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Faddeev's Hamiltonian path integral method for singular Lagrangians is generalized 
to the case when second-class constraints appear in the' theory. The general formalism 
is then applied to several problems: quantization of the massive Yang-Mills field 
theory. light-cone quantization of the self-interacting scalar field theory, and quantiza­
tion of a local field theory of magnetic monopoles. 

INTRODUCTION

The first systematic study of mechani�l systems, including field theories, with 
constraints, was done by Dirac [1-3]. He showed that the algebra of Poisson 
brackets determines a division of constraints into two classes: the so-caJted first­
class constraints and second-class ones. The first-class constraints are those that 
have zero Poisson brackets with all other constraints in the subspace of phase 
space in which constraints hold; constraints which are not first class are by defini­
tion second class. Dirac also showed how to redefine the Poisson brackets in such 
a way thai all new redefined brackets (so-called Dirac brackets) of second-cJass 
constraints are zero. As we shall see, this is indeed necessary if transition to 
quantum theory is to be made. 

The quantization of field theories with constraints based on Dirac's formalism 
and using the method of functional integration was performed by Faddeev [4]. 
Faddeev restricted his discussion to the case when only first-class constraints 
are present. We shall see that there are several interesting examples of field theories 
which contain second-class constraints, so that a generalization of' Faddeev's 
method to these cases is warranted. The <levelopment of this. generalization and 
its app1ications are the main concern of this paper. 
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The paper will be organized as follows. In Section 1, we shall review Dirac�s
method. In Section 2, we shall give a short description of Faddeev's method.
In Section 3, a generalization of Faddeev's method to the case when second-class
constr�ints are present will be formulated. The next three sections will contain
various applications of the general formalism developed in Section 3. Section 4
will be devoted to the quantization of the massive Yang-Mills field theory. In
Section 5, the light-cone quantization of the self-interacting scalar field theory
will be performed using our method. In Section 6, we shall quantize a local field
theory of magnetic monopoles. ·, 

1. DIRAC'S THEORY OF SYSTEMS WITH CoNSTRAINTS 

a. Singular Lagrangians
Giveµ a mechanical system ( of N degrees of freedom) with a Lagran·gian L,

L = L(q, tj),

one defines the conjugate momenta by 

Pn = oL/otjn (n = 1, ... , N).

(1) 

(2) 

We shall dwell on the case when the expressions oL/oq" are not independent
functions of 4n • Eliminating the q's one obtains a certain number of independent
constraints 

</,m(q, p) = 0 (m = I, 2, ... , k). (3) 

Thus, some of the p's are not independent. Solving (3) one writes 
{o: = 1, 2, ... , k), (4) 

where th� p/s (i = 1, ... , r, r + k" = N) are independent. 
Because we are dealing with a singular Lagrangian, it is impossible to solve

Eq. (2) for all the q's. However, if we take some of the q's to be independent (and
undetermined) [we shall take those to be 4« (o: = 1, ... , k)], we can use Eq. (2)
to solve for the remaining q's: 

(i = 1, 2, ... , r; r = N - k).

Equations (4) and (5) together have the same content as Eq. (2). 

b. Equations of Motion
Define the Hamiltonian by

H = Pn4n - L = W(q,p,, ties)• 

(5) 

(6) 

p,. = tf, .. (q, Pi) 
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.Jn view of Eqs. (4) and (S) the Hamiltonian defined by (6) can be considered in
general as a function of. tJ, p, , '" . How�ver, because of the nature of the Legendre
transformation of'Eq. (6) and in view of Eq. (2), it does not �pend on Im , which
can be checked directly. 

8Jl>' 8(1 8L . 8L BC, 
. 84m 

= p" + p, 84m - 84a 
- a4, a;Q = o.

Hamilton's p�nciple 

can be written as 

with the constraints (3) 

8 f Ldt = 0

8 f (Pnfn - JJ'(q, p,)) ·dt = 0

<f,.(q,p) = o. 
Using the Lagrange multiplier method, one is led to the equations of motion 

aw 8</>mj,,. = - fJq,. - Vm fJq,.
. aw +· 8</>m 

q" = � Vma--,up,. q,. 

'(7) 

. (8). 

(9) 

where Vm are the multipliers, which are arbitrary at this stage. These equations,
together with the constraints (3) form a complete set of equations of motion. 

Before proceeding with the development 9f the formalism, we shall introdu�
several important definitions. First, let us define the phase space I' as a set whose
elements are ordered 2N-tuples (q1 , ••• , qN , P1 , ••• , PN)• Then, introduce the sub,.
manifold M in I', which by definition is the subset of I' for which Eqs. (3) hold.
Note that Eqs. (9) hold only in M, which. is clear from the way they were derived.

The Poisson bracket of two functions/ and g of the q's· and p's is defined by 

N ( fJ/ fJg 8/ fJg ) 
ft, g} = L 1rq a'P - a,p aq · • 

n-1 ta n n ta 

It is convenient to introduce the "total" Hamiltonian H in the following way: 

It is then easy to see that Eqs. (9) can be transcribed into the form 

Pn Is = {Pn ' H}ls . . 
q,. li t = {q,., HJl.a,

(10) 

(11)
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where our- · notation is intended to · emphasize that those equations hold in M_.For a function g of Pn and· qn we find the equation of motion 
· i Is = {g, H}ls - . Hence, H as given by (10) is th� generator of time �anslation. 

c. First-Class and Second-Class Constraints 
The constraints 'Pm must remain zero at all times, which implies

(12) 

. (13) 
·Excluding the case when those equations are contradictory either among them­selyes or with Eq� (3) as uninteresting, those equations (a)may be a trivial identity,(b) may be independent of the· v's, or (c) may involve some of the v's. In case they are of type (b), they represent new constraints (called ·secondaryconstraints) and may be written in the form 

Pi(q, p) = �- (14) 
Obviously, we can continue this process of generating secondary constraintsuntil we arrive at the point when no more igdependent equations of type (b) areproduced. After eliminating as many v's as possible from (c) type equations,we can use the remaining equations to solve for some ( or all) of the v's. Let us denote by M ·the subspace of p�ase space in which all constraints. hold(i.e., both primary and secondary ones). We shall assume the irreducibility of allconstraints with respect to M, i.e.,. a function of q's and p's vanishing in M will beexpressible a� a linear function. of-the tf,'s and the p's with functions of q's and p'sas coefficients. We thus have in particular 

H = H l.v (q, p) + v,(q, p) v,,(q,p), (15) 
where we have denoted by a common symbol v,,(q, p) all the constraints, i.e.,( t/,,) = (( </>m}, (pi)). By definition, a.first-class constraint 'Pm (secondary or primary) satisfies 

{q,m, t/,,} IM = 0 (16) 
for all t/,1 , and thus in view of our irreducibility hypothesis 

(17) 
We call a constraint fr second class if it is not first class. Performing suitable lineartransformations on the constraints, i.e., choosing new constraints which are linear
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functions of the old ones with<iunctions of q's ruid p's as coefficients, let us bring 
· as many ,fls as :possible into the first cJas$. We then claim that the following theorem 
holds: 

THEOREM. 

