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Abstract Some of the recent developments in the theory of phase transi­

tions in ferroelectric crystals , ferroelectric incommensurate systems 

and ferroelectric liquid crystals are reviewed . For KH2Po4-type ferro­

electrics the expressions for the stati.c and dynamic properties derived 

by four-cluster analysis are compared with those found from a mean 

field treatment of the Ising model .  The dielectric susceptibility 

investigation of a sequence of paraelectric-incommensurate-commensurate 

phase transitions in Rb2ZnC1
4 is presented and a dielectric method

for determination of the soliton density and of the intersoliton inter­

ijction is described . The model of ferroelectric smectic C* liquid 

crystals is reviewed , which includes the bilinear as well as the bi­

quadratic coupling between the tilt of molecules from the normal to 

smectic layers and the spontaneous polarization and which is consistent 

with the observed anomalous properties of the system. 

I. INTRODUCTION

In this contribution a part of the research of ferroelectric systems 

performed in Ljubljana in last years will be presented . In Section II the 

properties of KH2Po4-type ferroelectrics will be studied . For these systems / 1 ,

2 /  the order parameter o f  the phase transition between the paraelectric phase 

and the ferroelectric phase is the ordering of protons (or deuterons for KD2Po4)

in hydrogen bonds . The spontaneous polarization originates from the displace­

ments of heavy ions , which are linearly coupled to the ordering of protons . 

These crystals are therefore proper ferroelectrics and show e . g .  a classical 

Curie-Weiss law behaviour for the dielectric susceptibility . 

In Section III some properties of incommensurate crystals of Rb2ZnC1
4 -

- type ·will be presented /3/ . Th�se systems undergo a sequence of phase 
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transitions from the high temperature paraelectric (P) phase to the incommen­

surate (IC) phase and finally to the low temperature commenRurate (C) phase , 

which is ferroelectric . The order parameter of the P - IC phase transition is 

a frozen-in lattice vibration with a general wave-vector , which is incommen­

surate to the periodicity of the paraelectric phase . the spontaneous polari­

zation is nonlinearly coupled to the order parameter and forms in the in­

commensurate phase a modulated structure . This modulation of the spontaneous 

polarization i� sinusoidal close
_ 

to the P - IC transition and becomes more

and more solitQn-like at lower temperatures . The soliton density is decreasing 

with dec�easing temperature until at the IC - C transition becomes equal to 

zero and the ho�ogeneous fe�roelectric commensurate phase is formed . Therefore 

the soliton density can be considered as the order parameter of the IC - C 

transition . The temperature dependence of the dielectric susceptibil i ty shows 

_ at the P · - IC �ransition only a small anomaly, i . e .  a discontinuity in the 

derivative , because the wave vector q � 0 ,  which corresponds to dielectric 

measurements , is not the critical wave vector of the transition and because 

the polarization is nonline�rly coupled to the order parameter and the system 

could be considered as an improper modulated ferroelectric . At the IC - C 

transition the dielectric susceptibility shows an asymmetric divergent beha­

viour . It diverges from the IC side and remains finite in the C phase .  This is 

because the modulation wave-le�gth in the IC phase diverges at the IC - C 

transition , while the magnitude of the spontaneous polarization in the C 

phase remains finite· at the IC - C transition . 

In Section IV some anomalous properc1es of ferroelectric chiral smectic 

C* (SmC*� liquid crystals will be s tudied /4/ .  In these sydtems the order 

param�ter of the transition from the smectic A phase (SmA) to the smectic C* 

phase is the tilt of the molecular director from the norma� to smectic layers . 

The chirality of molecules has two effects : (i) The tilt is not homogeneous 

· but fo?=111S ·a helicoidal structure with the helical axis which is perpendicular

to smectic layers . (ii) The chirality allows a linear coupling between the

tilt and the spontaneous polarization, which is induced within smectic layers

perpendicularly to the direction of the tilt .• Because of the helical s tructure

and because of the linear coupling of the spontaneous polarization to the order

parameter , these systems are proper helicoidal ferroelectrics . They are

expected to show in the dielectric susceptibility an anomaly at the SmA - SmC*

transition, which is not divergent and has a cusp-like behaviour because the

critical wave-vector of the transition is different from zero . The experiments

confirm the predictions of the model at the transition, but show anomalous

effects in-the SmC* - phase .  These effects can be understood by introducing a

nonlinear polarization-tilt coupling, which is of nonchiral character in

contrast to the linear coupling /5 , 6 , 7/ .



