ymp t o t i c  behav i ou r  i s  marked l y  d i f fe rent . I n  F i g . 2 ,  t he 
s ha l l ow po tent i a l s  corre s pond ing to  the o ,  2 ,  and 4 p a r t i a l  
wave s o f  the p o t e n t i a l  o f  Buck  e t  a l  ( fu l l  l i ne s > a re  compared  
w i t h  the a +  a p o t ent i a l s  o f  A l i and Bodme r 5 < da s hed l i ne s ) .
Bo t h  po t ent i a l s  exh i b i t  a c l o s e  re s emb l ance exce p t  for  t he fac t 
that  the po tent i a l s  o f  R e f . 5  a re no t s i ngu l ar . 
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