[det ll{Ba , 8r,}ll]IM =I= 0, 

where we have_ denoted the remaining constraints (all second-class) by (}41 • 

To prove (18) assume the contrary, i.e., 

[det ll{Ba , 8&}1111M = 0. 

Theil there exists a set of functions_ �ea , not all �ual to zero, such that 

for all b, 
and thus 

(18) 

so ').480 is first class, contrary to the assumption that we have put as many con· 
straints as possible into the first zlass. This constitutes the proof of the theorem.. . 

CoROL�llY l .  Equation (18) implies that the number ofsecond-class constraints 
for a mechanical system is even, since {80 , 8,,} is an antisylt}metric matrix. · .  

CoROLLARY 2.  All those v's in (15) which multiply second-class constraints 
(let us call them vL9,) are determined in M. 

Indeed, we have a set of consistency conditions 

6" IM = {8a , H}IM = {80 ,  H l'M}IM + V�a) IM {Ba , . 8,,}IM = 0 (19) 

and we can solve for v1!, IM in view of ( 18). 

d. Dirac Brackets and Quantization 
A naive transition to quantum theory would consist in imposing the constraints

as conditions on the quantum state vectors and replacing standard Poisson 
brackets by "-·;" times commutators. But then if 

we find 
"11 I a) = 0, 

5 

�[{Bo , 811}11.v = O

p.oeo • 811}1.v = 0,

a/11 I a) - o.

ll:. ipiJ I a) 
. 
o,
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which corresponds to a classical equation 
{t/11 , tf,JIM = 0. 

Thus, for the naive passage to quantum theory to be possible, all constraintsmust be first class. In case a mechanical system has second-c�ass constrainp, theremedy consists in redefining the Poisson brackets in a suitable manner: 
where (20) 

(21) 
{f, 'I}* is the new bracket, while the brackets on the right-hand side are standardPoisson brackets. It can be shown that. the new brackets hav� ;all the standardproperties of Poisson brackets. As a consequence of the definitions (20) and (21), we find

{f, Ba}* = {f, Ba} - {f, 8b} Cbo{Bo , Ba} = {f, Ba} - {f, 8b} 8J)a = 0. (22)

The passage to quantum theory can now be made by replacing the new bracketsby "-i" times commutators. Then, in quantum theory, we can· take Ba = 0 toh9ld as operator equations without any contradiction, since in view of (22)[80 , f] = 0 for any operator f. The con�istency condition (19) implies 
{g, H}* IM = {g, HJIM = i IM '  

which means that the new bracket may be .used to give the Hamiltonian equationsof motion. The generali7.ation of this formalism to field theory, i.e., a mechanical systemwith a continuously infinite number of degrees of freedom, presents no difficulty.

2. THE FEYMAN PATH INTEGRAL FOR SINGULAR LAGRANGIANS WITH FIRST-CLASS 
CONSTRAINTS ONLY [4] (FADDEEV'S METHOD) 

a. Introduction
As discussed in Section 1 ,  given a ce$in Lagrangian, it can happen that theequations 

oL(q, q) 
Pn = a ·  

qn 
(23) 

cannot be solved for all. of the tj's. As a result (direct or indirect), the q's and the
p's are constrained: 

cp"(q, p) = 0 a = I ,  2, ••• , m. (24) 

{f, 11}* = {€, 11} - ff, BJ Cob{8f>, 11},

Cor,{9., Be} == 8a. .-
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.The constraints (24) are either primary or secondary; in this section we shalllimit ourselves to the case when there are no second-class ones among them. Thus,

{cp°, c,,"} = c!"cpc.
In view of the discussion in· Section I , we must have 

{H, <pci} = cb
ci

9'
b, 

(25) 

(26) 
where we have changed the notation somewhat: H now stands for H IM . Notethat the qypersurface M in the phase space I' is of dimension 2N - m. 

b. Observables and Gauge Conditions 

Only those functions on M whose equations of motion contain · no arbitrarinessare observable quantities. The equation of motion of a quantity/ is 

This will be unique in M if

or equivalently, 
{f, <pG}IM = 0, 

(27) 

(28) 
(29) 

. The function/ occurring in (27), (28), and (29) is an arbitrary continuation in I'of a function defined ori M. Since the constraints (24) are irreducible by assump­tion, any two such continuations will differ by a linear combination of the con­straints and Eqs. (28) and (29) are independent of the continuation. Equations (28)can be viewed as a set of m first-order differential equations on M, wiJh Eqs. (25)serving as integrability conditions. To see that, let us write Eq. (28) in terms of anoncanonical system of variables (<pa, "I", qt*, p,*). Using (25) we obtain 
(30) 

where x = ('Y/, q*, p*) and 
Kci'(x) = {x', <pci} IM . (3 1) 

The term containing of/o<pci vanishes on account of (25). rt · is in this sense thatEqs. (25) serve .as integrability conditions for Eqs. (28); if (25) did not hold, wewould obtain a set of rather nonstandard differential equations with theunmanageable first term : 
:� I {q;b, «pa}IM + :r. Ka'(x) = 0.

<p GJC'•O ·' I 
(32) 

7 

of(x) 
Kai(x) = 0ox1 
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Since f satisfies a set of m first-order linear differential equations, it is completely 
determined by its values in the subm�nif old of the initial conditions for (28) 
(or (30)). This submanifold is of dimension (2N - m) - m = 2(N - m). We can 
choos� this submanifold to be the surface I'*(I'* C M), defined by the equations

xoCq, p) '= o a =  1, ... , m. 

�t is essential for later developments to assume that 

{xa , X&} = 0. 

(33) 

(34) 

In order to achieve a canonical description in T*, it is necessary to require, as
wi� be seen below (see Eq. (36)) 

· det ll{xa , cpb}II #- 0. (35) 

c. • Independent Canonical Variables 
If (34) holds, ·we can perform a canonical transformation in r and make a

transition to new variables in which 

Xa(q,p) = Pa • 

In these new variables, (35) becomes 

(36) 

where qr:a are $e coordinates conjugate to Pa • Thus Eqs. (24) can be solved for qa.
Hence, I'* is defined in I' by 

where 
Pa = g, qa = q"(q*, p*), 

cpb(qa, 0, q*,p*) = 0 

and q* and p* are the remaining canonical variables which act as independent
variables on I'*. 

