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1 .  Introduction 
The classical Poincare ' gauge-invariant theory of gravi ty1 ) 

(PGITG) is a natural extension of �instein's general theory of 
relativity which admits torsiqn propagation and offers an atra-. 2 )  ctive possibility to avoid gravitational singularities • From
the (perturbative) quantwn-field-theoretic point of vi�w, PGITG 
cannot be simultaneously renormalizable and unitary3 > , and sho­
uld be regarded as an effective theory . 

In this work, we investigate the Hamiltonian formulation 
of the theory using Dirac's method for constrained systems4 > .
Here, we will confine ourselves to kinematical aspects of PGITG, 
i . e .  to general structure of the Hamiltonian and the Poisson 
bracke_ts between the first class constraints5 > . Although the
second class constraints are not co�pletely analysed in the 
literature, a general setting can be found in Ref � 6 .

1 .  Brief review of PGITG. The basic gravitational fields 
in the theory are the tetrads b\t and the spin connectio*1s Ai\ .. :.: 
whereas the correspon�ing field strenghts are the torsion Tk

µ �
i 'and the curvature R J

� k µ
v 

k 
µ·· v· - 2 V [v b µ] = Vv b µ - ( µ � v )

- 2 (bk + Ak b.t ) ( 1 )  µ, v 7, [v µ]
i · i · i n · 

R \n, = 2  (A J

[µ , v] + A n [� A \] > •

The u atin indices are local Lorentz (anholonomic) indices, 
whereas the Greek indices are coordinate (holpnomic) indices . 
�oth types of indices can be transferred into each other by 
Using the tetrads and the inverse tetrad fields b

k
µ

( 2 ), 
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For example : � 
l.m = h-t '.h �"' � 

µ " . Note that contravariant
metric is defined by : 

./ -g = det bk = ' b µ ( 3 ) 

where n·
:L

j = diag ( 1 ,  -1, -1 ,  -1 ) . C9..variant derivative of an
arbitrary matter field u is defined by 

( 4 ) 

where Si . are the Lorentz group generators in the u-represen-. J 
tation. 

The most general PGITG action is given by : 

where £ is a scalar function. This action can be further rest-
. \P 'PM G k ·  ricted assuming. minimal coupling : q,. = �  (u, Dk u )  + £  ( T  1,· ,

ij  . m 
R k l ) and at most second or�er derivatives in equations of
motion. The latter assqmption leads to a Lagrangian which is at 
most quadratic in the torsion and curvature and_ depends on nine 
arbitrary parameters7 > . This and other possible physical requi­
rements (positi�eness of the energy, _s�tandard gravitational 
tests, etc. ) are not important for our further exposition. 

2. Hamiltonian and the first class constraints. Let us
)1 µ denote by n, nk and n

1 . the momenta which correspond to u,
k . ij  J 

b ,. and A . , ., respectively. Since the torsion and the curvature 
t". .. k i . 

are c1ntisymmetric in the derivatives b µ ,v and A J µ , vr· one
easily obtains the following primary constraints : 

n ° = o k = 0 (S ) 

If some of the abqve mentioned nine parameters in �he Lagran­
gian take on certain qritical values, further primary constra­
ints appear, and they diminish the nutnber of propagating fields . 
Without loss of ge�eraiity we assume that there are no extra 
primary constraints. 



For a Hamiltonian approach in the curved space-time it
-+ -+ 

is �ery convenient to use the ADM basis (n , ea) , � =  1 ,  2 ,  3 
instead of the local Lorentz (tik) or the general coordinate

-+ -+ 
basis C e µ) .  Here ,  n is the unit normal to the hypersurface

0 -+ -+ 
x = const (which is spanned by ea > • Any vector ,  say o ,  can 
be decomposed as 

+ + a -+ .1 -+ 3 aB + 
D = D.L n + D e a = (n J.1 Dµ) n  + ( g Da ) e a

µ µ k n = h
k 

n ,
( 6 )  

3 aa 
where g is inverse to g ; from now on,  we assume a , B , 

a a 
Y, o = 1 ,  2 ,  3 .  Since �

o 
determines a direction of the time

evolution of the system, it is very useful to introduce lapse 
a and shift functions N and N ,  respectively:

N = i / ./goo = bk 
o

�

N
a� _ go a /goo = 3gaB b bk - kB o 

( 7 ) 

which are linear functions · of bk (note that nk , given by ( 6 ) , 
k 0 

is independent of b 0 ) .
Using the above decomposition ,  the canonical Hamiltonian 

density ( J{'can = ,r 
A QA b£ ) can be written in the form

1 i '  
'lfcan = N �J. + N aXa 

- 2 A \> Jeij + D \«

a . . k a 1 iJ' a 
where D = b O n 

k + 2 A O u i j , and

le.. ij = 1T 

'\O = To - bk . V ii' f3
d\., a  a a B k 

To : ,rV u + ,r a Tk 

µ µ k aµ 

( 8 )  

( 9 )  

Since T0 is the covariant canonical energy-momentum tensorµ 
(EMT) and lfiJ' 

is the canonical spin tensor C a0 
• •  ) ,  the equa­

. l.J 
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tion ( 8 )  is nothing but a consequence o f  certain identities 
in PGITG 9 > .

An important feature of the above decomposition is that 
Jlij

' Jfa and � are simultaneously _ independent of velocities
and bk

0 
S ) (since T0

0 
is Legendre 's transformation of L with

k i '  respect to v1u, T and R J ) .  Therefore, consistency con-a J. aJ. 
ditions of the primary constraints ( 5 ) result in the following 
secondary constraints 

7e :t O ,
a 

XJ. = o ( 1 0 ) 

which means that the Hamiltonian H = / le. d3· x vanishies weakly
(as a consequence of the general coordinate invariance of the 
PGITG) . 

3 .  Poisson brackets {PB) between constraints. Another 
important feature of the above decomposition ( 8 )  is that the 
PB between constraints have a "ul'l,iversal form" lO ) ,

{ Xij ' X' k i} = � fij 

mn 
k Z. X mn 'is (x - X ' )

, 
{ xi j , JC a } = 0 , { l{i j , X. J. } = 0

{}ea, Jt 's} = (1r a aB + lfs aa + � Ri j 
aB 'Je ij ) c5 (1' - i� )

.r'JD iJ? , 
} c� 1 Ri j . ·f\P ) c-+ -+ , )lA:a

, dl,l. = llJ. aa + 2 al.dlij IS X - X 

{Jf.
:l.' 

'Jf, '} = _ ( 3g aB,e + 3g ' aB 19, ) a IS Cl _ 1' ' ).. a cf\.. a : B 

( 1 1 ) 

( 1 2 ) 

( 1 3 ) 

( 1 4 )  

( 1 5 )  

which is o f  great importance if one attempts to quantize the 
theory. Since the proof of the above PB requires a rather hard 
algebra, let us just make few comments on them . 

Equation ( 1 1 )  shows that a(
ij satisfies the Lorentz group

algebra, whereas { 1 2 )  is a consequence of the fact that 'JC 
and { are Lorentz invariant constraints . Brackets ( 1 3 ) can be 
directly verified since ge_a are explicitely known functipns of
fields and momenta . Equation ( 1 4 )  can be proved by exploiting 

A a�.1.1 
A · chain rule of PB's : {jf Jl' } = {� ·E; ' } · -- , where E; at ..1. a , 

· � E;, A 

a 



denotes the arguments of (implicitely known) lapse Hamiltonian: 
k i .  . 

k Jf..l. C tA )  = Jl.1 (u,  V u ,  rr/J , T 
a ' rrk

«/J , R J , rr 1 . a/J , b )a (X aa J a 
where J = b/N. 

The most important PB are those between lf.l. and Jf
.L

,
' since

JeJ.. governs the dynamical evolytion of the theory (it is the
only constraint which depends on the choice of the Lagrangian) .
Using again the chain rule 

'lO 'lJ> a lf � A B alf' 
{ dL.J..' Ai.

' l = at A  { t , t ' } at ii' - (x � x ' )

and keeping only terms proportional to the derivatives of the 
6 -function, one obtains the equation ( 15 )  (with the help of 

already mentioned identity , which relates canonical EMT , Tµ
vµ 

and a ij  ) · . 
If  there are another second class constraints in the · · · . - , 

theory, one should r�place PB's by new, Dirac ' s  brackets. That 
is the reason why te:pns quadratic in the constraints may appear 
on the right hand sides of the above PB l l )
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