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ABSTRACT

A new object, namely a real weight chiral  —c system, is introduced. It is shown that on
the sphere it is equivalent to ( the chiral part of ) a free boson with a charge at infinity.
The charge at infinity acquires a topological meaning. The Coulomb gas prescription to
compute correlatior functions of conformal minimal models can be implemented in this
framework. The main advantage of the b — ¢ system w.r.t. the standard formulation
lies on the fact that it can be generalized in a completely straightforward way to study
conformal field thecries on higher genus Riemann surfaces. Geometrical factors such as
curvature and holonomy appears naturally.

1. As it was shown by Belavin, Polyakov and Zamolodchikov (!} the conformal in-
variance, together vith the associativity of the operator algebra, fixes in a univoque way
the correlation functions of the minimal model theories. To solve the partial differential
equations so implied is however, from a practical point of view, not an easy task. The
Coulomb gas methcd elaborated in [2] gives an integral representation of the PDE. The
basic idea underlying this method is the existence of a certain free field theory whose
correlation functions, suitably constrained, have to be interpreted as correlation func-
tions for the minimal model under consideration. The free field theory considered is
that of a free bosonic field ¢, with a background charge —2aq placed at co.

The Coulomb gas can be rephrased emphasizing another point of view, namely its



aigebraic aspect. There are two such kind of versions. One is a bosonic |3 realization
in terms of oscillators; the other goes back to the original work of Feigin-Fuchs 4 and
it appears in terms of semiinfinite forms constructed starting from bases of real weight
tensors. All these versions are equivalent. In particular the equivalence between the
two algebraic formulations goes under the name of boson-fermion correspondence. On
the other hand the duality between bosons and fermions in two dimensions is a well-
established property.!®!

So far however it was lacking a field-theoretic fermionic realization of the Coulomb
gas. This gap was filled in [6], where a free chiral anticommuting b — ¢ system of suitable
real weight has been introduced to describe any given minimal model.

The interest in considering such a system is not merely an academic one; nothing
prevents the b — ¢ system from being formulated on higher genus Riemann surfaces.
Therefore a Coulomb gas prescription can be given, as it was proven in (7], also for
conformal theories in higher genus.

The b— ¢ approach can also be applied [ to other theories which admit a free field
interpretation, like the WZW models described in [9].

In this talk I am interested in illustrating how this method works, therefore I limit
myself to discussing the b — ¢ system on the sphere, getting informations about the
minimal models and proving the equivalence with the standard Coulomb gas approach.

2. The real weight chiral b — ¢ system is described in terms of two anticommuting
fields b and c of real weight A and (1-)) respectively. The energy momentum tensor of
the system is

T = (1 — X)3bc — Abde. (1)
A system of bases for the b fields on the sphere is given by: (1)
702y = (Py = oYXz = PLy =z - PLY 73 (do), (2)
where j € Z+ M and [ € Z* is a sector index, namely when going once around P;
f}’\") - eznaxzfjgx.t)_ ('3)

When ] is rational, i.e. A = 2, with m,n relatively prime integers, then there are only
n distinct sectors{ = 1,2,...,n . When ] is a half-integer we recover the Neveu-Schwarz
(I=1) and the Ramond (I = 2) sectors. The bases f(jl_ a)(2) for the c fields are fixed
by the duality requirement:

1 . .
— fc Fioan(Df(2) = 6 (4)

(1) This non-standard notation is used as an introduction to the higher genus case.
The usual notation is recovered by sending P; to 0 and P_ to infinity.
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with ¢,7 € Z + Al. The contour integral winds once around P;.
The fields b and c are expanded in each sector [:

B(z)= 20 M) Me) =3 ifoa (), (5)

2

and the following anticommutation relations are assumed:
{b"",cg} = 6:- M) = {cigcja} = 0. (6)
For each sector the vacuum is defined as follows [19):
PO > =< 0l =0,  for j < A+A([T-1)-1;
10 >=1< 0 =0,  for j > A+ X({I—1).
The bar denotes the non-integer part of A(l —1). It is assumed that ; < 0|0 >;=1.
The propagator is defined as SO(z,w) = ; < 0|R (b'(z)c!(w)) |0 >; (R denotes

the radial ordering w.r.t. the euclidean time). Then the expression for the propagator
SON(2, w) is:

1 (Z _ P+ )A(l—l) (Z —P_ )—2X+1—X(l—l)

(z—w) \w- Py w— P_

SOz, w) = (dz)* (dw)' >, (8)
The sum 1 — 2) of the exponents plays the role of a total charge (it can be seen as a
sort of generalized Riemann-Roch index; in higher genus(” one gets (2 — 1)(g — 1)).

3. The basic idea now consists in modifying the bases (2) in order to mimic the
insertion of primary fields V;(P;) which in the bosonized version are represented by the
chiral part of the operators : e¥*#(P) : For this purpose a “fat” b — c system (denoted
as B —C system) viill be introduced. The bases of the B and C fields will no longer be
holomorphic at the points P; where the vertex operators are inserted. For the B fields
one is motivated to perform the expansion

. . 2P yi-A N
B = LB of(e) = (e - Py LB T ey
J

=1

(9)
(from now on only the sector I = 1 will be considered).
The corresponding expansion for the fields C is fixed by duality. A total charge conser-

vation

ddi=1-2) (10)

isrequired as a geometrical consistency condition for the B and C bases. The propagator
S(z,w) is given by:

S(aw) = _1,,,)1:[ (:=%) @y (11)
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The basic relation which allows to identify this formalism with the standard one is

the following

< [1x V*(Px)b(z)c(w) >'

<1 V¥(Pe) > (12)

5(z,w) =1 < O|R(B(2)C(w)) [0 >,=

The correlation functions < []; V(P:) > can now be computed by means of a
standard procedure,[!!] which makes use of the O.P.E. between the stress-energy tensor
and any given weight A primary field V(P):

hV(P)
(z—-P)

T(z)V(P) = + 8pV(P). (13)

1
(z-P)

The result one gets is the following:

<[IV¥(P:) >= const - (Z &-(1- 2,\)> [1ze; = zm,) %%, (14)

i<j
The conformal weight of the vertex operator in P; is given by:
ha, = %&.’(&,’ +2X - l). (15)

The vertex operators satisfy a duality relation since the same conformal weight is ob-
tained both from &; and from 2& — &; ( here 2&; = 1 — 2)). The central charge of the

fermionic system is:
e(A) = —1202 +12) =2 =1 -12a2. (16)

It is clear at this point that a b — ¢ system of real weight A shares the same features of
a bosonic field & with a background charge at infinity.

The electromagnetic duality [12] in this framework is expressed by the transforma-
tion A — (1 - AX).

The relation between these results and those given in ref. [2] is established by
setting:

& =V2 & = V2a. (17)

From now on the two formalisms proceed in a parallel way. To fulfil the condition 10
one must introduce screening chargesin the correlators, recovering the Ka¢ quantization
condition on the conformal weight of the primary field operators.

A minimal model of the unitary series

c=1- ﬁ m integer >1 (18)

is represented by a b — ¢ system of real weight (in general irrational):

1
A= im. (19)

1
2
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