One can show that [4] 

where 

8/* 8g* EJJ* 8g* 
{J, g}IM = aq,* ap,* - ap,* aq,* ' <37) 

f* = f(q"(q*, p*), 0, q*, p*). (38) 

Thus q* and p* are canonical variables in I'*. 

det II �::.11 =F o,



PATH INTEGRAL QUANTIZATION 235 
d. Passage to Quantum Theory 

We now ·prove the central re�lt of this section: For the mechanical systemdescribed hitherto, the expression for the matrix eleme�t of the S-matrix is 
(out l "S I in) . f exp j; L: (p14' - H) dtl f} dp.(q(t), p(t)), (39)

where the measure of integration is given by 
dp.(q, p) = [ I] 8(x.) 8(<p")] det Ufa-. , <p0}11 I} dp, dq'. (40) 

The trajectories q(t) coincide as t --)o ± <X> with the solutions q1n(t) and q0ut(t)of the equations describing the asymptotic motion. · The proof of the theorem goes as follows. Let us perform a canonical trans­f �rmation to achieve a canonical description with the coordinates qa, pa, q*, p*

as discussed above. The factor 11' dp, dq' is invariant under a canonical transforma­tion. In addition, we have 

f +
co r+co 

( acJ> . ) l+a:>(p/tj' - H') dt = J_ (Pi�' - H) dt + . P, a - cJ> 
-co -(t) 'Pi -co 

cJ> is the generating function for the canonical transformation, in the sense· that 
acJ> Sq' = ­op, ' 

In field theory the interesting canonical transformations are linearized asymp­totically as t --)o ± ex:>, and then it can be shown that the change is equivalent toa unitary transformation in the operator formalism. In the new canonical representation the measure becomes 
fI S(pJ 8(cp") det !I :cp: !I fI clp, dq' 
a q i 

= TI S(pa) 8(qa - ij"(q*, p*)) dpa dq0 fI dp* dq*. 
. (41)

After a trivial integration over Pa and qa the integral takes the form 
(42) 

9 



236 P. SENJANOVIC

and this, is indeed the functional integral representation for ( out I S I in) in term�of an in�gration over the ·independent variables q* and p*. This co�stitutes theproof of our assertion. 
e. Independence of the Choice of Gauge Conditions

The integral (39) is independent of the choice of Xa • Indeed, for an infinitesimalchange in Xa , we easily find 
8xa = {4>, Xa} + Car,'P", . (43) 

where 4' = h0cp0 and the h0's are the solution .of the system of equations 
{xa , cp"} h,, = -8xa , ( 44) 

. which by (35) has a unique solqtion. 

1 0  

The second term is of no relevance, because of the first-class nature of the cp"'sand the factors 8( cp0) in the integral, and the first term. represents a ·  canonicaltransformation. In this canoni�I transformation 
(45) 

so 
X -+- X + 8x, cp -+- (1 + A) cp, H -. H 

n 8( cp0) -+- (1 + tr A)-1 TI 8( cp") (46) 
a 0 

det ll{xa , cp"}II -.. (I + tr A) det ll{xo + 8xo , cp"}II. 
We thus see that the integral (39) is independent of the choice of Xa • 

3. THE GENERALIZATION OF F ADDEEV'S METHOD TO THE CASE WHEN SECOND-CLASS 
CoNSTRAINTS ARE PRESENT 

In this section we. shall generalize Faddeev's results, described in Section 2 tothe case when second-class constraints are present. Thus, in our case the canonicalvariables do not vary throughout the phase space I', but satisfy the equations 
cp"(q, p) = 0 
81(q, p) = 0 

a =  l , . . . , m 

I = I ,  2, ... , 211. (47) 
We shall assume that the cp's and the 8's are independent and also irreducible in the sense that an arbitrary function h in I' which vanishes in the subspace M inwhich Eqs. (47) hold is a linear combination of the constraints: 

/1 = C0(q, p) cp0(q, p) + d,(q, p) 81(q, p). (48)
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. The cp0's are first class constraints, i.e., 

while the 81's are second class: 
[det 11{8', 6t}ll]IM + 0. 

Thus, in view of the irreducibility hypothesis we have 

Self-consistency requires 
d:1' IM = 0, 

as we shall now prove; indeed, from (51) we find immediately 

so that Jacobi's identity implies 

and thus, in view of (50), 

which was to be proved. 

237 

(49) 

(50) 

(51) 

(52) 

(53) 

(54) 

The equation of motion for an arbitrary quantity/ is found to be, in a manner similar to that of Section 2, 
J IM = {/, HJIM , where H = H IM + v0cp0 + u,8'. 

Self-consistency requires 
and 

tp0 IM = {cp0
, H}IM = 0 

DJ: IM = {OA:, H}I� = o. 

(55) 

(56) 

(57) 

(58) 

1 1  

{g,0
, c,,6} ""' c!"q>': + df'8' 

{q/1, e'} = e:'vl + f'ic'ff.

{o•, {cp", 'llH = d:•{8'. 81
} + C::"'ql + a:alllJ'

{9l'. {p". U'}} = e:"·9>0 

+ Jt0•t1. 

cP,"" IM {0', O'}lu = 0, 
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One can easily see that (51), (57) and the irreducibility hypothesis imply 

. {H IM , <p"} = C1/'<p" + d,ao,. ..
Equation (58), in tum, simply determines u, IM in view. of (SO).

(59) 

Not all quantities are observable (physical), but only those whose variation 
in time is not affected by the arbitrariness in the choice of the va

's. Thus for physical
quantities we must impose the reqµirement that 

. . ,  

/ IM = U', H IM} IM + Va IM{/, <p"}IM + 1!1 IM {/, 8'} 1M (60) 

is a uniquely determined quantity, which implfes 
tf 

{/, <p"}I� = o (61) 
or 

(62) 

while there is no such restriction on {/, 8'}1M in view of the corollary prec�ding 
Eq. (19). (See also the comment following (59)°.) · ·. · · ·

Note that condition (62) is independent .of the choice of continuation. of a 
function I de�ned in M� that is / IM ' irito the whole phase space I'. Indeed, any
two such continuations may differ only by · a linear combination of constraints 
and then (51) implies that (62) holds for any such continuation. 

Equations (61) can be thought of as a set of m first-ol'.der_ differential equ�tions
on M with (51) serving as integrability conditions. The proof of this statement is·
a straightforward extension of the corresponding proof in Section 2. Hence, the 
function/is defined uniquely by its values in the submanifold of the initial condi­
tions of the equatjons which is_ of dimension (2N - m - 2n) - m = 2(N - n - m)
(2N = number of canonical coordinates and momenta in I'). 

We can take this submanifold·to be a surface I'* in M defined by

Xa(q,p) = 0 . a =  1, ... , m. (63) 

We shall call Eqs. (63) gauge cond(tions. We thus see that gauge conditions are 
associ�ted with first-class constraints only. It is essential for later developments 
to require (see Eq. ( 66)}: 

·det ll{xa , <pb}II ¥= 0. (64) 

We now prove the following theorem. 

THEOREM. Let there be given a mechanical system with m first-class constraints 
and 2n second-class constraints. Let the first-class constraints be called 'Pa , the 
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second-class Ba , and the gauge conditions as1�ciated with the first-class constraints 
Xa [SJ. Let the Xa' s be chosen in such a Way tltat {xa , Xb} = 0. 

