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A stat f st i ca l  theory of nuc l ea r  react ions i s  const ructed by p ropos­
i ng a t r r a l  d i st r i but ion for the S-matr i x, whose parameters, determi ned 
through a va r iat iona l p r inc i p l e, depend on l y  upon the opt ica l  �-matr ix. The­
se are the quant f t ies that are phys i ca l l y  rel evant when equ i l r b r l um has been 
reached, and they are thus introduced from the outset . Resu l t s are excel ­
l ent for the average and var iance of the cross sect ion t n  the reg ion o f  st rong
absorpt ion. The extens ion to weaker absorpt ion t s  cons i dered in a 2-channe l 
prob l em.  

In most statistical theories of nuclear reactions (see 
Ref. 1 - 4 and references contained therein) , the S -matrix is writ­
ten in terms of ·mic·r·o·s·co·�ic quantities (like the poles and resi ­
dues of the S or of  the -matrix , or the matrix elements of  the 
underlying Hamiltonian) , for which a statistical law is assumed 
and used to calculate the fluctuation cross section a!� � 1 sa,1 2 
( he�e S = � + s6L J . This , added to the direct (optical) term , 
gives the average cros� 0section Fab • I f  the compound system has
reached equilibrium , a�� c·an be expressed entirely in terms of 
the macroscopic quantities �b, i . e .  the optical S-matrix elements ,
as in the familiar Hauser-FeshbachS ) theory , in which a �l is  cal ­
culated in terms of  the transmission factors , computed f¥8m the 
optical model for each channel .  

Thus , at least in the case o f  aff , the microscopic 
quantities play the role of a scaffolding , which is eliminated 
at the end in favor of the macroscopic quantities �ab • I t  is na­
tural to ask7 ) whether the scaffolding can be eliminated from the
very beginning , by proposing a trial statistical law directly for
the S-matrix elements , the input to the prob lem being the exact 
expectation values �«b · In othe; words , we shall  attempt to cons ­
truct an ensemble of �-matrices ) , such that the phys ically re­
levant quantities can be obtained as ensemble averages .  

A convenient measure 6 , 7 ) for u�itary and symmetric ma­
trices S is provided by Dyson ' s  measure 8 J µ (dS) , defined uniquely
by the ¥roperty of remaining invariant under the transformation 
S = USU (U being any unitary matrix) , which in turn preserves 
the property of unitarity and symmetry . In a s imple 1 - channel 
problem (S = exp (ie ) ) , µ (dS)  = de . 

In the case of complete absorption , � = O ,  we shall ma­
ke the assumption7 ) that the frequency of occurrence of S in a 
subspace of the space of  unitary and symmetric matrices , is  pro­
portional to Dyson ' s  measure for that subspace . The results ob­
tained in this limit for the average 7 , 1 1 ) and variance l � ) of  the
elastic and inelastic cross sections agree with those obtained 
in Refs . 1 - 4 .  
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For the general case � ;  O ,  one can propos e  a trial 
probability density for S ,  containing k functions fi (S )  and k
parameters ; the latter can be varied so as to give the "best" 
trial prowability density , in the sense of  a variational 
principle ) ; one bas ically finds the best upper bound to the 
entropy of the exact distribution , and when this is reached ,
the expectation values of the fi (S ) assqc iated with the exact
and trial probabi lity dens ities coincide . I f  we reached the 
exact entropy , then the trial and exact distributions 7would 
coincide . In ' our case the functions fi (S) are chosen ) as the
real and imaginary parts of the various matrix elements Sa.b , 
so that we fix the expectation value �' i . e . the opt ical S ­
matrix . The trial distribution is then 

( d ) e.xp ( - ReTrsS J • µ l dS J ( 1 ) P S = /exp ( -ReTrSS • µ ds '
where the matrix a has to be fixed so that l has the required
value . 

When l 1 0 but smal l , one can expand the exponential 
in ( 1 ) in a power series and keep only the lowest terms . We 
shall restrict the discuss ion to the case � =  diagonal and real , 
the most  general � being obtainab le by an Engelbrecht-WeidenrnU-

.l.l.tz
�

ransformation l O ) .  In this strong-absorption regime , s )I S!h  (for a,b) factori zes as t · t h ; for a. = b we can define 
an4e ast1c enhancement factor W a. through 1 slt 1 2 = � 2  w .  Then 

a. ) lta. .... a. a. the t4 are determined entt· rely 3 by unitfrity
2
and the W ' � . 

The lat�er can be written 1 1  a� W4
= 2 + k �aa. 1 +. . .  Th� fac : 

· tor k from the present formalism 1� and from Ref. 3 (which gi ­
ves a fit to a Monte Carlo calculation) are compared in Table I ,  
where n indicates the number of channel s .  The agreement in seen 
to be very reasonable . 

TABLE I 
n (variational principle) 
2 0. 60
3 0 . 44
5 0 . 3 0

1 0  0 . 1 6  

(HRTW) 
0 . 53
0 . 40
0 . 30
0 . 23

Th S 6.t. s 6b . . h . . . d . 1 e cross average tJ 2 2  is , 1n t 1s regime , 1 ent1cal y zero 
in Ref . 1 ,  whereas the present method and tha t of Ref.  3 give a 
result proportional to s7 1• !2 2 ' ;  the factor of proportionality l l )
is compared in Table I I , that shows a very good agreement . 

TABLE I I  
n variational method HRTW 
2 0 . 200 0 . 1 9 7
5 0 . 0 5 0 0 . 0 5 5

1 0 0. 0 1 5 0 . 0 1 5
Away from the strong -absorption region a s imple  two ­

equivalent- channel case was cons idered ?) . The elas tic enhance­
ment starts from 2 for complete absorption , it increases as  in 
Ref .  3 ,  but then it goes back to 2 for weak absorption , in disa­
greement with the results of Refs . 2 and 3 where , despite the 
error bars , an increase in W from about 2 to about 3 is expected ,
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as we go from strong to we ak absorption � The re is , howeve r ,  a 
re striction which we have not taken  into account so  far .  From 
the analytical structure of S and if one has e rgodicity 1 2) , one 
can prove l l ) that the ave rage of products of S -matrix elements 
( involving only S but not S* ) mus t  coincide with the product of 
the ave rage s of the various factors . One can prove that this  
condition is  exactly fullfilled for Dyson ' s  me asure µ (dS) , but 
is  gradual ly spoile d as we go away from .this e xtreme . However , 
it can be incorporated as a se t of new re strictions , by means 
of Lagrange mul tiplie rs . This  has bee n  done 1 3 ) for quadratic 
combinations of S -matrix e lements in the two-channe l problem 
mentioned above , and the re sul ts indee d go in the right direc­
tion. 

One can also  calculate the variance of the cross se c­
tion 1 4 ) , var a4b ,  for any nwpbe r n o f  ch!_nne ls  in the region of 
strong absorption. If n> > J , var a4b �  ( a4b ) 2 as in Bricson ' s
theory 1 5 ) ,  me aning e ssentially that Res h and Im S b  become 
Gauss ian for n > >  1 • For arbitrary n , f� pre dict 1 �J corre ctions 
to this re sul t.  

We may thus summari ze by saying that starting from the 
statis tical ansatz µ ( dS ) and including succe s s ive ly known phys i ­
cal constraints it  i s  poss ible to obtain a satisfactory theory 
for the domain of strong absorption , and the two-channel example 
gives indications how this the ory can be comple ted for the ge ­
ne ral case . 
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