II . MEAN FIELD APPROXIMATION IN KD2Po4-TYPE FERROELECTRICS

For deuterated systems , it is generally believed , that the tunnelling 

of a deuteron bet�een the two positions in a hydrogen bond is negligible / 1 /  

and the energy of  the crystal is  the sum of  the energies of  all P04-groups

which can have sixteen different configurations . According to the Slater-Takagi 

model /8,  9/ the energy zero is assigned to the two polar D2Po4 groups , the

energy £ to the other four D2Po4 configurations, the energy w to the four DP04
configurations , the energy w' to the four D3Po4 configuration and the energies

w1 and w2 to the gro·ups P04 and D4Po4 , respectively .• The energies w , w' , w1 and

w2 are much. larger than �T and therefore strong correlations between the

deuterons in the four hydrogen bonds surrounding a given P04 group exist .  The

Slater-Takagi model can be also expressed as an Ising model ,  where a spin-1/2 

is associated with a deuteron in a hydrogen bond . Because of strong correla­

tions the mean field treatment of the Ising model is expected to be only of a 

qualitative value and four-particle cluster calculations / 10/ are required for 

a quantitative analysis . Nevertheless , the mean field expressions are often 

used for an analysis of experimental data in view of their simplicity . There­

fore the question can be asked to what extent can the cluster results be 

simulated by mean field expressions and what is the meaning of the parameters 

obtained in this way . By comparir,e the two models / 2 ,  1 1 /  it is easy to see 

that the 4-cluster model is equivalent to the mean-field Ising model with an 

effective , temperature depe.ndent coupling constant 30 given by

6 - 4 exp (- 8£) - exp (-Bw1) - exp (-Bw2)

jo a + y
28 { 2  + exp (-Bw) + exp (-Bw' ) } 

where B = 1 /�T and y represents the contribution of long range forces . For

the parameters corresponding to KD2Po4 ; the temperature dependence of i0 is

presented in Fig . 1 .  For T = Tc the temperature dependence is linear

( 1 ) 

j0 (T) = kBTc + O . SkB (T-Tc) .  For the mean field Ising model susceptibility one

therefore obtains 

1 
T-T C

(2) 

Here N is the hydrogen bond density and µ the corresponding dipole moment- From 

Eq . (2) one can see clearly that to one spin in the Ising model corresponds a 

dipole moment 2µ and the density is N/2 .  As there are two bonds per P04 group

it can be concluded that a Po4 group corresponds to a spin and the parameters
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Fig . 1 The temperature deeendence of the effective Ising model 
coupling constant J0 for KD2Po4 •

obtained in such a way from experiments refer to a P04 group and not to a

hydrogen bond . 

By performing the analogous analysis for dynamic properties one obtains 

/2 , 1 1 /  for the single spin , i . e .  for the single P04 group , the relaxation

time 

where t is a single deuteron relaxation time . The P04 group relaxation time ,

which is obtained by analysing experimental data , is much larger than t ,  

because the P04 group must  go through high energy states to come from one

ground state to another . 

I I I . DIELECTRIC PROPERTIES OF Rb2ZnC1
4

(3)

Temperature dependence of the dielectric constant of Rb2ZnC14 in the

incommensurate phase is presented in Fig . 2 .  In t:1e figure th� results of model  

calculations /3/  are shown, which agree perfect ly with experimental data . As 

expected , the dielectric constant diverges when approaching the IC - C transi­

tion from the IC side . 
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Fig. 2 Dielectric constant E versus TI-T in the incommensurate 
phase of Rb2ZnCl4 . Here TI is the P - IC phase transition 
temperature . 
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Below the IC - C transition temperature Tc one expects a finite and

small value of E. The measurements / 12/ do not show a sharp drop of E at Tc ,

but an asymmetric divergency is observed which shows large hysteresis below Tc .

The origin of this anomalous contribution to E below Tc is , that even in the

commensurate phase a finite number of solitons is present . From dielectric 

measurements one can estimate the soliton density for T < Tc , which agrees well

with the NMR results / 12/ . 

By measuring the dielectric constant within the commensurate phase in the 

bias electric field one can estimate the intersoliton interaction potential as 

a function of the intersoliton distance Ill/ . Within the constant amplitude 

approximation ,  the intersoliton interaction is expected to be exponentially 

repulsive , but could also have an oscillatory character in the regime , where 

the constant amplitude approximation is not valid . The dielectric measurements 

/ 13/ on Rb2ZnC1
4 for T < Tc show that the intersoliton interaction is exponen­

tial close to Tc but becomes oscillatory at low temperatures .
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IV . FERROELECTRIC LIQUID CRYSTALS 

Ferroelectric smectic C* liquid crystals /4, 14/ are orientationally 

ordered liquids with a one dimensional density modulation. The smectic C phase 

is ferroelectric if the molecules, are chiral and have a permanent dipole moment 

transverse to their long molecular axis . In the high temperature smectic A 

phase the molecules are arra�ged in smectic layer� and their long axes are on 

the average oriented perpendicular to the layers .  They rotate freely around 

their long axes and there is no transverse ordering. In smectic C phase , the 

tilt of the long molecular axis from the normal to smectic layers breaks the 

axial symmetry around the long molecular axis and a transverse ordering is ic­

duced resulting in a transverse in-plane polarization perpendicular to the 

direction of the tilt . Because of the chirality of molecules in chiral smectic 

C* systems the molecular tilt as well as the in-plane polarization slowly 

rotate on going from one smectic plane to another , resulting in a helical 

structure . 