Then the expression for the S-matrix element is . [61

(out I S I  in) = f exp j; J_+

: (p,q, - H) dtJ I] 1µ.(q(t), p(t)), (65) 

where H is the.Hamiltonian of the system and tM measure of integration is defined by 

dp,(q, p) = IT 8(xJ 8( rpJ I det U<xa , ,rpb}II I

X .  n 8(8c) I det ll{Bo • Ob}ll· 11'2 rr dj,, dq� . "(66) 
C . l 

In order to prove this theorem, we need the following lemma: 

.LEMMA. Let M, be the region of phase space in which 80(p, q) and rpa(P, q) are 
of order . £  ( £ is , an infinitesimal quantity). Note that M, :> M. In the region M, 
there exist� a s�t of function. Aab and P.ab such that if we define 

then 

where, 

8' = 

{80', Ob'} = .(S')ab + 0(£2) . in M, ,

{Oo', Xb} = 0(£2) in M, , 

-1  

-1
-I

I 1 . · , 
I 
I 

I I 
I 1 . 
I 

_The proof of the lemma is given in Appendix r. 

(67) 

(68) 

(69). 

1 3  

----------�---- ------ . 
I 

I 
'I 
I 
I 

I 
I 
I 
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Now note that due to the presence of the 8-functions 8(cp11) and 8(80), the integr�lin (65) extends only over the region M, . Secondly, note that by (Al.8) �nd (AI.12)
11 8{cpcz) 11 8(8,/) = I det II Aab + a�ac Ba + 

8%;t ·'Pc ,, ,-l 11 8(8d) n 8(cpJG C t, b . d a 
= I det II Aab 11 1-1 TI 8(8,1) n 8(cpa) 

d a 

= ,  det·u A� 11 1-1 TI 8(8tJ) II 8(cpa) 
cl a · 

= I det ll{Ba ' 81>}11 11'2 TI 8(8cr) TI 8(cpa), 
cl G 

(70) 
where we have used the relation 

[det II A0 11]2 I det ll{Ba , 8,,}111 = I det 8' I = 1, (71) 
which is a consequence of (AI.1) and (AI.2). In view of Eq.· (68) we can perform a canonical transformation fo M, such that the new . variables are Pa = Xa ; 1 � a � m, Qm+a = Ba', P m+a = o;n-a+i ;1 � a �  n {The discussion of canonical invariance following . (40) applies in our case as well.) We thus find, using (65), (66), and (70), and integrating trivially
over pa ' p m+a , and Qm+a 

(out I S I in) = J exp f; J (P,�, - R) dt}

where 
X fJ. {I] 8(cp.} I det j :�: j I) fJ !!JP, 1112, I] !!JQ. , (72) 

R ·= H(P, , Q, , Pa = 0, Q11 , Qm+a = 0, Pm+a = 0) (73) 

and P/s and Q/s are the remai�ing canonical variables. Finally, noting that 
I} 8( cpJ I det II :�: 11 1 = I} 8(Q0 - Q0 *(P, , Q,)), (74) 

where ·Q0 *(.P, , Q,) is the solution of the equation 

we can write 
cp11(P, , Q, , Q11 *, Pa = 0, Qm+a = 0, P m+a = 0) = 0, {75) . 

(out I s  I in) = f exp f; f (PiQi - FI) dtl I] !!JP, !!Ja, , (76)
R = ffl� = �*� , �- m 
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Thus, in full analogy with the case described in Section 2, we have obtained 
an expression for ihe S-matrix elements as a functional integral ov� the inde­
pendent canonical variables only. Th� weight of this in�gral is one, u it should 
be, and therefore (76) provides a justification 9f Eq. (65) and thus a proof of our 
theorem. Note the crucial role played by the determinants I det flfxcs , 9'&}111 and 
I det II{ 8 a , B,,}111111• 

It remains to prove that the matrix element in (65) with the measure given by (66) 
is independen� of the choice of the gauge conditions Xcs • .Again, as in Section 2, 
we find 

with 
tf) = ha'Pa 

(78) 

(79) 

and the h's are the solution of the system of equations 

fxa , 'Pb} h,, = -8xo . (80) 

The first term in (78) represents a canonical transformation. Performing such a 
canonical transformation results in changing 'Pa and 80 by 

8rpa = {4>, 'Peal = Aar,fl'b , 
880 = {4>, 80} = {h11'Pb ·, Ba} = Bar,'1'11 "+ Dar,Bo ,

(31) 
(�2) 

where we have used Eqs. (52). Calling 

aoxa = {�, Xa}, 
we find 

(83) 

fxa ' rp,,}IM � {xa + 8oxa ·' 'Pb + A11c'Pc}IM = {xa + 8xa ' rpr, + Ar,ofl'o} IM ' (84) 

where we have used the first-class nature ·of "'" . Thus, 

and 

(85) 
Cl Cl 

[det ll{xca , cp,,}1111M � (1 + tr A)[det ll{xca + 8xa , cpr, 1111M , (86) 

TI 8(8a) � (I + tr p)-1 n &(Ba) (87) 
G 

[I det 11{8" , B,,}lll1'2]IM --.. (1 + tr D)[I det 11{811 , Br,}lll1'2]IM . (88) 

We can thus conclude that the integral (65) is .independent of the choice Xa , due 
to canonical invariance and Eqs. {85)-(88). 

1 5

II ac,pJ - et + tr .A,>-1 n ac,,J. 

a 
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We wish to alert the reader to the fact that the extension of our results to fiel4theory, as in Section 1 and· 2, is rather straightforward; 

4. QUANTIZATION OF · THE MASSIVE YAN<i-MJLLS FIELD 

We shall devote this section to the study of the quantization of the massiveYang-Mills field as another example of a field theory containing second-classconstraints. For an account of a different quantization scheme corresponding tothe same problem, the reader is r.eferred to the paper of Finkelstein, Kwitky,and Mouton [7]. The formalism is based on the Lagrangian density

In Eq. (89), F:" is given by the formula 
F."11 = 8" A " - 8"A " + ,,,r ,f "A " ex ex m 15.JaJJvrxB v • 

As usual, one begins by calculating th� conjugate momenta: 
Trmo ·= 8!l'/8Aoa.,

f ·. 11 �i Tr11 = 8!l'/8A, = -ra . 

(89) 

(90) 

(91) 
(92) 

By inspecting (90), (91), and (92) one concludes that the only primary constraintis given by (91). To calculate the secondary constraints one needs the expressionfor the Hamiltonian density, which -is obtained in a straightforward manner. 
-v'P .1 O.rTCI 11 � A O gfaJJy f ,1 8A 'I' .n. = -111, l l f  - 'frf u, Cl 

-
7Tcx .no ' 

The secondary constraints are then 

Imposing the consistency condition 'Pu = {q,11, H} = 0 leads to 

which merely determines u11 ° and thus does not produce any new constraints. 

