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CROSSOVER AND SCALING AT LOW TEMPERATURES 
IN THE GINZBURG-LANDAU MODEL 
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based 
Much of the current work on phase transitions is 

upon the d-dimensional Ginzburg-Landau (G-L) functional 

H[+ (xl ] = a cf,
1
tx) + h c/>"tx) + c [vt/,{xJ] :

( 1 )  
where cf,tx) is the classical n-component order parameter. For 
d -;,  2 the G-L model has been treated by the renormalization 
group ( l) , which justified the concept of scaling and univer­
sality. For d <_ 2  the solutions exist on three isolated lines
d = 0 <2 > ,  d c 1 <2, 3,4 > ,  and n = o,o ( S ) .

Treating here d and n continuosly we present a sim-
ple argument < 6 > which extends the d

00 scaling concept to the interior 
of the region Tc=O (see fig . 1 ) 

and gives the corresponding cri­
�Ical behaviour . It applies nei­
ther to ehe borderline given by 

· a =  2 <7 > and d =n CS), nor to 
0 ------------

d =O. Due to the fact that the f ,·g , 1

ultraviolet divergencies do not exist for d "'  2 the cutoff,
associated with (1) can be dismissed . Then the simple scale
transformation suffices to derive the homogeneity relations
for the thermodynamic functions . These relations describe
the critical behaviour around Tc =O.

Let as sketch the procedure on the example of the
correlation function. We write r as a function of parameters
appearing in eq. (1 ) 

rtx) = i f.aJrx) ex;,{f ll[f<x>] d"x J =r{x,:.� . f) . (2 ) 
Then the scale change x '= 1  and the field redefinition 

q> (x ) = f«  � (x ') give the homogeneity relation



r( a t, C )  rr� ,x s/!J: o/sd.J2 r;( Sd-:£) x ,  r 'r  'r = o< s ,  r ,  r,  .,. 

From ( 3 ) we derive 

.Ye:< s ( 3 ) 
I 

( 4 ) 

where Jo =R and Tb = [a? �2 
appeal! as the caractheris­

tic parameters of the system. Integrating separately over. 
phase and amplitude, we can apply the saddle point method 
in this latter. Therefore the amplitude fluctuations turn 
out to be unirnportant < 6 1 9 > for the critical behaviour . Th is
reduces the correlation function to the homogeneous form 

(5) 

1 
Therefrom we obtain the critical exponents y b.. 2_d ,

1 = 4/v . The same procedure applied to the free energy den­
sity gives the remaining cri�ical exponents and scaling 
relations 

JI =  0(6 + l /J  - 2. 

2. - o<
(,j 

= 2 V

o< = OI'� - I

L1 = _!:_ 
l. - ef 

fJ - � 
t! - 2. - of 

- d= --
2 - d  

( 6 )  

They do not depend on  n and agree with d = 1 < 2 , 3 , 4 > and
n = oo  d "'  2 ( S ) results.

The described procedure can be also applied to the 
lattice anisotropy crossover a- d '  for the cases where 
the lower dimension coresponds to the T = 0 phase transi­
tion. Following the usual procedure flOT we find the
cros�over and critical temperature sh ift exponents 
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+ = f = f {ot') = l..�d. (7) 
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