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Abstract

An attempt to define precisely the Feynman rules for Yang-Mills theo-
ries in ‘the axial gauge is made by requiring consistency with the theories in
covariant gauges. Line integrals of gauge potential are used to construct.a
fermion correlation function which is invariant under a restricted class of
gauge transformations comprising the ones that relate axial to covariant
gauges. It is found that the Cauchy principal value prescription for spuri-
ous singularities of the gauge field propagator violates the compatibility
condition in the one-loop order of perturbation theory.

The axial gauge choice in quantizing Yang-Mills fields is sometimes
useful for proving general theorems. One example from QCD deals with the
proof of factorization of long- and short-distance effects in deep inelastic
scattering. This proof has first been completed in the axial gaugel). Also
various calculations may be shorter in axial than in covariant gauges, as is
the case in QCD at finite Cemperacurez). The main reason for usefulness of
the axial gauge resides in the following features of Yang-Mills theories in
this gauge: (i) no ghost fields are required to calculate the S-matrix ele-
ments3), (1ii) the Ward identities retain their classical form“). (1ii) there
is no need to renormalize gauge transformations5), (iv) the leading colline-
ar divergences reside only in ladder diagramss). These features were derived
by formal manipulations.

Over the last few years, it has become clear, however, that there are
problems in defining axial gauges precisely. It has been a long-standing
source of worry that the bare propagator of the Yang-Mills field in the axi-
al gauge is plagued with singularities which apparently cannot be made pre-
cise by the usual definition of the.propagator as the inverse of the quadra-
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tic part of the Lagrangian. The correct prescription how to integrate over
these spurious axial , gauge singularities, and the rest of consistent Feynman
rules, remain still in ‘dispute. The most commonly adopted recipe, which pre-
scribes that the non-covariant poles of the axial gauge propagator are to be
treated as Cauchy principal values, was caught, in the case of perturbative
evaluation of rectangular Wilson loops 7, yielding results in disagreement
with results of calculation in the Feynman gauge. This is in contradiction
with gauge invariance of Wilson loops.

) Thete were attemptsto rectify the situation by putting forward amend-
ments to the Feynman rules in the axial gauge. One of these amendments sa-
crifices translational invariance of the gauge field propagatora) and an-
other invokes ghost fields%). In either case, most of the appeal of the axi-
al .gauge choice is lost, primarily because these amendments are incompatible
with at least one of the desirable properties of formal theory.

In the search for consistent, yet practicable axial gauge Feynman rules,
an.obstagle appears to be verification of compatibility with the firmly esta-
blished Feynman rules in covariant gauges; the Wilson loops reveal difficul-
ties with the Cauchy principal value prescription only at the two-loop or-
der of perturbation theory.

In principle, any gauge invariant quantum object, constructed out of
fields of the theory, may be used as a necessary condition to verify compa-
tibility of Feynman rules in various gauges. It is difficult to imagine a
simpler gauge invariant object than a rectangular Wilson loop; calculation
ofIWilson loops, defined on more complicated closed contours, or of scatter-
ing amplitudes for physical proceses, as the next most obvious gauge invari-
ant quantities, proved to be a much more taxing demand,

But unrestricted gauge invariance is more than what we need in order to
be able to question compatibility of a proposed set of axial gauge Feynman
rules with the conclusively-established covariant gauge Feynman rules. A
completely gauge-invariant object allows us to disprove or to give evidence
of!compafibility of a given set of Feynman rules in the axial gauge with
Feynman;rules in all other gauges, not only the covariant ones. For our pur-
pose, therefore, it would be sufficient to have an object which is invariant
not under all gauge transformations, but under those ones, and only those
ones, that relate any gauge potential satisfying the axial gauge-fixing con-
dition

n.A=0 (1)
to a gauge potential satisfying the Lorentz gauge-fixing condition
3.A = 0. (2)