1 6  

(94)

(95)
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The algebra of Poisson brackets of all the rnstr:iints is found to be 

{1r11 °(x), 1r,O(y)} = 0, 
{1r11°(x},:cp8{y)} =· -M2&aB 8(x - y), 
{ cp«(x), cpB(y)} = gfaBYcp9(x) 8(x - y). 
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(96) 
(97) 
(98) 

The proof of .(96) and (97) is trivial. To prove (98), one uses the Jacobi · identity 
and the antisymmetry of the structure constraints of the .compact semisimple 
Lie algebra correspondh1g to our Yang-Mills field theory. One can thus convince 
oneself that all the constraints are second class. The characteristic weight' in the 
phase functional integral is 

I det 11{8a , 8,,}11 11'2 = IT (M2) ·= det M2• (99) 
x,t.« 

The general discussion of Section 3 (Eqs. (65) and (66) in particular) then leads 
to the expression for the S-matrix element: 

(out I S I in) = J I1 !!JA/ !!J1r«' TI P)A11° !!J1r11° det M2 
cx,l « 

X I1 {8(1rcx0) 8(0;7Ta' - gfcxlJY1rfJ'A;'' + M2A11°)} 
Z,CI 

X exp Ji f [1roc:i1ocx + 1Tc:iiAt - i1ra'1r«'

- 1Ta'(o,Aa0 - gfcxBYAlAl) + tM2A«"Au
a 

- iF;mF!m] d4xl •
This obviously can be written as 

(o�t I S  I in) = J n !!JAl' !?J1r«' n !!J)..a !!JAa0 d�t M2 
°'•' OI 

X exp f; I [1r0&'(F�, - a,>.tcx + gfcxBV).B Al) + M2�aAa � 

(100) 

- i1ra'1r/ + iM2A/Aa O 
- tM2A« 'Acs ' - !.FfmF!m] d4xf . (101)

After a change of variables 
(102) 

1 7  
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and a Gaussian integration over � and '11',l, we can establish the following re�ul�: 

(out I s  I in) = I n  !!JAa0 Il !!JA,a det M
a ex,, 

X exp f; J [iF:,Fo', - lFa'mF!m + !M2Aex0Aa0 

- iM2Ac/Aa'] d'xl . (193) 

The expression in the exponential is just the Lagrangian (89). 
The result (103) is the basic result of this section. It shows that S-matrix elements 

are expressible as functional integrals solely over the basic fields of the theory. 
. The characteristic weight of such integrals is det M = Ils.,.a (M) [8]. Equation (103)

serves as a basis for developing perturbation theory in the path integral formalism 
and finding out the Feynman rules. We shall not dwell on .this, since the Feynman 
rules have already been found by Finkelstein, Kwitky, and Mouton [7]. We 
merely note that since the functional measure in (103) is independent of the field 
variables, there will be no .modification of tJ}e simple Feynman rules due to a
nontrivial functional measure. We have thus rederived the basic result of Finkel-
stein, Kwitky, and Mouton in a more economical fashion. 

The reduction ·to independent variables is particularly simple in tlµs case. 
Integrating over Aex0 and '11'a

0, one can write (100) as 

(out I S  I in) = J I] ff!A,a- !!J'ITa1
ex,I 

X exp f; J [ 'IT/At - � '11'a1'11'ex' - 212 (8,'ITa' - gfcxBv'ITFJ'Al) .

X (81'11'/ - g/ua'
"!

a'kA{) - 4 M2A/Aa' - {r,m.f!m] d4xi . (I�) .

The weight of integration is one, as expected from our general discussion in 
Section 3. 

It is interesting to determine the Dirac brackets for our canonical variables. 
One finds first 

1 8  

II Car,(X, y)II = ll{Oa(x), Br,(y)}ll-1 

I I 1 · 

M4 cJ>(x) 8(x - y) I Mt 8(x - y)

- - - - - - - - - - - - -,- - - - - - - - - . (105) 
1 I 

- M2 8(x - y) I 0
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Here, 
<l>a/J(x) = gfaB.,cp.,{x). 

Let us introduce the notation 

so that 

Obviously 

a = (a, ii),

CcJS(X, y) = 0, 

C a 6 (x, y) = M
g

4/aa.,cp.,(x) 8(x - y), (11)(8) 
1 

C a s (x, y) = M1 8aS8(x - y},
(a)(B) 

1 C tJ 6 (x, y) = - Afl 8aS8(x - y). 
(a)(B) 

{.,,"o' all canonical variables}* = 0, 

since 8a = 1r"0 are second-class constraints.
Next, using Eq. (108), we obtain 

{.,,"'(x},. A8
°(y)}* = - f dz du {TTa'(x}, 84(z)} Car,(z, u){86(u), A,°(y)}
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(106) 

(107) 

(108) 

(109) 

= - f dz du {.,,"'(x), cp,(z)} C 11 6 (z, u){.,,,,
0(u), A,°(y)} (1 10)

(a)(y) 

1 
= - M2 {.,,11'(x), cpa(y)}.

Using (94) one finds 

{ TTa'(x}, As°(y)}* 
. - ft2/aB.,.,,,,'(x) 8(x - y). (1 1 1) 

Since C4(x, y) = 0, one has 

{1r«'Cx), A/(y)}* = -8m88,' 8(x - y). 

Quite similarly, we obtain 

{TT"1(x), TTa'(y)}*. = 0, 
{A,CS(x}, A/(y}} * = 0. 

(1 1 2) 

(1 13) 

-1 9

-
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Next, taking into account (108), one finds the remaining Poisson brackets 

I {Aoa(x), A/(y)}* = - Ml {q>ar(x), A,S(y)}

I g = M2 8l8aa8(x - y) - Msf aB.,Al(X) 8(x - y), · (114) ·

g {Aa0(x), Aa°(y)}* = M4/aayq>y(x) 8(x - y). (115) 

This completes the quantization of the massive Yang-Mills field theory, since
in operator formalism one can obtain the basic commutators from the Dirac 
brackets, while in path integral formalism one uses (103) to obtain S-matrix 
elements. 

5. LIGHT-CONE QUANTIZATION OF THE SELF-INTERACTING SCALAR THEORY 

As we shall see in this section; quantization of field theories on the null plane
leads naturally to second-class constraints. Therefore, the method we developed
in Section 3 is applicable in this case. For different methods of quantization on
the null plane, the reader is referred to the existing literature (9-11]. For com­
pleteness we shall also describe briefly the method of Banyai and Mezincescu (12,
13]. Both our method and the method of Banyai and Mezincescu will be illustrated
in the example of the self-interacting scalar theory with a quartic coupling. 

One thus starts with Lagrangian 

!£ = 8c:p ocp _ ! ( 8cp )
1 _ ! �2

<p
2 - � q>4 (116) ox+ ox_ 2 a! 2 4 ! 

and deduces the conjugate momentum 

(117) 

where W!: have introduced the standard null-plane variables X: = (x<> ± x3)/ �­
Equation (117) obviously represents a constraint. 

