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Path Integral Quantization of Field Theories with
Second-Class Constraints*:*
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Faddeev’s Hamiltonian path integral method for singular Lagrangians is generalized
to the case when second-class constraints appear in the' theory. The general formalism
is then applied to several problems: quantization of the massive Yang-Mills field
theory. light-cone quantization of the self-interacting scalar field theory, and quantiza-
tion of a local field theory of magnetic monopoles.

INTRODUCTION

The first systematic study of mechanical systems, including field theories, with
constraints, was done by Dirac [1-3]. He showed that the algebra of Poisson
brackets détermines a division of constraints into two classes: the so-calléd first-
class constraints and second-class ones. The first-class constraints are those that
have zero Poisson brackets with all other constraints in the subspace of phase
space in which constraints hold; constraints which are not first class are by defini-
tion second class. Dirac also showed how to redefine the Poisson brackets in such
a way that all new redefined brackets (so-called Dirac brackets) of second-class
constraints are zero. As we shall see, this is indeed necessary if transition to
quantum theory is to be made.

The quantization of field theories with constraints based on Dirac’s formalism
and using the method of functional integration was performed by Faddeev [4].
Faddeev restricted his discussion to the case when only first-class constraints
are present. We shall see that there are several interesting examples of field theories
which contain second-class constraints, so that a generalization of Faddeev’s
method to these cases is warranted. The development of this generalization and
its applications are the main concern of this paper.
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The paper will be organized as follows. In Section 1, we shall review Dirac’s
method. In Section 2, we shall give a short description of Faddeev’s method.
In Section 3, a generalization of Faddeev’s method to the case when second-class
constraints are present will be formulated. The next three sections will contain
various applications of the general formalism developed in Section 3. Section 4
will be devoted to the quantization of the massive Yang-Mills field theory. In
Section 5, the light-cone quantization of the self-interacting scalar field theory
will be performed using our method. In Section 6, we shall quantize a local field
theory of magnetic monopoles. -

1. DIRAC’s THEORY OF SYSTEMS WITH CONSTRAINTS

a. Singular Lagrangians
Given a mechanical system (of N degrees of freedom) with a Lagrangian L,

L = L(q, 9), )
one defines the conjugate momenta by
Pn = 0L[3§, (n = 1,...,N). (03]

We shall dwell on the case when the expressions dL/dg, are not independent
functions of ¢, . Eliminating the ¢’s one obtains a certain number of independent
constraints

¢m(q: p)=0 (m =12,.., k) (3)
Thus, some of the p’s are not independent. Solving (3) one writes
2. = (9, 25) (¢=12,..,k), (C))

where the p;’s (i = 1,..., r, r + k' = N) are independent.

Because we are dealing with a singular Lagrangian, it is impossible to solve
Eq. (2) for all the ¢'s. However, if we take some of the §’s to be independent (and
undetermined) [we shall take those to be ¢, (x = I,...,, k)], we can use Eq. (2)
to solve for the remaining §’s:

g¢ = ct(q:pi s q‘u) (i =12,.,rnr=N-— k)- (5)
Equations (4) and (5) together have the same content as Eq. (2).

b. Equations of Motion
Define the Hamiltonian by

H = p,.q',. - L= W(q: Di, q'a)' (6)
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-In view of Egs. (4) and (5) the Hamiltonian defined by (6) can be considered in
general as a function of g, p;, ¢, . However, because of the nature of the Legendre
transformation of Eq. (6) and in view of Eq. (2), it does not depend on ¢, , which
can be checked directly:

ow oly, oL . oL ai,
7 P.+Pi'5§;"yq:—a—q‘a—d¢==0.

Hamilton’s principle

8[Ldt=0 )
can be written as
5 [ (Pada — Wig, p))dt = 0 ®-
with the constraints (3)
Pulg,p) = 0.
Using the Lagrange multiplier method, one is led to the equations of motion
__ W
bn = 84,. ™ o
) ©)
LA
™ g, ’

where v,, are the multipliers, which are arbitrary at this stage. These equations,
together with the constraints (3) form a complete set of equations of motion.
Before proceeding with the development of the formalism, we shall introduce
several important definitions. First, let us define the phase space I" as a set whose
elements are ordered 2N-tuples (gy 5--.s n » P1 5---, Py). Then, introduce the sub-
manifold M in I', which by definition is the subset of I" for which Egs. (3) hold.
Note that Eqs. (9) hold only in M, which is clear from the way they were derived.
The Poisson bracket of two functions f and g of the g’s and p’s is defined by

_ S (Y g ¥ o
Var=2 (3‘1- %n  Opa 34.,‘)'

It is convenient to introduce the “total” Hamiltonian H in the following way:

H= W+ ondn. (10)

It is then easy to see that Eqs. (9) can be transcribed into the form
pal = {pa, H)lm

: a1
gnlm= {92, H}Im »
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where our notation is intended to emphasize that those equations hold in M.
For a function g of p, and g, we find thé equation of motion

‘Elm={& H}lm. (12
Hence, H as given by (10) is thg generator of time translation.

c. First-Class and Second-Class Constraints
The constraints 56,;, must remain zero at all times, which implies

bl = U . H ) + vl $dllsz- (13)

‘Excluding the case when those equations are contradictory either among them-
selves or with Eq. (3) as uninteresting, those equations (a) may be a trivial identity,
(b) may be independent of the v’s, or (c) may involve some of the v’s.

In case they are of type (b), they represent new constraints (called secondary
constraints) and may be written in the form

pi(a,p) = 0. (14)

Obviously, we can continue this process of generating secondary constraints
until we arrive at the point when no more independent equations of type (b) are
produced. After eliminating as many »’s as possible from (c) type equations,
we can use the remaining equations to solve for some (or all) of the v’s.