The properties of ferroelectric smectic C* liquid crystals can be de­

scribed by a Landau free-energy expansion in two order parame�ers . These are 
• + the primary order parameter , the two component tilt vect�r � � (� 1 , �2) and the

• + 
secondary order parameter , the two-component in-plane polarization P a  (Px, Py) .

For chiral systems , the symmetry allows .for two types of bilinear coupling

between the molecular tilt and the molecular polarization / 14 , 15/ . Namely the 

piezo-electric coupling 

(4) 

and the flexo-electric coupling 

(5) 

where z-axis is perpendicular to smectic layers . The piezo-electric coupling is 

of chiral nature and does not exist for achiral systems . The flexo-electric 

coupling exists for chiral as well as for achiral systems , but for achiral 

systems the molecules tilt homogeneously (d( 1 /dz • dt2/dz � O) and the flexo­

-electric coupling has no effect .  Therefore the spontaneous polarization does 

not exist for achiral eysteme and is different from zero only for chiral sys­

tems . In the helicoidal emectic C* systems the spontaneous polarization induced 

by the above two couplings ie perpendicular to the direction of the tilt and is 

proportional to the magnitude of the tilt . Measurements /6 , 16/ do not confirm 

the predicted behaviour of the sponta.neous polarization and also the predictions 
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of the model for other thermodynamic properti�s of ferroelectric liquid 

crystals (pitch of the helix , dielectric susceptibility , critical electric 

and magnetic fields for unwinding the helicoidal structure , etc . )  do not agree 

qualitatively with measured data / 1 7 / .  It was therefore proposed /5/  that 

a biquadratic coupling 

(6) 

between the tilt and the polarization could be relevant in the smectic C* phase . 

The meaning of this coupling is , that the tilt induces for chiral as well as 

for achiral systems a transverse quadrupole ordering �n the direction perpen­

dicular to the tilt . This coupling is quadratic in the tilt and has therefore 

no effect close to the transition from the smectic . A  to the smectic C* phase , 

where only the bilinear couplings (Eqs . 4 and 5) determine the properties of the 

system. At lower . temperature in the smectic C* phase the quadratic term becomes 

important and amplifies the effect of the bilinear couplings . The anomalous be­

haviour of thermodynamic properties of ferroelectric liquid crystals /6,  7 ,  18/ 

can be explained as a cross-over behaviour between the two regimes . 

The spontaneous polarization is usually measured for helicoidal ferro­

electric liquid crystals /6, 16/ in a s tate unwound by an external electric 

field . The corresponding Landau free energy density can be expressed as 

( 7) 

Here it was taken that the molecules are tilted homogeneously in the x-direc­
+ 

tion :  t = (8 , 0) , where 8 is the magnitude of the tilt , and the polarization is

induced in the y-direction : P = (O,P) . Th� first term in the above free energy 

density is the piezo-electric coupling term. Its coefficient C is small , be­

cause it is of chiral nature and all the chiral effects are expected to be 

small .  The piezo-electric coupling is t�e onlt�bilinear P-8 coupling because the 

flexo-electric coupling vanishes in a homogeneously ordered samples . The 0-term 

in Eq . ( 7) is the biquadratic P-8 coupling . We will take here O >O. It means that 

the quadrupole order is induced by tilt in the same direction as the dipole 

order and therefore the biquadratic coupling amplifies the effect of the bili­

near coupling . In' Eq . ( 7) E ,  the coefficient of the harmonic term in P, cor­

responds to the high temperature dielectric susceptibility and the fourth order 

term with n >O is added to stabilize the system. 

The free energy density g (Eq . 7) represents at given tilt a nonequilib­

rium free energy density as a function of polarization P .  The square of the tilt 

represents an approximate measure for the temperature T ,  as it is expected 
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within the Landau model that the tilt below the transition temperature T in 
• C 

the smectic C* phase increases monotonously and approximately as (T -T) l / 2 . 
C 

The equilib"tium va.lue of the polarization is obtained by minimizing the free 

energy density with respect to P 

It is appropriate to introduce dimensionless tilt (�) and dimensionless 

polarization (P) as  

p ... (£1l) l /2p

and the equation (8) can be expressed as 

(8)

(9)

( 10) 

where the only parameter B is defined as 

( 1 1 )  

and measures a relative importance of  the chiral bilinear coupling coefficient 

C, which is expected to be small (B< l ) . By solving the Eq . ( 10) one obtains . the 

dependence of the spontaneous polarization on the tilt and indirectly on the 

temperature , which agrees with measured dependences /6 , 16/ . Close to T ,  i . e .  
- - - . C -

for 8+0, the ratio P/8 a B .  By lowering the temperature , i . e .  by increasing 8 , 

the ratio P/8 increases and saturates at P/8 g 1 .  By comparing the predictions 

of the model with the measured data / 7 ,  18/ one obtains an estimate for the 

parameters of the model :  B ""  0 . 1 7 ,  (£n)-1 12 = 0 . 2  rad and (£n)-l/2  ...

"" l . 3xl0-5 Asm-2 •

The model describes well also other thermodynamic properties of the 

smectic C* phase / 7 ,  18/ . 
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