2 0  

The Hamiltonian is immediately "round to be 

H = f dx dx [! { aq, )1 + .! m1q>2 + � q,4 + u ('" - acp )] (1 1 8)- - 2 a 1 2 4 ! ax_ ' 

1T =
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where � are the transverse variables: �1•2 = x1•2• As usual w� require that 
8 = {8, H} = 0, (1 19) 

where ocp 8 = 1T - -- .8x_ (120) 
Equation {i l9) results in 

since 
· A au V2cp - m2cp - - cp3 - 2 -- = 0 - 3 1 ax_ ' (121) 

{11(1, y_) - a_11cp(J', y_), '"(�, x_) - a_=cp(�, x_)} = 28_= 8(x_ - y_) 8(� - 1). 
(122) 

Equation (121) does not represent a new constraint but merely serves to .determineu. One possible determination of u is 
u(x) = i f e(x_ - �[Y2cp(�, f, x+) - m2cp{�, f, x�) _: ('),,/3 1) cp3

(�, f, x+)J df. 

(123)
Thus (120)., taken at all (x_ , x), represents a complete set of ·constraints. Due to(122) these constraints are second class. To quantize the theory in operator formalism, we have to find the Dirac brackets(this is precisely the method of Banyai and Mezincescu [13, 14D, By Eq. (20) these are given by 

{a(u), b(v)}* = {a(o)� b(v)} - f dx dy {a(u), 8(x)} c{x, y){�(y), b(v)}, (124)
where, e.g., X = (x_ ·, X) and 

f c(�, z) d(z,' y) az = 8(x_ - y_) 8(� - 1), (125) 
· f d(x, z) c(z, y) dz = 8(x.:.. - y_) 8(� - 1), (126) 

d(z, y) = {8(z), 8(y)} = w_v 8(z_ - y_) 8(! - 1). (127) 
Conditions (125)-(127) imply a special solutio� 'cl4] 

c(x, y) = -lE(x_ - y_) 8(� - 1), (128) 

. 2 1  
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which enabl� us to find the b�sic Dirac brackets_: 

{«p(x), 'l'(y)}* = -le(x_ - y_) 8(i -1), 
{'!'(x), w(y)}* . . .  i8(x� .;_·y_) 8(! -1), 
{w(x), w(y)}* = !a-= 8(x_ - y_) 8(! -1).

(129) 
. (130) 
(131) 

The transition to quantum theory is then effected by replacing Dirac brackets 
by "-i" times the corresponding commutators, so one finds for the commutators: 

i[cp{x), tp{y)Jl:+•st+ = - 4 E(X_ - y_) 8(! - 1),

(q,{x), w{y)]I=+�+ = � i8(x_ - y_) 8(i - 2), (]32) 

1 [w(x), w(y)]I=+-•+ = 2 �a_m 8(x_ - y_) B(i - 2).

To quantize the theory by the method of Section 3 of this paper, we ·need to 
know the value of the determinant I det{O(x), 8(y)}I . From (122) it is seen to be 

I det{B(x), 8(y)} I  = det(28_). · (133)
Thus we have all the ingredients necessary to write the functional integral foF the 
S-matrix element: 
(out I S I in) 

= f g., !?l<p I det(2a_)pi1 I] 8(w - a_.,,) exp j1 J (w B+'P - Jt') t14xl (134) 

where 
I ( 8q, )s I ,\ .Tt' = - _ + - m2

cp
2 + -

cp
' 

2 a� 2 4 1  • (135) 

Equation (134).represents the main result of this section. Note the presence of 
the factor I det(2cL)l1/! in the functional measure, which cannot be obtained by 
naive considerations. 

6. l.;ocAL LAGRANGIAN THEORY OF ELECTRIC AND MAGNmC CHARGES AND ITS
QUANTIZATION 

While the theory of the electromagnetic field interacting with both electric and
magnetic charges has a long history [ I5, 16), its local Lagrangian formulation is 
comparatively new [17). It is based on the introduction of two potentials A11 
and B,, • The electromagnetic field tensor F11• is suitably expressed in terms of these.

22  
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As we shall see, this necessitates the introduction of a fixed four-vector n,,,. intothe theory; thus, explicit Lorentz invariance is lost and it remains to be provedthat the theory is in fact n-independent. In th� case when magnetic charges are present, Maxwell's equations read

o"F"'• =j/, 
o,,,.F'1"'• = j,,•.

(136) 
(137) 

In (136), £du.• = 1e;;F"? and E"""" ·is the completely antisymmetric symbol withe0123 = 1 .  j,/" is the electric current, while j,,• is the magnetic current. Both currentsare conserved: 
011,jo"' = 811,j,,U = 0. (138) 

The general solution to (137) may be written as . 
F = 8 A A. - (n • 8)-1 (n A j,,)d. (139) 

n" is an arbitrary fixed four-vector and (n • 8)-1 is an integral operator with thekernel (n • 8)':-1 (x - y) satisfying n • o(n • 8)-1 (x) = am(x). For arbitrary twovectors C" and D', (C A D)"" = C"Dv - C•D". A" is a four-potential which dependson the choice of gauge, the choice of n and the determination of (n · 8)-1• The general solution to Eq. (136) is 
F = -(o A B)d + .(n • 8)-� (n A io). (140) 

Since any antisymmetric tensor G satisfies the identity 
G = ;2 {[n A (n • G)] - [n A (n • Gd)]cf}, (141) 

we can obtain from (139) and (140) 
F = ;2 ({n A [n • (o A A)]} - {n A [n • (o .," B)]}d), (142) 

£d = ;2 _({n A [n • (8 A A)]}d + {n A [n · (8 A B)]}). (143) 
These expressions, when substituted into (136) and (137), yield 

1 
n2 (n • on · oA" - n • 8 o"'n · A - n"n • 8 o · A

+ n" o2n • A - n . BE:KAn• o"BA) = N',
_!_ (n · on · fJB" - n • 8 8"n • B - nu.n • 8 a ·  Bni 

+ n"' 82n · B + n • of!:KAn• W' AA) = j,".

(144) 

(145) 

23 
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These equations of mo�o� follow from the Lagrangian density: 

where 

and 

I I � = - 2nz [n • (8 A A)] • [n • (8 A B)"] + 2n2 [n • (8 A B)]

(146) 

� [n • (8 A A)4J -. 2�2 [n . (8 A A)]2 - �3 [n • (8 A B)]2 .- (147)

.!&j = -j� · A -j11 · B. (148) 
Using the identity 

tr(G • G) ._ G,,.11G11
" = ;2 [-(,z · G)2 + (n • Gd)2], (149) 

which follows from (141), we can obtain a different form for � :

1 1 � = 8 tr((8 " A) • (o A A)] + 8 tr[(8 " B) • (8 A B)J .

1 I . · 
- 4n2 {n .. [(o A A) + (8 A B)clJ? - 4n2 {n • �(8 A B) - (8 A A)d]}2• (150) 

We have thus obtained a Lagrangian foqnulation for the electromagnetic field 
interacting-with both electric and magnetic charges (17]. 