Let us denote by M ‘the subspace of phase space in which all constraints hold
(i.e., both primary and secondary ones). We shall assume the irreducibility of all
constraints with respect to M, i.e., a function of ¢’s and p’s vanishing in M will be
expressible as a linear function of the ¢’s and the p’s with functions of g’s and p’s
as coefficients. We thus have in particular

H=H|; (q’ P) + vl(qs P) ¢l(qs p)r (15)

where we have denoted by a common symbol #,(g, p) all the constraints, i.e.,

() = ($m); (p2))-

By definition, a first-class constraint ¢* (secondary or primary) satisfies

{#% P}l =0 (16)
for all y;, and thus in view of our irreducibility hypothesis
{#% ¥} = 2. a”n

We call a constraint 8= second class if it is not first class. Performing suitable linear
transformations on the constraints, i.e., choosing new constraints which are linear



PATH INTEGRAL QUANTIZATION 231

functions of the old ones with(functions of g’s and p’s as coefficients, let us bring
-asmany 3’s as possible into the first class. We then claim that the following theorem
holds:

THEOREM.
[det[I{6a 5 Ou}llls # O, (18)
where we have denoted the remaining constraints (all second-class) by 6, .
To prove (18) assume the contrary, i.e.,
[det|l{0s , O}l = O.
Then there exists a set of functions A, , not all egual to zero, such that

Aul{0s, 0}llae =0  forall b,
and thus
{Aaoa ’ ob}IM = 0,
S0 A0, is first class, contrary to the assumption that we have put as many con-

straints as possible into the first zlass. This constitutes the proof of the theorem.

CorOLLARY 1. Equation (18) implies that the number of second-class constraints
for a mechanical system is even, since {8, , 0s} is an antisymmetric matrix. ~

COROLLARY 2. All those v's in (15) which multiply second-class constraints
(let us call them v{®) are determined in M.

Indeed, we have a set of consistency conditions

Oa lse = {0a» H}ne = {60, H s}lse + 0 1 {0a, BYlue =0 (19)
and we can solve for v{? |, in view of (18).

d. Dirac Brackets and Quantization

A naive transition to quantum theory would consist in imposing thé constraints
as conditions on the quantum state vectors and replacing standard Poisson
brackets by “—i” times commutators. But then if

Py la) =0, Ya|a> =0,
we find

AN = 0,
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which corresponds to a classical equation

{he» Ya}lm = 0.

Thus, for the naive passage to quantum theory to be possible, all constraints
must be first class. In case a mechanical system has s€cond-class constraints, the
remedy consists in redefining the Poisson brackets in a suitable manner:

{E’ 71} *= {5, ’7} —{¢, 00} ch{ob ’ 7}}, (20)

Cat{lh oe} = g (1)

{£, 7}* is the new bracket, while the brackets on the right-hand side are standard
Poissont brackets. It can be shown that the new brackets have all the standard
properties of Poisson brackets.

As a consequence of the definitions (20) and (21), we find

{6, 6a}* = {£, 0.} — {£, 00} cool00c, 0} = (€, 00} — {£, 05} 8a = 0. (22)

The passage to quantum theory can now be made by replacing the new brackets
by “—i” times commutators. Then, in quantum theory, we can' take 8, = 0 to
hold as operator equations without any contradiction, since in view of (22)
[6. , £] = O for any operator £. The consistency condition (19) implies

{g’ H}* IM = {g’ H}lM = g. IM:

which means that the new bracket may be used to give the Hamiltonian equations
of motion.

The generalization of this formalism to field theory, i.e., a mechanical system
with a continuously infinite number of degrees of freedom, presents no difficulty.

where

2. THE FEYMAN PATH INTEGRAL FOR SINGULAR LAGRANGIANS WITH FIRST-CLASS
CONSTRAINTS ONLY [4] (FADDEEV’S METHOD)

a. Introduction
As discussed in Section 1, given a certain Lagrangian, it can happen that the
equations
_ 9oL4g, 9
=" @3

cannot be solved for all. of the §’s. As a result (direct or indirect), the ¢’s and the
p’s are constrained:

g, p) =0 a=12,..,m. (24)
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.The constraints (24) are either primary or secondary; in this section we shall
limit ourselves to the case when there are no second-class ones among them. Thus,

{9% ¢} = 9. (25)
In view of the discussion in Section 1, we must have
{H, 9°} = a9’ (26)

where we have changed the notation somewhat: H now stands for H |, . Note
that the Liypersurface M in the phase space I" is of dimension 2N — m.

b. Observables and Gauge Conditions

Only those functions on M whose equations of motion contain no arbitrariness
are observable quantities. The equation of motion of a quantity fis

Fiae={f, H)pe + valsslfy 9%Hae . 27

This will be unique in M if

{/, ¥l =0, (28)
or equivalently,

{, ) = dyogh. 29)

“The function f occurring in (27), (28), and (29) is an arbitrary continuation in I
of a function defined on M. Since the constraints (24) are irreducible by assump-
tion, any two such continuations will differ by a linear combination of the con-
straints and Eqs. (28) and (29) are independent of the continuation. Equations (28)
can be viewed as a set of m first-order differential equations on M, with Egs. (25)
serving as integrability conditions. To see that, let us write Eq. (28) in terms of a
noncanonical system of variables (¢?, 7%, ¢:*, p;*). Using (25) we obtain

9
29 g0 =0 (30)
where x = (1, g*, p*) and
ga'(x) = {x*, p%Inr. (31)

The term containing 9f]d¢, vanishes on account of (25). It is in this sense that
Egs. (25) serve as integrability conditions for Eqs. (28); if (25) did not hold, we
would obtain a set of rather nonstandard differential equations with the
unmanageable first term:

5|, (% 2l -+ £ = 0. €2
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Since [ satisfies a set of m first-order linear differential equations, it is completely
determined by its values in the submanifold of the initial conditions for (28)
(or (30)). This submanifold is of dimension (2N — m) — m = 2(N — m). We can
choose this submanifold to be the surface I'(I™ C M), defined by the equations

X@:p) =0 a=1l..,m. (33)
It is essential for later developments to assume that
{Xa» x} = 0. (34)

In order to achieve a canonical description in"I'*, it is necessary to require, as
will be seen below (see Eq. (36))

- det |{xa , @*}Il # 0. (35)

c.YIndependent Canonical Variables
If (34) holds, ‘we can perform a canonical transformation in I" and make a

transition to new variables in which
Xa(9,P) = Pa -

In these new variables, (35) becomes
Op®
| 22| %o, )

where g are the coordinates conjugate to p, . Thus Egs. (24) can be solved for ¢°.
Hence, I'* is defined in I" by