In a classicel gauge field theory every part of a Wilson loop (i.e.
trace of the path-ordered exponential of the contour integral of the gauge
potential, defined on any curve, not just the closed ones) fulfils the re-
quirement in the sense that allows for the fact that the Lorentz condition
(2) only constrains A, , but does not fix it uniquely. In the abelian case,
for example, Au(x) can change by auA(x), say, and still satisfy (2), pro-
vided
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DA(x) = 0. (3)

This implies that, given a gauge potential Au which satisfies the Lorentz
condition (2), there always exists a gauge-equivalent potential Aa in the
same gauge (2), that is related to a gauge potential AL; satisfying the axial
gauge-fixing condition (1), by a gauge transformation that maps a hyperplane,
perpeﬂhibular to the gauge-fixing vector n, to the identity of the group.

I provide here a proof of this statement separately for the space-like
case n2 < 0 and the time-like case n? > 0. In the temporal case,we can, with-
out loss of generality, choose n = (1,0,0,0) and the hyperplane (T,x), T
fixed. Since it is always possible to find a solution to Eq.(3), which on
the hyperplane satisfies the initial candition

auh(raﬁ) G Ao(Tsﬂ)o (4)

where A; is given by the starting gauge potential in the Lorentz gauge, it
follows that

Aa(ToE) = AD('Ia_E) + 301\(135_) = Ag(T,x) - Ap(T,x) = 0 )

and so it is, trivially, also in the axial gauge on the hyperplane.

For the space-like case, we can, without loss of generality, choose
n= (0,0,0,1) and the hyperplane (x9,%x1,x2,R), R fixed. It is always possi-
ble to make a gauge transformation such that A4(x) = 0. Namely, given Au(x),

let us construct ¥
U(Px) i=exp [ -ig S dx3A3(x)] (6)
0
so that
33U(Px) = U(Px) - ig Az(x). ¢))

If we transform Au(x) by this U(Px)’ we get
Hix) = 5 -1 -1 =
1g Ag(x) + ig Alf(x) = ig U(P ) A3(x) U(P )"+ [33U(P )IU(P ) 0

by Eq.(7).
Instead of constructing U(P ) out of the original covariant A (x), we
now construct it out of Aﬁ(x) =xA (x) + 3 A(x), where A satisfies Eq. (3)
and the boundary condition
A(x%,x1,x2,R) = A(x0,x!,x2,0) - f dx3A3(x°,x1,x2 x3), (8)

Since there always exists such a A, we have
expl-ig 1dx3A3(x)] exp [-ig fdx3( Ay + 3501 =
exp[-ig fdx3A3(x) - igh(x0%,x ,x2 R) + igA(x%,x!,x2,0)] =

i.e. the transformation to the axial gauwe is trivial on the hyperplané.
In the non-abelian case, at least in perturbation theory, i.e. for
small A and U(x) = 1 + A(x) =.1 + A%(x) T2, Eq. (3) gets replaced by

A - [Au ,BuA] + ... =0, 9

where the dots, denoting higher orders in A, are negligible in perturbation
theory. Since Eq.(9) is soluble when suitable boundary conditions on the
hyperplane are supplied, we can get the conclusions from the abelian case
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across to the non-abelian case.
Therefore, if both ends Rx and Ry of a curve C, by which the Wilson line

P exp [-ig l?!;(ISI\“(Z) dz¥] (10)

is defined, lie on the hyperplane, the Wilson line, which under a general
gauge transformation

1g Ay (x) + ig AL(x) = U(x) ig A,(x) U™l(x) - [3,U(x)] U~ (x) (11)
transforms into

P exp [-ig ZzAﬁ(z)dz”] = U(Ry) P exp [-ig zzA"(Z)dqu U‘I(Rx). (12)

in this case remains unchanged. In other words, if we have a Wilson loop, a
part of which lies on some hyperplane, that part will contribute in the axial
gauge exactly the same amount as in some covariant gauge.

