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ON VACUUM SOLUTIONS IN KALUZA-KLEIN THEORIES WITH ARBITRARY
SIGNATURE
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Vacuum solutions in Kaluza-Klein theories with an arbi-
trary space-time signature are considered. Solutions for 11-
-dimensional supergravity and for the corresponding 10-dimen-
sional theory are obtained. In particular solutions with two
4-dimensional universes are constructed. Also, vacuum solutions
with zero cosmological constant in N=2, D=10 supergravity are
found.

1. Introduction

Kaluza-Klein theories have become very significant candi-
dates in the construction of realistic unified field theoryl).
In these theories it is usually supposed that the extra dimen-
sions are space-like. However, one can also introduce compacti-
fied time-like dimensionsz). Moreover, it seems very natural to
start from arbitrary metric signatures and make choice among
them according to reasonable vacuum solutions. Introduction of
compactified time dimensions may resolve some of standard prob-
lems in Kaluza-Klein theories. It is already shown that it
leads to Minkowski space in the 10-dimensional Green-Schwarz
effective field theory3). Here, it will be shown that it solves
the cosmological constant problem in the nonchiral N=2, D=10
supergravity. The problems which usually appear introducing
compactified time-like dimensions result in an appearance of
ghosts and tachyons in the effective 4-dimensional theory, but
these problems can be avoided in some low energy models4).

We shall first consider vacuum solutions in the bosonic
sector of ‘N=1, D=11 supergravity and then in the corresponding
N=2, D=10 supergravity theory.



2, Vacuum solutions in ll-dimensional
supergravity
One of the most attractive approaches to realistic uni-

fied field theory is through supergravity in the maximum di-
1)

mension, i.e. N=1 supergravity in D=11 dimensions™’. Vacuum

solutions in the standard signature are considered in a number

1,

of papers (for a review see Refs. 5)) using the Freund-

=Rubin ansatzs).
In N=1, D=11 supergravity the equations of motion for a

ground state (the VEV of any fermion field is zero) are
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where FMNPQ = 4aﬁiANPQ] and ANPQ is an antisymmetric three-

-index gauge field. Starting from an arbitrary space-time sig-
nature and using the Freund-Rubin compactification ansatz, we
are looking for wvacuum solutions of the direct product form
N M x M (3)
0 -t
where T (t) denotes total (partial) number.of time-like dimen-
sions. According to the ansatz of Freund and Rubin, only one of

all possible F
and we set

MNPQ tensors in a ground state is non-vanishing

= V(-1} 9(4'2

Fyvpc *¢ Syvoo (ur vs pr =0, ... 3) (4)
where Ae is a constant of mass dimension and ¢ vpo is the anti-
symmetric Levi-Cevita tensor. Substituting (4) into the equati-
ons of motion we see that (2) is trivially satisfied while (1)
yields the energy-momentum tensors
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where indices ﬁ, v belong to the complementary 7-dimensional
space-time. From (1) and (2) we obtain the product of the
Einstein space-times

t 4 2
R = (-1) 32, 9 (6)
uv 3Nt Ty
. t+l1 2 ,2
R.. = (-1) T AL dan (7)
nv 3t nv

Note that signs in (6) and (7) are opposite and depend only
of the signature of 4-dimensional space-time. Solutions of
equations (6) and (7) we shall denote by Si when they have
positive signs and by Li for the negative signs (e.g. Sg=sd
is d-dimensional sphere and Sg=Lg is a manifold of the cons-
tantant - negative curvature).