Pa = _0: q° = 3%g* p*),
where
#%3% 0, 9%, p® =0

and g* and p* are the remaining canonical variables which act as independent
variables on I'*,
One can show that [4]

_ af* ag* af* ag*
U 8l = 303 % ~ o0 20 7

where
f* = f(@@(q* p*), 0, g%, p*). (38)

Thus g* and p* are canonical variables in I'*,
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d. Passage to Quantum Theory

We now -prove the central result of this section: For the mechanical system
described hitherto, the expression for the matrix elemept of the S-matrix is

outistiny= [ep fi [ (pdt — mat| [T dbdg@,p, 69
where the measure of integration is given by
duta, ) = [T1 860 899 cet e, N T] i i )

The trajectories g(r) coincide as ¢t — 4o with the solutions gia(f) and gout(?)
of the equations describing the asymptotic motion.’

The proof of the theorem goes as follows. Let us perform a canonical trans-
formation to achieve a canonical description with the coordinates g, ps, g*, p*
as discussed above. The factor 7 dp; dg! is invariant under a canonical transforma-
tion. In addition, we have

[Twer—mya=[" oa - mar+ (p 52— 0|

-—c -—C0

& is the generating function for the canonical transformation, in the sense that

8q‘=£ p.=—_a_?.
ap;’ ! oq*

In field theory the interesting canonical transformations are linearized asymp-
totically as t — 4o, and then it can be shown that the change is equivalent to
a unitary transformation in the operator formalism.

In the new canonical representation the measure becomes

1] aq)b
[18(p0) 8" det 5 | [T doe
a i
= [1 8(pa) 8(g® — 3%g*, p*)) dp, dg° [] dp* dg*. 41)

After a trivial integration over p, and g° the integral takes the form

chp 1:’ E: (E prq* — H"‘) dt! I do* dg*, (42)
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and this.is indeed the functional integral representation for {out | § | in) in terms
of an integration over the independent variables g* and p*. This constitutes the
proof of our assertion.

e. Independence of the Choice of Gauge Conditions

The integral (39) is independent of the choice of x, . Indeed, for an infinitesimal
change in y, , we easily find

8xa = {®, Xa} + Car®® 43)
where @ = h,¢° and the A,’s are the solution of the system of equations
{Xa ’ ‘Pb} h = -SXa ’ (44)

_ which by (35) has a unique solution.

10

The second term is of no relevance, because of the first-class nature of the ¢®'s
and the factors 3(¢°) in the integral, and the first term. represents a canonical
transformation. In this canonical transformation

8¢ =1{D, 9%} = {he®, g7} = 4%, (43)
SO

x—>x+8& o¢—>010+A4¢ H—-H
IT18(e*) — (1 + tr A2 J] (¢ (46)

det [{xa , "}l = (1 + tr 4) det|{xa + Oxa, ?*}-
We thus see that the integral (39) is independent of the choice of y, .

3. THE GENERALIZATION OF FADDEEV’S METHOD TO THE CASE WHEN SECOND-CLASS
CONSTRAINTS ARE PRESENT

In this section weshall generalize Faddeev’s results, described in Section 2 to
the case when second-class constraints are present. Thus, in our case the canonical
variables do not vary throughout the phase space I, but satisfy the equations

¢%q,p)=0 = l,..m

0q,p)=0 1=1,2,..,2n “)

We shall assume that the ¢’s and the 6’s are independent and also irreducible in
the sense that an arbitrary function 4 in I" which vanishes in the subspace M in
which Eqgs. (47) hold is a linear combination of the constraints:

h = c/(q,p) 9°(9, p) + di(9, p) 6'(q, p). (48)
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.The ¢%’s are first class constraints, i.e.,
% =0 {92 0%y =0,
while the 6¥s are second class:
[det 6%, 6*3illa  O.
Thus, in view of the irreducibility hypothesis we have
(¢° &'} = c9" + dro*
(0", ) = e'g" + s3io*

Self-consistency requires
d: g IM = 0:

as we shall now prove; indeed, from (51) we find immediately
(6% {¢%, N} = a*{8", 0} + &°¢° + A}
(2, (9% 67} = &*%9° + 376",

so that Jacobi’s identity implies

di® 5 (8%, 8%l = 0,
and thus, in view of (50),
d?b IM = 0}

which was to be proved.

237

(49)

(50)

(51)

(52)

(53)

62

The equation of motion for an arbitrary quantity / is found to be, in a manner

similar to that of Section 2,

where
H = H|p + v,9° + u6.

Self-consistency requires
¢a lM = {<P°, H}IM =0

and )
0% )ae = (6% H}ls = O.

(55)
(56)

(57
(58)

11
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One can easily see that (51), (57) and the irreducibility hypothesis imply
 {H |, 9% = 3>+ dofh. . (59)

Equation (58), in turn, simply determines u; |5 in view of (50).

Not all quantities are observable (physical), but only those whose variation
in time is not affected by the arbitrariness in the choice of the v,’s. Thus for physical
quantities we must impose the requirement that

Pl ={f, HIsdlm + valse{fs @3 + i (s 0}me (60)
is a uniquely determined quantity, which implies
v
{(f,eHe=0 (61)
or
{/, 9} = o2¢® + dpof", (62)

while there is no such restriction on {f; 6*}|» in view of the corollary preceding
Eq. (19). (See also the comment following (59).)

Note that condition (62) is independent of the choice of contmuatlon of a
function f defined in M, that is f | , ifito the whole phase space I'. Indeed, any
two such continuations may differ only by a linear combination of constraints
and then (51) implies that (62) holds for any such continuation.

Equations (61) can be thought of as a set of m first-order differential equations
on M with (51) serving as integrability conditions. The proof of this statement is
a straightforward extension of the corresponding proof in Section 2. Hence, the
function fis defined uniquely by its values in the submanifold of the initial condi-
tions of the equatjons which is of dimension 2N —m —2n) —m =2(N — n — m)
(2N = number of canonical coordinates and momenta in I).