Since we are not able to specify this covariant gauge precisely beyond
the fact that, at least in the classical sense, it exists, it is not obvious
that we can profit from this observation. We do expect, at least in the tem-
poral case, that the Wilson loop as a quantum operator possesses the proper-
ty observed in the classical case, because the difference between the clas-
sical and the quantum Wilson loop amounts only to the additional ordering of
the quantum fields according to time®] and this ordering does not interfere
with any step in the proof of the behaviour of a classical Wilson lodp on a
space-like hyperplane.

In the quantum case, the Lorentz condition (2) can only be considered
as a limit a + 0 of the gauge-fixing part of the Lagrangian of the form

L 2
7 o (3-4) (13)

The freedom in the classical case of residual covariant gauge transforma-
tions, specified by gauge parameters A which satisfy Eq.(3), is now reflected
in the unspecified nature of the double pole in k™ of the gauge field propa-

gator iéab k k
ab “Eyv Zutv
W om® T K% 1. (k%2

If there is some aspect of the Wilson line, which is independent of «, then
this aspect may be used as a diagnosing tool for diseases in axial gauge Feyn-
man rules.

The crucial property of the Wilson line operator, that allows straight-
forward analysis of its behaviour under gauge transformations, is represented
by Eq.(12). Exactly the same change under gauge transformations experiences
the following binomial of Dirac fields

VT = UL ) $607 U ), (15)
Therefore, for the sake of testing compatibility of axial with covariant
Feynman rules, we may also study

Ry — =
S(x-y) = <OIT[P exp(-ig f Audz”) Y(x)¥(y) P exp (+ig ;Saudz“)]l0> (16)
x y
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A calculational simplification is achieved, if as large a portion of the con-
tour as possible is parallel to the axial gauge-fixing vector, for on that
parf of the contour the path-ordered exponential is trivial in the axial gau-
ge. Therefore, I choose both Wilson lines on the R.H.S. of Eq.(16) parallel
to n. The expression for S(x-y), when calculated in perturbation theory with
covariant Feynman rules to order g2 (diagrammatically illustrated on Fig.l)

_hyperplane

X
Fig.l: =———

takes the simplest form for n.(x-y) = 0, which is
=-ip.(x= 1
I3 = Fap e ip. (x-y) 729 Cs; (p)‘YuSO(p-k)Yu s, (p)

S(x-y) = S5(x-y) +

(2m) k2 +ie
: cosk.nR-1 sink.nR
- 0+ S ApH)=S kIS p)—  —
+ (S (p-k) + S_(p+k))#S_(p) n 5 5 5 k.o
2 1 - cos k.nR l -a 4
+n° (s (p-k) - (PN(2—————— ¢+ )] + 0o(g™) (17)
o o (k.n)2 n? k2
In the axial gauge, with the gauge field propagator given by
ab k n 4n k k k
pab o 1 . ___2_1___. (-g,, + TV T Y —u (18)
uv  (2m) . k“+ie u [k.n] [(k.n)“]

the expression for S(x-y) takes the form

2 - -
S(x-y) = Sg(x-y) + ?;)‘—,m ra2up &P V) pze L s (p)yHs (pK) Y, S (P)
m

K2+ie

1
= (So(p=k) # So(p) + So(p) # So(p=k) + 2 S, (p) # So(p)) ———

[k.n]
2 1 4
+n (S_(p-k) - S (p) + S (p) ¥ S_(p)) ——3~1 + 0(g") (19)
° ° ° o [k
Introducing the Cauchy principal value prescription for [k.n]-!l and [(k.n)277!

into Eq.(19), I find that the difference between the R.H.S. of Eq.(19) and
the R.H.S. of Eq.(l7) diverges like I'(w - 2), as w + 2, for any finite value
of a. Therefore, the Cauchy principal value prescription for spurious singu-
larities of the axial gauge propagator (18) is incompatible with the Feynman
rules in covariant gauges.
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