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A statistical theory of nuclear reactions is constructed by propos-
ing a trial distribution for the S-matrix, whose parameters, determined
through a variational principle, depend only upon the optical S-matrix. The-
se are the quantities that are physically relevant when equilibrium has been
reached, and they are thus introduced from the outset. Results are excel-
lent for the average and variance of the cross section in the region of strong
absorption. The extension to weaker absorption is considered in a 2-channel
problem.

In most statistical theories of nuclear reactions (see
Ref. 1-4 and references contained therein), the S-matrix is writ-
ten in terms of microscopic quantities (like the poles and resi-
dues of the S or of the E-matrix, or the matrix elements of the
underlying Hamiltonmiam), for which a statistical law is assumed

and used to calculate the fluctuation cross section off ~[S

(here S = § + S6£), This, added to the direct (optical) term,
gives the average crosg section G,4p. If the comgound system has
reached equilibrium, o6€ can be eXpressed entirely in terms of
the macroscopic quantities Fp, i.e. the optical S-matrix elements,
as in the familiar Hauser-Feshbach5) theory, in which off is cal-
culated in terms of the transmission factors, computed from the
optical model for each channel.

Thus, at least in the case of oft , the microscopic
quantities play the role of a scaffolding, which is eliminated
at the end in favor of the macroscopic quantities Sgp. It is na-
tural to ask’) whether the scaffolding can be eliminated from the
very beginning, by proposing a trial statistical law directly for
the S-matrix elements, the input to the problem being the exact
expectation values qué In othe;)words, we shall attempt to cons-

truct an ensemble of S-matrices’), such that the physically re-
levant quantities can be obtained as ensemble averages.

A convenient meagure5:7) for upitary and symmetric ma-
trices S is provided by Dyson's measure®) u(dS), defined uniquely
by the groperty of remaining invariant under the transformation
S = usu' (u being any unitary matrix), which in turn preserves
the property of unitarity and symmetry. In a simple 1-channel
problem (S = exp(46)), u(dS) = de.

In the case of complete absorption, § = 0, we shall ma-
ke the assumption?) that the frequency of occurrence of S in a
subspace of the space of unitary and symmetric matrices, is pro-
portional to Dyson's measure for that subspace. The results ob-
tained in this limit for the average?»!l) and variancel“) of the
elastic and inelastic cross sections agree with those obtained
in Refs. 1-4.
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For the general case § # 0, one can propose a trial
probability density for S, containing k functions f;(S) and &k
parameters; the latter can be varied so as to give the "best"
trial proBability density, in the sense of a variational
principle”); one basically finds the best upper bound to the
entropy of the exact distribution, and when this is reached,
the expectation values of the f;(S)associated with the exact
and trial probability densities coincide. If we reached the
exact entropy, then the trial and exact distributions7would
coincide. In’our case the functions fj(S) are chosen’) as the
real and imaginary parts of the various matrix elements Sgp,
so that we fix the expectation value §, i.e. the optical S-
matrix. The trial distribution is then

p(dS) = ex ('RCTI’BS — dsS , (1)
where the matrix B8 has to be fixed so that § has the required
value.
. When § # 0 but small, one can expand the exponential
in (1) in a power series and keep only the lowest terms. We
shall restrict the discussion to the case § = diagonal and real,
the most general § being obtainable by an Engelbrecht-Weidenmii-
+A%z ransformation!?®). In this strong-absorption regime, 3)
Sas (for a#b) factorizesas g, -ﬁ ; for_a = b we can define
an“¢lastic enhancement factor W~ t gough |S§£|2= g2 W,- Then
the ¢ are determined ent}re1y3) bg unitarity _and the W's .
The tat@er can be written!l) as'w,= 2 + k T3@4¥2+... The fac-
“tor from the present formalism !) and from Ref. 3 (which gi-
ves a fit to a Monte Carlo calculation) are compared in Table I,
where n indicates the number of channels. The agreement in seen
to be very reasonable.

TABLE 1
n (variational principle) (HRTW)
2 0.60 0.53
3 0.44 0.40
S 0.30 0.30

10 0.16 0.23
The cross average S§} Sé%‘is, in this regime, identically zero
in Ref. 1, whereas the present method and that of Ref. 3 give a
result proportional to S, -3 2'; the factor of proportionality!l)
is compared in Table II, Lha% shows a very good agreement.

TABLE 11
n variational method HRTW
2 0.200 0.197
5 0.050 0.055
10 0.015 0.015

Away from the strong-absorption reﬁion a simple two-
equivalent-channel case was considered?). The elastic enhance-
ment starts from 2 for complete absorption, it increases as in
Ref. 3, but then it goes back to 2 for weak absorption, in disa-
greement with the results of Refs. 2 and 3 where, despite the

error bars, an increase in W from about 2 to about 3 is expected,
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as we go from strong to weak absorption. There is, however, a
restriction which we have not taken into account so far. From
the analytical structure of S and if one has ergodicity!2), one
can provell) that the average of products of S-matrix elements
(involving only S but not S*) must coincide with the product of
the averages of the various factors. One can prove that this
condition is exactly fullfilled for Dyson's measure u(dS), but
is gradually spoiled as we go away from this extreme. However,
it can be incorporated as a set of new restrictions, by means
of Lagrange multipliers. This has been donel3) for quadratic
combinations of S-matrix elements in the two-channel problem
mentioned above, and the results indeed go in the right direc-
tion.

One can also calculate the variance of the cross sec-
tionl%), wvar Oqp» fOr any number n of channels in the region of
strong absorption. If n>>1 , var o,, 2 (¢ _, )2 as in Ericson's
theoryls), meaning essentially that ReS and Im S become
Gaussian for n >> 1 . For arbitrary n, &8 predictlﬂ? corrections
to this result.

We may thus summarize by saying that starting from the
statistical ansatz u(dS) and including successively known physi-
cal constraints it is possible to obtain a satisfactory theory
for the domain of strong absorption, and the two-channel example
gives indications how this theory can be completed for the ge-
neral case.
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