We can take this submanifold-to be a surfiace I'* in M defined by

x(3,2) =0 .a=l,..,m (63)

We shall call Egs. (63) gauge conditions. We thus see that gauge conditions are
associated with first-class constraints only. Tt is essential for later developments
to require (see Eq. (66)):

detli{xa , #*}Il # 0. (64)

We now prove the following theorem.

THEOREM. Let there be given a mechanical system with m first-class constraints
and 2n second-class constraints. Let the first-class constraints be called ¢, , the
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second-class 8, , and the gauge conditions associated with the first-class constraints
Xa [5). Let the x;’s be chosen in such a way that {x, , s} = O.
Then the expression for the S-matrix element is [6]

Cout | S1iny = [ exp § [ (pde — H) ] [T dia@®), ), (69
where H is the-Hamiltonian of the system and the measure of integration is defined by
dp(g, p) = T] 8(xa) 8(pa) | det |i{xa » @aMl |
X n 8(00) | det I, 6o}t P2 IT dp, dg; - (66)
In order to prove this theorem, we need the following lemma:

LEMMA. Let M, be the region of phase space in which 0,( p, q) and @.(p, q) are
of order.€ (e is-an infinitesimal quantity). Note that M,D M. In the region M,
there exists a set of function A, and poy, such that if we define

8 Al Semime, &)
then
0., 6,} = (0)g + O(e? inM,,
0/, 6) = (6 + O .
{oa's Xb} = 0(€2) in M,
where,
pe l -
1
1.
O = e e R (69)
-1
-1
L1 .

The proof of the lemma is given in Appendfx I.

13
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Now note that due to the presence of the 8-functions 8(¢,) and 8(6,), the integral
in (65) extends only over the region M, . Secondly, note that by (AI.8) and (AI.12)

1300 [ 30 = | et | 4 + S 0+ Sz | [ TT 500 TT 5
= |det || 4a |l | l;[ 8(82) H 8(%)
= 1det| 431 * [ 806 T] 8(50

= | det||[{6a , 6,1l [/ T 8(62) [T 8(pas (70)
a3 a
where we have used the relation
[det]| A°[]12 | det|i{6a, B)lll = | det & | =1, (m

which is a consequence of (Al.1) and (AL2).

In view of Eq. (68) we can perform a canonical transformation in M, such that
the new. variables are P,=xa; 1<a<<m, Quia=10,, Ppia= 024041
1 < a < n (The discussion of canonical invariance following (40) applies in our
case as well.) We thus find, using (65), (66), and (70), and integrating trivially
over Pa ’ Pm+a ’ and Qm+a

{out|S|in) = | exp {i f(P,é‘ o)) dtz
x T1(T1 300 | et | 222 || 1 2P, 90, T] 202, ()

where
H.=H(P(,QI:P0so’Qa:Qm+a=o:Pm+a=0) (73)

and P;’s and Qs are the remaining canonical variables. Finally, noting that

180 | det | 52| | = IT 3602 — 02, B, (74)

where 0, *(P;, ;) is the solution of the equation
%(Pu Ql’ Q.* P, =0, Omnia =0, Pm+a=0)=09 (75) .

we can write
out|S|in) = fexp zlf (P;é',- — H) dtl IT PP, 20;, (76)
£
H = 0(Q, = 0.*P,, 0))) )



PATH INTEGRAL QUANTIZATION 241

Thus, in full analogy with the case described in Section 2, we have obtained
an expression for the S-matrix elements as a functional integral over the inde-
pendent canonical variables only. The weight of this integral is one, as it should
be, and therefore (76) provides a justification of Eq. (65) and thus a proof of our
theorem. Note the crucial role played by the determinants | det [{xa > Po}lll and
| det [{8, , Bu3}IIIM2.

It remains to prove that the matrix element in (65) with the measure given by (66)
is independent of the choice of the gauge conditions x, . Again, as in Section 2,
we find

8xa = {D, Xa} + cars (78)
with
® = hopa (9)

and the A’s are the solution of the system of equations
{X¢’ ‘Pb} hy = -ax.: . (80)

The first term in (78) represents a canonical transformation. Performing such a
canonical transformation results in changing ¢, and 6, by

89’0 = {¢’ q’a}' = AaPr » (81)
80, = {D, 0.} = {hyps, 0a} = Barps+ Darbs» (82)

where we have used Eqgs. (52). Calling
doxa = {P, XG} ’ (83)

we find

{Xa » Pollse = {xa + BOXQ: @5 + AscPc}lm = {Xa + OXa» P> + Apepe}ln, (84)

where we have used the first-class nature of ¢, . Thus,

IT 8(pa) = (4 + tr 4A) [] 3(ea), (85)
[det li{xa » PHlllae — (1 + tr A)[detli{xs + Sxa > @ollllas» (86)
I1806 — @ + tr DY [] 5(6.) 7
and
[ det {6, , B:)11*/2]1as — (1 + tr D)[| det|I{6a , O] as - (88)

We can thus conclude that the integral (65) is independent of the choice yx, , due
to canonical invariance and Egs. (85)-(88).

15
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We wish to alert the reader to the fact that the extension of our results to field
theory, as in Section 1 and 2, is rather straightforward:

4. QUANTIZATION OF THE MASSIVE YANG-MILLS FIELD

We shall devote this section to the study of the quantization of the massive
Yang-Mills field as another example of a field theory containing second-class
constraints. For an account of a different quantization scheme corresponding to
the same problem, the reader is referred to the paper of Finkelstein, Kwitky,
and Mouton [7].

The formalism is based on the Lagrangian density

&L = — JFLR" + IMAS A, (89)
In Eq. (89), F:” is given by the formula
F' = &4 — 94" + gfpAs™ 4. (90)
As usual, one begins by calculating the conjugate momenta:

T = 3.9/3.40“, (on
77,‘ = 3.? /aAl'“ = —FS‘. (92)
By inspecting (90), (91), and (92) one concludes that the only primary constraint

is given by (91). To calculate the secondary constraints one needs the expression
for the Hamiltonian density, which is obtained in a straightforward manner.