We shall now quantize this theory using the metqod of phase space functional 
integration developed in Section 3. 

The quantization proc,edure starts, as. usual, from the Lagrangian. One then 
goes on to derive the ·conjugate momenta, the Hamiltonian, and the constraints. 
In our case the photon Lagrangian is given by (150). After some algebra the total 
Lagrangian can be recast · into a form more suitable for transition into the 
Hamiltonian formalism: 

2, = .!. ro 2 _ }'2\ + .!. (G 2 _ GZ\ + .!. (a2 + bZ\ _ _  I_ [(n • a)Z _ 02821 
. 1 4 \A"O  J 4 .0 . J . 4 . J 2112 

(151) 

- .},,2 [(n · b}2 - n2b2] + =� £m,.a. ,h1n1c - j.0A0 + j0 • A - j/B0 + ju • B.

(1 52)
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� is the free Lagrangian of the charged and monopole fields (we assume here 
they are spin-l fields). The explanation of the notation is as follows: 

Equivalently: 

nµ = (n0 , n) 

a, = F0; + G, ,

F,, = '=11kF1c , • G,, = E:1JtG1:

(F0), = F0, • · 8oA, - o,Ao , 
·(G0), = G0, = 8oIJ, - o,B0 , 

� = l(F0,F0, - F,F,) + l(G0,G0, - G,G,) 
+ l(a,a, + b,b,) + ia,1(a,a1 + b,b1). 

(1 5�) 

+ /Jiia,b, - js°Ao + io · A -j/B.o + jg · B, (154) 
where 

( 1 55) 

(Note that q ·- p = l .) 
The derivation of conjugate momenta proceeds now as usual, with the result: 

a.:e 
w' = aA = F0, +. a,,a, + {J.,b, + !G, , 

I " 

a• = ::. =  G0, + a,1bs - fJ,,a1 - !F, , 

Defining new quantities ,;;• and ;;• by 

ii' = w' - !G, - a,1G1 + /JiiFJ , .
ii1 = a1 + }F, + aiJF, + f111G1 ,

(156) 

(157) 

(158) 

25  

F,, = a,A, - a,At G,, = a,B, - a,B, .

Q 
no . q 

,-.1, = t "'1:1tff11. = - "'m,n,.-.
n n, 

off "° =e oA = o,' 
off d' =....,,. = 0.·: · 8cs0 
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we obtain, making use of ( 153), (155), ( I  56) and ( 158): 
... ( n X G0 ) pn ( , 
ff = q f o - no - n2 n • f o1,

; = q (Go + 
n 

X Fo ) - p� (n . Go)."o n-

( 159) 

At this stage we have to c:J.istinguish between two cases: h0 = 0 and n0 =I= 0.
As far as the quantization procedure is concerned, the two cases are fundamentally 
 different. For n0 = 0 we obtain both first- and second-class constraints; for n0 =I= 0
only first-class constraints appear. The case n0 =I= 0 can thus be treated by Faddeev's
method, while the case n0 = 0, to which we now turn our attention, requires the
generalized meth.od described in Section 3. (The case 110 = 0 was studied by
Balachandran, Rupertsberger and Schecter [18].) We wish to emphasize that
while those authors quantize the theory by Dirac·s formalism, we perform a
phase space path integral quantization as an application of Section 3 of this
paper.) For n0 -+ 0 we have q/n0 == n0/n2 -+ 0 and also q -+ 0, so p = -1. Equa­
tion ( 159) becomes in this case: 

Therefore 

and 

or, in other words 

i = � (n · F )02 o ,

n · F� = n · i = n · ( 1t - !G), 

n · G0 = n · a =  n · (a +  !F), 

(160) 

(161) 

( 1 62) 

(163) 

where ff' = ff + !G, a' = a - }F, and we have used ( 155) and ( 1 58). In (162) 
and (163), -rm are two vectors (/ = 1, 2) orthogonal to n, that is: 

We choose them in such a way that 
'tm . -rU.:) = �tk . 

( 164) 

(165) 

As usual, we have to calculate the Hamiltonian at this point. Setting n0 = 0
in the Lagrangian yields: 

� = - � a · G + 4 b • F + 2�2 [(n · a)2 + (n · b)2] - ie · A - it1 • B. ( 166)

26  

a = 

n
9 (n · G0}. 

n- .

�Ill • it' = �Ill • a' = 0, 

�m •n = 0. 
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Therefore, calling 1t1' = 1t', TC2' = a', one obtains

� In =. !ffa' · 1ta' - 1t1' • G + r;' · F  + iFZ + !G1 

: + j0 · A + j,, · B + ff · VA0 + o • VB0 , 

where we have used (153), ( 1 61), and (1 63). T�erefore, 

where u, v, and u'b r are, for the moment, arbitrary multipliers. 
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( 1 67) 

( 168) 

Taking Poisson brackets of primary consµ-aints with the Hamiltonian and 
setting these equal to zero, one generates the following secondary first-class 
constraihts: 

'Pa = V · o -j,, 
o = 0, <p, = � . ff -j, 0 = 0.

Imposing the consistency conditions 

merely determines u'b', since 

I det 11{8'6', 8iJll l1'2 = det I (n ��)2 
f ¥:. 0

as demonstrated in Appendix JI. In Eq. (171): 

0,,
i = �U) • nr,' •

In view of (171), the constraints 8'11' are second-class. 
If we choose the gauge conditions to be 

X3 = V . B, x, = V · A, X1 = Ao , Xs = Bo .

the Faddeev-Popov determinant is found to be 

LJ1 = (det V1)2• 

(169) 

(170) 

(171) 

(172) 

(173) 

(174) 

27 
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On the basis of (171), (174) and the general results of Section 3, we are led to the 
following expression for the S-matrix element: 

(out I S I in) = f !!Jff !!Ja 1JA !!JB gJ,rq 1Ja0 !!JAO �»o-LJ,
( Ii . V)2 X det 2 fl {8(V · ff - ii°) 8(V · a - j,,

0) 8(V · A) 8(V • B) D : 

X 8(-rrO) 8(a0) 8(A0) 8(.BO)} 0 8(-rU> · ffa') 
:,f.a 

X exp l i f [ ff • A + a · B - 4 ( n'2 + a'2) + n' · G

- a' · F --4 F2 - 4 G2 � ie · A - j!I • B] d4xr (175) 

In order to avoid cumbersome expressions, we have ignored the spinor variables· 
except in the coupling terms -j0 • A and -j,, · B.

