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Four problems that arise in evaluation of . the screening length are discussed . 
(i ) According to the existing models the standard deviation begins to decrease 
with further increase of N. ( ii )  The normalizing factor in fpdE = KN should be
K=l (for  K=2 , Ey+-Ea) .  (iii)  The boundary conditions for eqn. ( 1 )  should contain a
correction £, according to ( 14 ) . ( iv) The well known incomplete procedure need 
not be solved self-consistently , a differential equation ( 15 )  may be solved instead .  

1 • INTRODUCTION 

We have previous ly proposed / 1 / and elaborated /2/ the complete+) procedure
for evaluation of the screening length,  A , that takes into account that , besides 
the distribution function, j ,  vs . doping level N dependence ( through the Fermi 
level n = E

F
/kT = n(N) ) ,  the density of states vs . A and N (through the standard

deviation 6 )  dependence p = p(E;A,N) alscr-exists in heavily doped semiconductors .
Thus we arrive to the integro-differential equation (with Y '  = dY/dn, Y"=d2 Y/dn2) 

N" •ff � dB =  2 (N ' J312 1A [N-f/pdE + N ' (ff ap dE - 1 J]aA o aN 
where we used 

A-2 = A dn " A0N ' ,o an 
and also 

2 
A = e /££ k T 

0 0 0 

f' = df = f(l-f) ' f
a 

= [1 + H.
d 

e E/koT-] -1an , c  , c  

( 1 ) 

(2 ) 

( 3) 

where indices d and c correspond to impurity and conduction bands . 
Taking the appropriate models for aa and a0 (e . g .  {4a) and (4b) ) , and perfor­

ming theanalytical differentiation, 3p/aN and ap/aA, we have �olved eqn . ( 1 )  in 
/2/ (detai ls will  be presented elsewhere / 3/ ) . 

2 .  DISCUSSION ON SOME PROBLEMS 

We shall here discuss on 4 problems arising when solving eqn. ( 1 ) :  the limited 
validity of models for a (Ch . 2 . 1 ) ,  choice of the normalizing factor K (Ch. 2 . 2 ) , 

+)The values obtained by the complete procedure shall be indexed with "co" , and
those by the incomplete one by "in11 •
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and the determination of boundary conditions for ( 1 ) (Ch . 2 . 3) . Finally, we shall 
give a method· for ').. (  N) d eterminat ion from the differential equation by the incom­
plet e procedure (Ch . 2 . 4) .  

2 . 1 . - The limited validity of models for o 

The mostly used models for o are those  of Kane and Morgan, /4/ and /5/ , that 
use 

for 

the standard deviations 
-R�/"A -r /A

o
eff 

= 1 . 03 o
0 

e and 0 = 0 e o
0 

impurity and conduction bands , where the express ions 

R-l = C '  X 3
a 

,/)JJ + C ! K and
a 

r = a/2 , K ·
0 

(o
0

-+ c
2

N ) , 

(4a ,b) 

(5a ,b ,c )  

simulate the scewness of the d-band , i . e . take into account that in a s phere of 
radius r0 there is no s cattering ion, which provides the convergence of integratior.
when evaluat ing f for the dist ribut ion "tail" . 

Us ing the 6-model /2 / ,  with f calculated from (3b ) , . we get the following asymp-
thotic express ions for the screenigy length (for  G >> 1 ) in 

..co 
-OK in -OKA � "A d F (y;K, K) + �

K
N , and A .  = A

nd 
F .  (y;K, K) -+  c-�.N (6a,b) co n co K ,z,n ,z,n KK.

where ,Wil'h <p = Eafk0T-n, G = N/N0d 
and N

ed 
= N0 exp(EafkT)

-$ 1 � y = e = 2(1b� +4GK - b) , with b = K + (K-l ) G

(7a,b)  

(Sa,b)  

and And = ./1/"A.0N is the nondegenerate s emiconductor (G << 1 )  screening length ,
whi le 11+11 , as in (4-5 ) denotes the asympthotic values for large N(G>>l ) . In this·
cas e,  using the asympthotic values from (8) in (6) , we firs t  evaluate the exponents 
in (6) and subsequent ly in (5 ) ,  as given in T l . It is obvious , for physical reasons 
that the s tandard devi�tion has to increase with increasing N, the case (co , K�2) 

The exponents aK and BK from (6)  and (7 )

Procedure K=l
BK K=2 K=l 

aK K=2 

in-incompl . 1 /4 1 /2 3/ 8 1 / 4 

co-complete 1 /2 1 1 /4 0 

K=l YK K=2 

- 1 /8 1 /4 

1 /4 1 /2 

Table T 1 

to·or 
n-Si at 300 K 

A "' 636 i o 1 8  Ned 
=5 . 23 · 1 0  cm 

E
d

� -44 meV

-3

is meaningless , because here we have a =O (o = const) , which is one of the reasons
that this cas e is not physical ly real fsee a�so Ch . 2 . 2 ) , although 6=1 is acceptabl 
for evaluation of A .  