H = ynldlf — =° 3fAu° —gf d‘B"'"'a‘AoBA"'
— IMPALAL + IMPAA) + PELFR 4+ u T (93)

The secondary constraints are then

?g = {“6“! H} = aﬁl‘ - g[ ”"ﬂ"‘“’ + M* A-ﬁ_ (94)
Imposing the consistency condition ¢* = {p°, H} = 0 leads to
Ml 4 {8t — gftmfay, H} = 0, (95)

which merely determines #,° and thus does not produce any new constraints.

16
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The algebra of Poisson brackets of all the (:onsttaints is found to be

{m(x), ’TBO(Y)) =0, (96)
{"co(x)r‘?a(y)} = —Mzsus 8(x -9 97
{p*(x), P’(¥)} = &f**¢(x) 8(x — y). (98)

The proof of (96) and (97) is trivial. To prove (98), one uses the Jacobi identity
and the antisymmetry of the structure constraints of the .compact semisimple
Lie algebra corresponding to our Yang-Mills field theory. One can thus convince
oneself that all the constraints are second class. The characteristic weight in the
phase functional integral is

| det 6, , )1l |22 = T (M?) = det M2 (99)

The general discussion of Section 3 (Egs. (65) and (66) in particular) then leads
to the expression for the S-matrix element:

Cout | S|iny = [[] 247 D[] DAL D2 det M
a,f a
X [T{8(m2) 8(dsms* — gf®*msf A + M?4.%}
X exp ,i J. [770"1_40“ + ﬂuiAgu - %ﬂ",‘ﬂ’ﬂ‘

- "ai(aiAuo - gf uBYAOBAiV) + %M 2A“HA“¢
— FFFm) d']. (100)

This obviously can be written as
(oﬁt |S|in) = f [1 24¢ 27} [] 2), 24,° det M?
a.f a
x exp [i [ [!(F5 — 0 + &f*NA) + MDAS
- i‘”a‘"u‘ + ‘}MzAcoAao - %MQA“A,‘ - F?m}::m] d‘x . (101)

After a change of variables
AL — A0 — ), (102)
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and a Gaussian integration over A, and 7., we can establish the following result:
Cout | S|iny = [ [] 242 [] 24 det M
a a.é

x exp |i [ FRS — HFmEI™ + IMIASAL
— IMRASAY] d‘x!. (103)

The expression in the exponential is just the Lagrangian (89).

The result (103) is the basic result of this section. It shows that S-matrix elements
are expressible as functional integrals solely over the basic fields of the theory.
. The characteristic weight of suchintegrals is det M = [x.s., (M) [8). Equation (103)
serves as a basis for developing perturbation theory in the path integral formalism
and finding out the Feynman rules. We shall not dwell on this, since the Feynman
rules have already been found by Finkelstein, Kwitky, and Mouton [7]. We
merely note that since the functional measure in (103) is independent of the field
variables, there will be no modification of the simple Feynman rules due to a
nontrivial functional measure. We have thus rederived the basic result of Finkel-
stein, Kwitky, and Mouton in a more economical fashion.

The reduction to independent variables is particularly simple in this case.
Integrating over 4.0 and «,% one can write (100) as

out | S|in) = j [1 245 2=,
a.d

X exp ti J' [1rq‘ £ - % TS — 'i];iﬁ (Bymrs* — gfetvmidy)

X (O — & mAy) — 3 MUAMAL — G FF] ). (109
The weight of integration is one, as expected from our general discussion in
Section 3.

It is interesting to determine the Dirac brackets for our canonical variables.
One finds first

“ cab(xb Y)" = "{aa(x)’ 0»(?)}"'1
L dx) 8x — )
————————— : (105)
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Here,
Dos(X) = &fagyPy(X)-

Let us introduce the notation

a= (5, a)’
so that

Caus(x,y) = 0,

Ca 5 (6, Y) = foani(x) 8(x — V),
1
C(:) (g)(x, Y) = 3.a6(x — Y),
1
C('z.')(g)(x’ ¥) = — s SesBx — ¥).
Obviously

{=.2, all canonical variablés}* =0,

since 8, = m,° are second-class constraints.
Next, using Eq. (108), we obtain

{m(x), 4N} * = — f dz du {m}(x), 0(2)} Ca(2, 0){6:(0), 45°¥)}

= — [ dz da (i), 9s@} C g 502, W), 40}

= = (%), a0

Using (94) one finds

(70, ALON* = — osSosem,'(X) 8(x — y).

Since Cz(x, y) = 0, one has

{"u‘(x)) AIB(Y)}* = —8,88,‘ 8(x - Y)°
Quite similarly, we obtain

{ﬂ,‘(X), ﬂB’(’)}*' = 0’
{42(), A£()}* = 0.

245

(106)

(107)

(108)

(109)

(110)

(111)

(112)

(113)

19



246 P. SENJANOVIC

Next, taking into account (108), one finds the remaining Poisson brackets
(45, AP = — 373 (70, 456))

= 273 B — ) — K () 8x — 3), - (114)

{4209, AW = 5 foay ) 8(x — ). (115)

This completes the quantization of the massive Yang-Mills field theory, since
in operator formalism one can obtain the basic commutators from the Dirac
brackets, while in path integral formalism one uses (103) to obtain S-matrix
elements.

5. LIGHT-CONE QUANTIZATION OF THE SELF-INTERACTING SCALAR THEORY

As we shall see in this section, quantization of field theories on the null plane
leads naturally to second-class constraints. Therefore, the method we developed
in Section 3 is applicable in this case. For different methods of quantization on
the null plane, the reader is referred to the existing literature [9-11]). For com-
pleteness we shall also describe briefly the method of Banyai and Mezincescu [12,
13). Both our method and the method of Banyai and Mezincescu will be illustrated
in the example of the self-interacting scalar theory with a quartic coupling.

