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Hamiltonian formulation of the non-gravitational part of
the unified Yang-Mills and Gravitational theory is derived. A
correct construction of a relativistic functional integral is
obtained in the presence of second class constraints.

I. Introduction

The attempt of formulating quantum gravity, renormalizable,
unitary and causal at the same time, has brought to the attent-
ion all alternative theories to General Relativity. By allowing
connections and metrics to become dynamical variables in both
Einstein and Yang-Mills theories, unified action was found in
rather simple form [1]. When written in terms of the component
fields the unified action splits into a purely gravitational
part and an internal part. The non-gravitational part turns out
to be a gauge theory of the SL (N, C) group proposed by Cahill

[2].

II. Hamiltonian form and the functional integral
The Lagrangian density of the theory is given by:

i s -
= -1 uv : v ), S
L = :;Z[GWG +W,,\,Wp]+23.,,9 (1)
where
G, = ¥, A - 3 A, +[kp‘, A + [Bu‘, B, ]
(2)
wuv = auB\_v- Bva"l'[A'p', Bv]' [AV' Bp]

In the usual way one obtains for the canonical Hamiltonian
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€ Bo Bi) + Pa (8i B° + € Ab Bi - € Ai Bo) +(3)
1 ij ij, -1 .2 o _1.2 i
+ 492 (Gij G + WiJ W) > M Bo B 2 M Bi B

Following the Dirac systematic method [3] for the theory with
constraints, we f£ind that the primary constraints are

v =0, P_ =0 (4)

a _ i abc _1i ,c abc i _c
(o Bi Fa + € l?b Ai + € Pb Bi
i i b b ()
a _ _ .abc . gabe i _c 2 _a
D™ = 31 Pa € Pc Ai € g “b Bi'+ M B°

After working out all Poisson brackets for the constraints
(4) and (5) we have found [4] that C; and tg are the first class
constraints while D, and P: are the second class ones.

Now we can proceed in formulating the quantum theory. Besi-
des the trivial solutions for “Z and Pg + by solving the const-
raints D, = 0 we can eliminate Bg from the Hamiltonian.

In solving the constraints Ca = 0 we may proceed in the
usual way of.decomposing the remaining fields into transverse
and longitudinal parts. Next, one has to fix a gauge for every
first class constraints. For 10 =0 it is Ag = 0, and for C,
as in the Yang-Mills case X2 3y a2 = 0. Then to replace
the Poisson brackets with the Dirac onmes.

Now we are able to write the set of physical variables

(P*, g*) as

n

iT ir iL AaT BiL) (6)

(P’IQ")t'(“’atParPar 5 *

In constructing the functional integral, the first thought .
is to write it in terms of physicgal variables. But this is not
a good idea because the physical ‘Hamiltonian is a highly nonli-
near function of corresponding variables (P*, q¥*)

<out |s| in> = § ap* ag* el a'x [p* &* - n* (g*, PY)] ()
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This is why we usually derive the functional integral
over the entire phase space. In doing so one must reintroduce

unphysical degrees AiL, "iL and Bg back to (7)

<out | 5| in> = [dp* aq* aa;” ari® aB? 5 (a20) 5 (1T - 7iLy.

a _ =a 4 . iL ;an al
S &, - By) exp 1 faTx [pt g* +a M AT - Hiee, g%, ALY, (8)

iL a
L BG)J .

By changing variables in the '§ functionals qiL

+C,0 AT,
+X2 ana B +D? . and by simple inspection of our constraints -

and the gauge conditions one finds

_ a i ..a i a .
cout| 5| in> = [da] dx, @B ap, s 0L aet | [, ¢,]]
(9)
5(c)s(o)expifd4x[uh+9B-}f(p. B> P)]
a a i i it Ty "a'
Ac
We now exponentiate ¢ (C,) as dA e ©? and finally ob-
tain

<out |S| in> = [ exp i | ax [n: i + P Bi c] .
(10)

a a i i a a b
- dA 4B dm dp, §(E") det|{ CTy X7} |8 (Dy)

The authors in ref. [5] claim. that the presence of the
second class constraints in the functional integral through the
§ - function prevents us from geting a manifestly relativistic
integral. But, as it was shown by Senjanovié [6] the presence
of second class constraints does not spoil manifest relativistic
invariance, their presence only means that we cannot use direct-
ly the Faddeev-Poppov method. Let us show how to obtain a mani-
festly relativistic functional integral.

One can rewrite the integral (10) as

i .
cout |8 | in> = [ exp 1 [ a'x|ni at + p; B3 -, + 2% p,|
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-dA:: dB: du; dPi §042) det [{c2, XP 11 ax® (11)

Using (3) and (5), after changing variables Bg -
into (11) and performing Gaussian integration over“f, Pa and

i
7, ¢ we obtain (4]

<out |5 |in> = § exp 1 [ a*xZ ) an? a8l 5 %) det [ c‘,?%b ]}l
12

As it could be seen from (12) the proposed theory is rela-
tivistically invariant in spite of the presence of the second
class constraints.
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