Instead of writing all possible solutions of (6) and (7)
in the form (3) we shall rather point out some of them. There

are two solutions which could be significant

11 _ . 4 7

My” =1L, xS (8)
11 _ .4 7

M;© =L, x 8, 9)

Note that the 7-dimensional Einstein manifolds can be treated
as direct products of lower-dimensional space-times but not
only of 1-dimensional spheres (because the curvature tensor
of Sé is zero). Among different solutions which follow from
(8) and (9) there are

4

AdS” x dS4 /T x S3

(10)

Ml o= aas? xas? /rox sg (11)

where we supstituted Li = AdS4 (anti-de Sitter épace)'and
Si = dS4 (de Sitter space), and I' is a discrete.group of
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isemetry in ds4. Solutions jl) and (11) we shall call products
of two universes: AdS4 has macroscopic time and ds4 has micro-
scopic (compactified) time. According to these times two dif-
ferent dynamics will exist-one macroscopic and other microsco-
pic.

3. Vacuum solutions in 10-dimensional
theory

We shall now consider the corresponding N=2, D=10 non-
chiral supergravity which can be cbtained from N=1, D=11 super-
gravity by dimensional reduction of one space-like dimension.
This 10-dimensional theory has more free parameters and may
lead to better agreement with phenomenology than 1ll1-dimensional
supergravity. Vacuum solutions with standard signature have

7) and the obtained 4-dimensional manifolds are

been considered
of an anti-de Sitter type.

Since 3 new bosonic fields (]’ AMN) appear, the equa-
tions of motion are more complicated and hence we shall write

only two of them (other three will be trivially satisfied)
2
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where r is a radius of comactification of the eleventh dimension

and FMNPQ Fywpg * 4% Ay Fypgp- We shall hold in vacuum ‘f(x) =

= ¢ = const. Analyzing different possibilities we concluded that
three types of vacuum solutions exist
10 _ M4 x M2 xmd (14)

=M X M_xM

Mp t « ¥ Mp_poq
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10

4
ML o= M x MTL x Mtz x MT3 (15)
10 4 2 3
Mp o= M, Xx MTl x MTZ (16)

We find solutions in the form (14) starting from

_ _y\
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where indices-a, b correspond to the'manifo}d M;-t-r for which
Fabcd = 0. From (13) it follows a condition (-1)t + (-1)T =0,
i.e. when t is even then 1 is odd and vice-versa. The corres-
ponding solutions of (10) and (11) are

M = aas? x s xas' /¢ (19)
M;O = aas? x sg xas? /ot (20)

Solutions of the form (15) can appear making 2-dimensional
4
products of MT—t-r

4 2
values to F (M) and Fp, (Mzy) -

/ 1
mk =V 1) T 93y Lo

in (14), as well as giving non-vanishing

F

]

4, 5, 6)°
(21)
7, 8, 9)
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F
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we obtain Ricci tensors

R =0
uv
T, -2
R = (-1) ! 2e72 g2 g (22)
_ T2 -2C 22
Ry = ((1) 2 2e2¢ g2 4

T
with the condition (-1)"-1 + (-l)T2 = 0. Note that Einstein
space-times (22) cannot exist in the standard signature since
for the extra dimensions T) Tty < 0 and it does not satisfy
the above condition. Solutions of equations (22) are manifolds
of the form (16). For t = 1 we get very important solutions

1 4
0=yt xs’x Li (23a)

N3

10_ 4. 3 3

Mg =y X3 3 (23b)
10 4 3 3

M4 =M X 53X (23c)
10 4 3 3

M =M x5, X3 (234)

where M4 is a Minkowski space. Hence, in this approach, we
find solutions of the vanishing cosmological constant. Solution
(23b) has compactified extra manifold if one. takes a hyperbolic
dodecahedral space for Lg and then massless ghosts will not

1)

appear ‘.

4., Concluding remarks
The existence of vacuum solutions in 11 and 10-dimensional
theories with various signatures is shown. Note that Majorana
spinors on Ml1

t
for our solutions (10) and (11), too. Construction of supersym-

manifolds can exist for t =1, 2 (mod 4), i.e.

metric field theories on space-time manifolds of arbitrary sig-
nature is very desirable. Obtained solutions deserve further
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considerations, particularly solutions with two 4-dimensional
universes and 10-dimensional solutions of zero cosmological

constant.

Investigations on this subject will be published in a

more complete form in

Theor. Math. Physics (Moscow).
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