One thus starts with Lagrangian

_ %9 09 1 0p)? l..zz A, 11
y_ax.,. ax_ 2(85)_5"“7’—4_!? (116)

and deduces the conjugate momentum

__Z _ % 117
a(%) ax_

where we have introduced the standard null-plane variables x. = (x° £ x3)/ V2.
Equation (117) obviously represents a constraint.
The Hamiltonian is immediately found to be

H= [ e as[§ (52) + e+ ot +ulm— g2}
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where x are the transverse variables: x!-? = x1:2, As usual we require that

0 ={6,H} =0, (119)
where
- 99
Equation (119) results in
: A du
Vip —mPp — 319" — 25— =0, (121)

since

{77(2” y—) - 3—"‘?()', J’-), '”(5’ x-) - a—"P(g, x—)} = 2a-m 8(x— - y-) 8(5 - y)-
(122)

Equation (121) does not represent a new constraint but merely serves to determine
u. One possible determination of u is

u) = } [ (r_ — OVig(a, £, x,) — miels, £, x,) — V3D ¢, £, x,)) d£.
(123)

Thus (120), taken at all (x_, x), represents a cbmplete set of constraints. Due to

(122) these constraints are second class.

 To quantize the theory in operator formalism, we have to find the Dirac brackets

(this is precisely the method of Banyai and Mezincescu [13, 14]). By Eq. (20)
these are given by

{a), b(}* = {a(w), b} — [ dx dy {atw), 6Gx)} c(x, YIE®), bGD},  (124)

where, €.g., x = (x_', x) and

[ etx, 2 d@ vy dz = 8x- — 3.) 8z — 2, (129)
[ dex 2) e, y) dz = 8x- — y.) 8z — 2), (126)
d(z, y) = {0(z), 8(y)} = 20_° 8(z_ — y_) 8(z — »). (127)

Conditions (125)-(127) imply a special solution [14]
c(x,y) = —de(x- —y_) 3z — ), (128)
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which enables us to find the basic Dirac brackets:

{p(x), pY))* = —delx- — y) 8z — 1), (129)
{p(x), m(y)}* = 3O(x_ = y_) &z — ), (130)
{m(x), m(y)}* = 402 8(x_ — y_) 8(z — ). (131)

The transition to quantum theory is then effected by replacing Dirac brackets
by “—i” times the corresponding commutators, so one finds for the commutators:

[P0 POV eyor, = — 5 - — 7.) 8 — 3),
(90, (3 My, = 3 880 — 7.) 8(z — 2), (132)
(70, 7 Vlaym, = 5 80 8(x- — 3.) 8z — 2).
To quantize the theory by the method of Section 3 of this paper, we need to
know the value of the determinant | det{f(x), 6(y)}|. From (122) it is seen to be

| det{8(x), 6)}| = det(20_). (133)

Thus we have all the ingredients necessary to write thé functional integral for the
S-matrix element:

¢out| S| ind
= [ 9= 99| det20.)11 T] 8 — 0_g) exp {i [@owp—apyad (39

where

_ 1 op)® ) ST A
# =5 (FE) +3met 579 (133

Equation (134) represents the main result of this section. Note the presence of
the factor | det(29_)|*/? in the functional measure, which cannot be obtained by
naive considerations.

6. LocAL LAGRANGIAN THEORY OF ELECTRIC AND MAGNETIC CHARGES AND ITS
QUANTIZATION

While the theory of the electromagnetic field interacting with both electric and
magnetic charges has a long history [15, 16}, its local Lagrangian formulation is
comparatively new [17]. It is based on the introduction of fwo potentials A4,
and B, . The electromagnetic field tensor F,, is suitably expressed in terms of these.
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As we shall see, this necessitates the introduction of a fixed four-vector n, into
the theory; thus, explicit Lorentz invariance is lost and it remains to be proved
that the theory is in fact n-independent.

In the case when magnetic charges are present, Maxwell’s equations read

auF‘” =Js (136)
o Favw = jr, (137)
In (136), Fd» = }efyF<* and e** is the completely antisymmetric symbol with

€23 = |_jris the electric curtent, while j,* is the magnetic current. Both currents
are conserved:

Oujo* = 0,J4g" = 0. (138)
The general solution to (137) may be written as .
F=0AA—(n-+9)1(naj)s. (139)

n, is an arbitrary fixed four-vector and (n - 9)! is an integral operator with the
kernel (n-d)~1(x — y) satisfying n - a(n - 9)~1 (x) = 84)(x). For arbitrary two
vectors C#and D7, (C A D) = C»D* — C*D*. A#is a four-potential which depends
on the choice of gauge, the choice of » and the determination of (n - 9)-.

The general solution to Eq. (136) is

=—@ABE+(n-d1(nAj). (140)

Since any antisymmetric tensor G satisfies the identity

G=Litnam-@—na@m-com, (141)

we can obtain from (139) and (140)
—L@naln-@n DD —(nnlr-@nBD, (142)
Fimt(naln-@aA)+inal-@nBD. (143)

These expressions, when substituted into (136) and (137), yield
#(n-an-aA“— n-9e*n-A—n*n-00-4

+n*d'n-A — n- o€’ B = j, (144)
%(n-an-aB“—n-aa“n-B—n"n-aa-B

+ n* °n - B + n - 0chan’ 4 = j5. (145)
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These equations of motion follow from the Lagrangian density:

Z =X, + &, (146)
where
G= = Sl @ A )@ A BT+ @ A B
@A AN] = sl @A AP — o [n- (@A BE T (147)
and
G=—JoA—J,* |B (148)
Using the identity
G + 6) = G,uG™ = 2 [~(n+ GF + (- GO, (149)

which follows from (141), we can obtain a different form for .%, :
Z = %tr[(a AA)-(@ A )] +5tcd@ A B) (@ A B
- 741-1;{;. *[0 A A) + (@ A BYJE — gy {n [0 A B) — (2 a AVI%. (150)

We have thus obtained a Lagrangian formulation for the electromagnetic field
interacting with both electric and magnetic charges [17].

We shall now quantize this theory using the method of phase space functional
integration developed in Section 3.

The quantization procedure starts, as usual, from the Lagrangian. One then
goes on to derive the conjugate momenta, the Hamiltonian, and the constraints.
In our case the photon Lagrangian is given by (150). After some algebra the total
Lagrangian can be recast into a form more suitable for transition into the
Hamiltonian formalism:

$=B+% H-2L+% (151)

B = O —F) + 1 (G — G + 7 (8 + b9 — 5z [(n - 9)° — nta?

