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INTRODUCTION 

It  is generally believed t hat the HOH bend ing frequency incre­
ases  on go ing from a " free" H20 mo lecu le in the gas-phase to a 
water molecule in a crystallohyd rate [ 1 ] . Thus , both the 
normal-coord inate treatment [ 2 ]  and the recent results  of some
SCF calcu lat ions [3] s eem to ind i cate that the frequency of the
HOH bend ing shou ld increase in all cases of water mo lecu les 
found in crystal lohyd rates . However the+e are few cases 
( KHgP04 · H20 and its n ic ke l  analogue be ing the most s tr iking 
examp les ) in which  it has been shown ( cf . Ref . [ 4 ]  and the re­
ferences there in ) that the HOH bend ing vibrat ions appear 
apprec iab ly loNer than 1595 cm- 1 ( the value or" HOH bend ing 
frequency in the gas-phase ) . In the present paper an attempt 
will  be made to reveal some of the poss ible reasons for the 
lower ing of the HOH bend ing frequ ency , us ing a s imp le model for 
water mo lecu les undergoing bend ing vibrat ions . 

THE HODEL 

Let us cons ider a water mo lecule in which the bend in� coord inate 
is the on ly normal coord inate and the amplitudes of t�e atoms 
during the vibration are reasonably smal l . The Lagrange funct ion 
for such  a water mo lecu le ( see . F ig . la) may be wr itten as : 

( 1 ) 

where m1 and .lD2 are the masses of the H and O atom respectively , 
u1 , 112 and U3 are the d isplacements of atoms 1 ,  2 and 3 ,  k is 
the force constant and � is  the bend ing internal coord inate . 

Let us now consider a water molecu l� in a crystallohydrate ( see 
Fig . 2b ) .  We  assume tnat the on ly interac t ion of the hydrogen 
atom 1 and its  surround ing is the shielded elec trostat ic  one 
with the proton-acceptor 4 ( the same holds for atoms 3 and 5 )  
an� that this interact ion may b e  treated as a smal l perturbat ion 
to the energy spectrum of the vibrat ing water mo lecu le ( the 
distance  r is about twice the d istance l ) . We also assume that 
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Fig 1 a )  " Free " water molecule ; b ) Water molecule in a 
crystal lohydrate 

the values for the HOH angle and the d istance l are the same as 
in the " free" water molecu le { in fact , there are small changes 
in these quan t it ies , but we feel that this s implificat ion will 
not affect apprec iably the f inal resu lts in this qualitative 
approach ) .  The mass of the proton-acceptor 4 { 5 )  i s ,  as usually , 
large enough and so the d istance R is essent ially unchanged 
during the water bend ing vibrat ion . 

Start ing with these assumptions , the Lagrange funct ion L of the 
system schematically presented in F ig .  lb , may be written as · :  

L = L1 - 2 V{ r) { 2 )  

where V{ r )  i s  the potential energy of the interaction bet·ween 
atoms 1 { 3 )  and 4 { 5 ) , the quantity r be ing : 

r = [ R2  + 12 - 2 1Rcos {y - o ) ) 1/2 y = B - a { 3 )  

When o = 0 ,  r = ro { ro be ing the equ ilibrium d istance ) .

I f  y = 0 { i . e . the hydrogen bonds are linear ) r is always 
greater than ro and the attract ive part in the potent ial V( r) 
becomes dominant . On the other hand , if Y � 0 then r > ro for 
y - o > y and the potential is attract ive , whi lst r < ro for
y - o < y and the potential is , main ly , a repu ls ive one·. To 
summar ize , the potent ial energy may , in general , be presented as 
consist ing of two terms : 

V{ r) = -K1/ rn + K2/ rm 

the first be ing the attract ive and the second 
one . The quantit ies K1 , K2 , m and n are 
non-negat ive constants . 

{ 4 )  

the repu ls ive 
some emp ir ical 

As mentioned earlier , the amplitudes of the vibration are small . 
This al lows us to expand the cos {Y - o ) term of Eqn . { 3 )  into a 
power �eries of the small quantit� o .  Omit ing terms of order 
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higher t han 2 ,  the potential V{ r) may be written as 

V( r) = K2ro- m - K1ro-n  - { mK2ro- m - nK1 ro-n) lR· cosy • c52/ ( 2 ro2 ) -
- [ m( l  + m/2 )K2 ro- m - n( l + n/2 )K1ro-n] · sin2 y - 62 · ( 1R/ro2 ) 2 + 

+ ( mK2ro- m  - nK1 ro- n)  · sin y ·  c5 1R/ ro2 ( 5 )  

Using the condit ion V' ( r) = 0 ,  for the equi librium s tate , one 
obtains : 

( 6 )  

For non linear hydrogen bonds ( y I 0 )  the Eqn . ( 6 )  is fu lfilled 
if and on ly if 

mK2/nK1 = ro < m-n> > 0 ( 7 )  

Making use o f  equat ions ( 1 ) ,  ( 5 )  and ( 7 ) ,  t he Lagrange funct ion 
( 2 )  for the bending water molecu le in the cristalline 
environment may be wr itten as 

L = m1( u1 2 + 032 )/2 + J1J2a22/2 -
- [ k12/2 - 2nK1 ( m-n) · { lR/ ro2 ) 2 • ro- n ·sin2y] · c52 _ ( 8 )  

I t  is obvious t hat Eqn . ( 8 )  is t he Lagrange funct ion for an 
one-dimensional harmon ic oscilator , the frequency of which is 

The vibrat ional frequency of the " free" water mo lecu le may be 
obtained from equat ion ( 9 )  if t he second t erm in t he square 
brackets is omit ted . It is this term that describes the change 
of the HOH bend ing frequency ( due to hydrogen bond ing ) ,  for a 
water mo lecu le in a crystallohydrate . This term may be either 
posit ive ( if m > n )  or negat ive { if m < n ) . In the first case 
the cond it ion K2/K1 < ro m -n has to be sattisf ied , ·  whi lst in 
the second the rat io K2/K1 wi ll be  larger t han ro m-n . From the 
physical poin t  of view , t he existence of  both poss ibilities may 
be justif ied by the fact t hat r > 1 ,  which ensures that 
repu ls ive interaction between atoms 1 ( 3 )  and 4 ( 5 )  may appear 
if m > n as well as if m < n,  depend ing on the magn itudes of  
K1 and K2 . The values of  these constants , namely , may vary for 
different crystallohyd rates and are expect ed to depend " on ro . 

For Y = 0 ,  an equat ion analogous t o  Eqn . ( 9 )  may be obtained :

In this case ( l inear hydrogen bonds ) r > ro during the vib­
ration and the attract ive part of t he potent ial dominates over 
th� repu lsive one . As a consequence , the second term in t he 
square brackets . of Eqn . ( 10 ) is negat ive and the frequency of 
the vibration increases . 
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CONCLUSION· 

The model  emp loyed in the present paper is admitted ly a rather 
simp le and crude one . Nevertheless it  shows that condit i ons le­
ad ing to a lower ing of the HOH bend ing frequenc ies could exist . 
A future goal is to make the model  more sophist icated and more 
in agreement with  the exper imental f ind ings . 
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