Integrating over 1r0, aO, A0, B0 and writing, e.g., 

n 8(V . ff - N) = f !!JAo exp l ; f (-TC . VAo - Aoie
0) d4xf, ( 176)= 

we obtain 

(out I s I in) = f !!JTC !!Ja n �Au FJBu n !!))..al LI,
u l,a 

X det (n . .,V)2 fl {8(V • A) 8(V · B)}DM = 

X exp {; f d4x (TC' · a +  a' · b -· 1 G · F0 + 4 F · G0 - 4 TC'2

- ! a'2 - ! P - ! G2 - 1· • A - 1· • B + ;\ 1-rm • n ') l ( 1 77)2 2 2 C O IJ a j '  

One can now integrate first over TC' and a' and then over >..,0, and use the fact that 

!a2 + !b2 - !(-r<n · a)(-rm • a) - !(-rU> • b)(-rU> • b) = ( l/{2n2))[(n · a)2 + (n · b)2].

( 178)

The final result of these manipulations is the following expression for the
S-matrix element

(out I S  I in)

28  

= f n FJAu FJBu(det V2)2 det (n �2
V)

2 n 8(V · A) 8(V · B) X eiJ.!l'c1'=, ( 179)
u = 
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where .!l' is the Mwanziger Lagrangian with the choice n0 = 0. The integrationover the spinor variables, although not denoted explicitly, is understood.Equivalently, 
(out I S  I in) 

= f fi PJA� �B,.(det 0)2 det l (n )1)2
' fl �(8 · A) 8(8 • B) e•JZd•a:, (180) 

" z 

where n" = (0, n). We have used· the standard Faddeev-Popov (19] trick to makea transition to $e covariant gauge. 

CoNCLUSION 

The basic result of this paper is the generalization of Faddeev's phase space(or Hamiltonian) path integral method [4] to the case when second-class constraintsare present in the theory. This is the result we have obtained in Section 3. It is ageneral resul� applicable not only to the examples worked out in this paper,but any field theory containing second-class constraints (20, 24]. Being a generaliza­tion of Faddeev's phase space method, it bas all its merits, in particular:· (a) itprovides a bridge between the operator formalism and the Lagrangian pathintegral method, (b) it is a canonical method in the sense that S-matrix elements are expres�ed in terms of path integrals over canonical coordinates and momentaand that such path integrals are invariant under canonical transformations ofthose coordinates and momenta, (c) it supplies the functional measure for pathintegrals over the coordinates �fter integration over the canonical momenta isperformed (21 ]. The most interesting applications of the general result obtainedin Section 3 are: (a) an alternative (and simpler) derivation of the basic result ofFinkelstein, Kvitky and Mouton [7] concerning the quantization of the massiveYang-Mills field; (b) light-cone quantization of the . cp4 scalar field theory via thephase space (Hamiltonian) path integral method; (c) quantization of Zwanziger'.;local Lagrangian formulation of magnetic monopole theory by the same method.

APPENDIX I 

In this appendix we wish to prove the lemma we needed in Section 3 (Eq. (68)).We shall first pro.ve that there exists a matrix A0 such that 
A08(A0)T = 8'' . (AI.1)where (Al.2) 

2 9  
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and S' is given by Eq. (69). The proof of (Al. l) proceeds as follows. First, since 
9 is an antisymmetric matrix of even order then by a general theorem [23] there
exists an orthogonal matrix R such that 

and 
0 A1 I 

-Ai O I 
I - - - - - -1- - - - - -
I I 
I O A2 I 

e = I -� o I 
I I 

,, 
', _ - - - - -

I O An 
I 
I -An 0

Note that in our case all the ;\,'s are different from zero, since by (50) 

det 8 = Il A,2 = det 8 =fo 0.

Then define the matrix R2 : 

that is 

30  

1 0 0 - ----- ----
0 0 1 0 - -- - - - --
0 0 0 0 I - - ----

. 1 0 0 0 0 - - - - - - - ­
An 

R2 = 1 0 0 - - - - - - 0 0 '· 
An-1 

0 0 0 

0 
A1 

0 

(R2)1e tt-1 = I
1 

(RJ2M-.t��+2 = -,­".t+l 
(RJm.n = 0 

-- ------
A2 - - - - - - - - - -

for l � k � n 

for O � k � n - I 

otherwise. 

(AI.3) 

(AI.4) 

(AJ.5) 
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One can then check that 
R/J�l = 8'. . (AI.6) 

This constitutes the proof of (AI.I), since we can take : 

A0 = RsR. (AI.7) 

To prove our lemma. given by Eqs. (67), (68), and. (69), let us look for solutions 
for Aar, and /Lab in the Corm 

(Al.8) 

where A0 is the matr!x introduced in (AI.I) while ,.,.:r, is chosen in such a way that 

(AI.9) 

Note that P.!b .can be found by solving (AI.9), since our choice of Xa satisfies the 
condition 

det ll{xc , '})b}II =I= 0 

If we denote by <P,,0 a set of functions which satisfy 

<Pbc{Xc , 'Pa} = 8r,a , 
we find 

We shall look for solutions of the form 

(AI. 10) 

(AI.1 1) 

(AI.12) 

(Al.13) 

Neglecting terms ofthe order of e2, comparing the coefficients of 8" and 'Pa an<l 
using (51), (52), (AI. I), and (AI.9), we see that a way of satisfying (68) is having 

{xr, , B.} U:0 + {xr, , 8.} Z!c + {xr, , p.} V!0 + {x1 , p,} V!,, 

= -:--{Xr, , P.:c}, 

{xr, , B.} W!c + {xr, , B.} W!. + {x,, , cp.} U!o + {xb , p.} z:. 

= ·-{xr, , A�c}, 

W!rA�ci{B,, , Bci} + w:ctAMBr, , Bd} 

+ A!r,{8,, , 81} W[. + A:,,wto{B, , 8,.} = Bao,o ,

(AI.14) 

(AI.1 5) 

(AI.16) 

31  
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U!&A:d{Bb , Bd} + u:ttA�r,{8r, , Bd} 

+ Z!o{B, ,  84} A:d - Z!o{B, ' 8b} A�r, = Pac.e ' 
where 

Bao •• . = -A!,,{8" , A:.} - A�d{A:. , Bc1} - p.�{tpr, , A:.} 

+ /J.:11{ 'Pb , A:.} - µ.�r,A�"f :" + p.:r,A!d/:c1 ,
and 

(AI.17) 

(Al.IS) 

- {P.:e , 8d} A:d - p.�r,A:cie:d + p.:r,A:cie:d + {/J.:o , Br1} A!r1 . (AI.19) 

In (AI.18) and (Al.19), cg" , e� , J:" are the functions appearing in Eq. (Sl); we 
· have changed the index notation somewhat, e.g., 

Defining now 
U!. + Z!c = Y!o ,

(note that t!,, = t!.) and 

(AI.20) 

(Al.21) 

(Al.22) 

(AI.23) 

we see that {Al.14) merely provides a solution for i:,:0 once the Y!c's are known,
while the remaining equations can be written as 

t!c = t!., , 
where 

(AI.24) 

(AI.25) 

(AI.26) 

(AI.27) 

(AI.28) 

From (AI.25) we can find Y!c , once 1:0 is known. Solving for Y!c from (AI.25), 
and inserting into (AI.26), we obtain (AI.24), to the lowest order in e� We omit 

· 3 2