— ke [0+ b — %] + 22 cuabyn — o + i A — By + Jy - B
(152)
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%, is the free Lagrangian of the charged and monopole fields (we assume here
they are spin-} fields). The explanation of the notation is as follows:

n* = (ny, n)

a=Fyu+ Gi, b=0Cy—F

Fi = €inFy -G:‘l = €nGr

. (153)
(Fo)i = Foq = 9od; — 84y,
(Go)i = Gos = 9yB; — 9;B,,
Fy=08A4;~ 4. Gy= 2B — 3B.
Equivalently:
= }(FoiFos — FF) + 3(GoiGoi — G.G,)
+ 3(a.a; + biby) + dous(aa; + b:by).
+ Buaby — j Ay + o A —j°By + jo B, (154)
where
KXy = —3 (Sﬁ n;r;,) =p (3u = ":::’)a
(155)

ﬁugﬁfﬂx" =i€kﬂ'
o k= g

(Note thatg — p = 1.)
The derivation of conjugate momenta proceeds now as usual, with the result:

! —7— —Fot + aya; + Bubs + 1G,,

(156)
of = %‘E = Goi + ayb; — Bya; — F,,
mil=0 @=gz=0 (157
Defining new quantities #* and &* by
#t = 7wt — 3G, — Gy + BuFy,.
(158)

& = o + 3F; + ayFy + PuG;,
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we obtain, making use of (153), (155), (156) and (158):

~ n X Gy pn
=g |Fo, — ) — 5 - Fy),
(F no ) n ° (159)

n X F, _Eli. .
2xR Ho.G)

=g ( o +
At this stage we have to distinguish between two cases: ii, = 0 and n, 5% 0.
As far as the quantization procedure is concerned, the two cases are fundamentally
different. For n, = 0 we obtain both first- and second-class constraints; for n, 5% 0
only first-class constraints appear. The case n, # 0 can thus be treated by Faddeev’s
method, while the case n, = 0, to which we now turn our attention, requires the
generalized method described in Section 3. (The case 7, = 0 was studied by
Balachandran, Rupertsberger and Schecter [18].) We wish to emphasize that
while those authors quantize the theory by Dirac’s formalism, we perform a
phase space path integral quantization as an application of Section 3 of this
paper.) For n, — 0 we have g/n, = ng/n* — 0 and also ¢ — 0, so p = —1. Equa-
tion (159) becomes in this case:

ﬁ:%(n-l“o), 3=%(H‘Go)- (160)
Therefore ’
n‘F,=n-%=n- ﬂ—"nG,
° ( ) (161)
n:Gy=n-c=n-(s + iF),
and
A F =t F =0, (162)
or, in other words
0. = .c6 =0, (163)

where n’ = = + }G, o’ = o — IF, and we have used (155) and (158). In (162)
and (163), <'V are two vectors (/ = 1, 2) orthogonal to n, that is:

T .p = 0. (164)

We choose them in such a way that
gt = §, | (165)

As usual, we have to calculate the Hamiltonian at this point. Setting n, =0
in the Lagrangian yields:

1

‘?l=_2

a-G+%b-F+T:l§ (m-2a)*+ (n-b)?] —j.-4 —j,-B. (166)
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Therefore, calling =," = =, n,’ = o, one obtains

Hlm=3in w' — ' G+ n/ - F+ }F + }G?
‘4o A+j - B+ VA + o VB, (167)

where we have used (153), (161), and (163). Therefore,
A= Hylg e+ 000 g - (168)

where u, v, and ;' are, for the moment, arbitrary multipliers.

Taking Poisson brackets of primary constraints with the Hamiltonian and
setting these equal to zero, one generates the following secondary first-class
constraints:

Pp=V:0—j'=0, @=V-n—j2=0. (169)
Imposing the consistency conditions
gem s | a‘x‘ =0 (170)
merely determines ,}, since
|det 0%, 8.0 5 = det {- =D} 20 am)
as demonstrated in Appendix II. In Eq. (171):
0} = < - x". 172)

In view of (171), the constraints 0,} are second-class.
If we choose the gauge conditions to be

xs=V-'B, Xe= V-4, x1 = 4o, Xz = B,. (173)
the Faddeev—-Popov determinant is found to be

4, = (det V22, (179)
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On the basis of (171), (174) and the general results of Section 3, we are led to the
following expression for the S-matrix element:

{out| S|in) = f D Do DA DB D® Da® DA DB A,
x det (“l;zv)’ 1V - = — ji%) 8(V - & — j,%) 5(¥ - A) &V - B)

X () 8(c%) 8(4o) 8(B”} [] 8= - =)

z,l.a
X exp zlJ. [n-A+c-B.—12(n'2-|— o'z)-l; -G
- c'-F—.%Fz—%G"—j,-A —Js+ 8] dﬂxz.' (175)

In order to avoid cumbersome expressions, we have ignored the spinor variables’
except in the coupling terms —j, - 4 and —j, - B.
Integrating over 7%, o° A° B°and writing, e.g.,

187 = — i) = [ D4y exp ,i [ (=r - 9y — 401 dtx-", (176)

we obtain

out | S|in) = j D Do [| 24, 28, [ 2\t 4,
" l.a
x det @ ¥V [1(5(v - &) 8(v - BY)

X exp iifd“x(u'-a+c’-b—--;lG-Fo+%F.Go_%"rz

1"—1 __1. S __ 7 . — 7 . e(l) . ’
— 5t 3P =G —j oA —j,- B+ Ak n)} a7

One can now integrate first over =’ and ¢’ and then over A;3, and use the fact that

1a® 4 1b% — J(=@ - a)(=x® - 2) — 1(x¥ - b)(x¥ - b) = (1/(2n%)[(n - 2)? + (n- b)z]?
(178)

The final result of these manipulations is the following expression for the
S-matrix element

out| S| ind |
= j [1 24, 9B,(det V?)? det (—“"‘—:'-’-2- [18(9 - A) 8V - B) x el (179)
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where % is the ,wanziger Lagrangian with the choice n, = 0. The integration
over the spinor variables, although not denoted explicitly, is understood.
Equivalently,

{out | S| in)
= f I1 DA, 9B, (det [J)? det I (n- 23)’ l I 8( - 4) 8@ - B) etf=4'=, (180)

n

where n* = (0, n). We have used- the standard Faddeev-Popov [19] trick to make
a transition to the covariant gauge.

CONCLUSION

The basic result of this paper is the generalization of Faddeev’s phase space
(or Hamiltonian) path integral method [4] to the case when second-class constraints
are present in the theory. This is the result we have obtained in Section 3. It is a
general result, applicable not only to the examples worked out in this paper,
but any field theory containing second-class constraints [20, 24). Being a generaliza-
tion of Faddeev’s phase space method, it has all its merits, in particular: (a) it
provides a bridge between the operator formalism and the Lagrangian path
integral method, (b) it is a canonical method in the sense that S-matrix elements
are expressed in terms of path integrals over canonical coordinates and momenta
and that such path integrals are invariant under canonical transformations of
those coordinates and momenta, (c) it supplies the functional measure for path
integrals over the coordinates after integration over the canonical momenta is
performed [21]. The most interésting applications of the general result obtained
in Section 3 are: (a) an alternative (and simpler) derivation of the basic result of
Finkelstein, Kvitky and Mouton [7] concerning the quantization of the massive
Yang-Mills field; (b) light-cone quantization of the g* scalar fiéld theory via the
phase space (Hamiltonian) path integral method; (c) quantization of Zwanziger':
local Lagrangian formulation of magnetic monopole theory by the same method.

APPENDIX I

In this appendix we wish to prove the lemma we needed in Section 3 (Eq. (68)).
We shall first prove that there exists a matrix /A° such that

A°9(N0)T = O, -(AL])
where ’
O, = {0, 6,} (AL2)
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and @ is given by Eq. (69). The proof of (AILl) proceeds as follows. First, since
O is an antisymmetric matrix of even order then by a general theorem [23] there
exists an orthogonal matrix R such that

RORT = &
and
0 A ! h
_Al 0 =
—————— |——-———
L0 Al
| ]
6= ! —X O ! (AL3)
______ N
o
.. | —An 0

Note that in our case all the A;’s are different from zero, since by (50)

det & = [[ A2 = det © 5 0.

Then define the matrix R, :

] 0 0 ——————— -
0 01 0 -——----—-
0 0 0 0 1 —=—==--
1
0 0 0 0-——=—=—=- A—ﬂ
Re=10p 0-co—- Al o ol (AL9)
n-1
00 0 L _____
A
]
0 L 0 ccmmmmmmee
L A J
that is
(Re)xo1g = | for 1<k<n
(Rz)zu—k;u+.-.=7l— for 0<k<n—1 (ALS5)
k41

R)mn =0 otherwise.
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One can then check that
RORT = ©'. _(ALS)
This constitutes the proof of (Al.1), since we can take :
A° = RyR. (AL7)

To prove our lemma given by Eqs. (67), (68), and (69), let us look for solutions
for A, and g, in the form

Aaa — A:B + Kah + Hapr — P:& + f_"ub » (AI.8)
where A° is the matrix introduced in (AI.1) while pJ, is chosen in such a way &hat
{Xa » 80} Ag# + Pgﬁ{XO » %} =0, (Al'g)

Note that pJ, can be found by solving (AI9), since our choice of y, satisfies the
condition

det|l{x., alll 0 in M,.
If we denote by D,, a set of functions which satisfy

Doe{Xe » Pa} = Oba>» (AL.10)
we find

pea = —{xc: O} APy, . (AL1l)

We shall look for solutions of the form
Ay = Wolb. + Udo., (AL12)
o = Zads + Vorp, . (AL13)

Neglecting terms of the order of €2, comparing the coefficients of 6, and ¢, and
using (51), (52), (AL1), and (AL9), we see that a way of satisfying (68) is having

{Xb ’ 06} Uz + {x»» 00} Z; + {x»» ?o} Vae + {Xb ’ ‘Pa} Vas

= _{XB ’ F’ge}: (Al'l4)
{Xb ’ 00} W:c + {xb ’ 0!} W:o + {XD ’ 9’0} U:c + {XD ’ ¢a} z:o
= _{Xb ’ Agc}’ (AI'IS)
WerA24(0, , 05} + WeaA(6s , 04}
+ Agb{ab ’ 0!} Wc’o + AgdW:a{ol ’ od} = Ecc.c ’ (AI-I6)
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and
UaA34(0y , 0} + Ucsdo{(6s , 04}
+ Z1,40,, 05} A% — Z1{0,, O} A% = pac. » (AL17)
where
Bage.= —A%{0s, A%} — Aol A2s , 02} — plsleps , A}
g + po{ps, A%} — pMoafra + posA2afras _ (AL13)
an

Pas.s m “F:tpﬁdc;d - {F'g«i ' ?’d} Pvgi - {Vb » F’Eo} F':b
— {2, 02} A% — parAlsers + poAliess + {pd,, 023 A2 . (AL19)

_In (AL18) and (AL19), c34, €54, f3a are the functions appearing in Eq. (51); we
have changed the index notation somewhat, e.g.,

{Ps» B} = e;d'?n -+ f ;d.es . (AI~20)
Defining now
U:c + Z:c = y:e ’ (AIZ])
1o = Wao + We,, (AL.22)
(note that ¢5, = £2,) and
gac = Va. + Vi, (A1.23)

we see that (AL14) merely provides a solution for g2, once the y.’s are known,
while the remaining equations can be written as

!:bX be — t:bx ba = an.e » (AI'24)
{xo» 8.} tz. 4 {xo» @} }’:.: = —{X» Agc}» (AL.25)
y;bxbc — y:bxbn = Puoc s (AI'26)
15 =15, (AL27)
where
X be = {oa ’ 8¢} Agd * (AI-28)

From (AL25) we can find y¢,, once tZ, is known. Solving for y;, from (AI25),
and inserting into (AI.26), we obtain (Al.24), to the lowest order in ¢, We omit
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