It is  straightforward to differentiate o and oeff by  N, and , using the con­
dition that they are positive or  zero ,  we get 

with 

and 

3/2 c
4 

= 1/c
3
c

KK 
= 1/6 C

KK
, yK = BK-aK and aK = (1-B

K
) /2 

Using the values from T l , and P
0 

= 1 i and BK
"' 1 /� ,  we get

(9a ,b )  

( 1 Oa ,b  ,·c) 
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in ,.co 20 1 ?  -3 C = 12/A = 2� .. , N
<1 

� 2 • 10 and N
a 

� 6. 3· 10  cm KK o KK eff 
( l l a , b , c) 

where the s ign of equality corresponds to the maximum . As one can see from Fig . 1 ,
the agreement with ( 1 1 c ) is 
very good . The decrease of 
aeff (and a) with further
increase of N lacks a physi­
cal explanation , and is a 
consequence of inadequacy of 
the used model , especial ly 
for N

a 

10 

8 

6 

n -Si 
300K 

N 

eff 

Fig . 1 . - a§ff(N) , calculated exactly in /6/ , and
from data  in T 1  • 

2 . 2 .- The normalizing factor (K) and the spin degeneracy factor (K) 

Using the co-model and K=2 .• the asympthotic value of b is found to be equal 
to G, and for y in (Ba) we get 

Ed/k T-n _ EF Ed 
y = K = e O , n = "f"'T = 1Z"'"T - Zn K for N>>N

ca 
( 1 2 )  

0 0 

A [A] 

1000 

100 

10 

E,=eo ,,,, __. 
� �EFin 

- Y< = 1
--- t<=2

10" 108 

0.00 

E ' -9d.os�
Q) 

and for K=l (which was used by us 
/7/ and many other researchers , 
e . g . /8/ ) , we find that Ep cannot
cross the donor level (Ea) , which
also lacks physi cal  explanation , 
and therefore is another reason 
that K=2 should be rej ected . The 
asymphtotic limit Ep+-Ea is found by

_, numerical calculations as well 
-0.1() � (Fig . 2 ) . Results for K=l are also

llJ depicted in Fig . 2 , and one can see 
_, that Ep has no "saturation" here .

-0,15 ._ The third reason is that the number 
� of states is fpaclE = KN, and not 2N,
� if we consider the number of 
LI.: electrons that the impurity band can 

-020 supply • .  It may be shown that the
choice of Ka in (3) is not very 
critical (both 1 and 1 /2 can be used) , 
but , certainly K

0 
= 1 .-0.25

N

Fig . 2 .  A and E
p 

vs . N dependence for K=2 /7/  and 
for K=l , 
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2 . 3 . - The boundary conditions for eqn. ( 1 )  

For small N, i . e . en<<l , eqn . ( 1 ) reduces to

I (N) · N
314 I N

-l/4 

N" 67  = N - N ' ( 1-2 67 ) 
C (N ' ) l l/8 C 

(N ' ) 3/8 
5 5 

and for Ni n
= Nce

n = Ni
n

, from ( 1 3) Nln = 2N
i n 

( ! )  would
Therefore , it is necessary to introduce a correction /2/ 

EN I67 
Ni

n
= N

in
( l + E

N
) or A

i n 

= A
nd

(l- �) , E
N

= II_IB
C5 in 

( 1 3) 

fol low , instead of N"=N.
("in" for ini tial ) 

( 1 4) 

that provides Nl
n 

= N
in

• The results for Aco in Fig . 2  are actually obt,ined from
( 1 4 ) . 

2 . 4 . - Reduction of the incomplete procedure to solving of a 
differential equation 

In this case p�F(N) , which is not physically correct , but if we put p '
j 

a p/cl ,
cp/cN = 0 anyway , it fol lows from ( 1 ) that the express ion in brackets [. • •  =O, or 
simply 

N ' = N- Jt2pdE, with N = ffpdE = F(n,N,N ' ) . ( 1 4a ,b )  

It is conventional to solve ( 1 4a) and ( 1 4b)  self-cons istent ly , see  e . g .  /8/ , /7 / , / 1 / ;  
( 1 4b)  and ( 1 4a) cannot b e  solved as a firs t  order d ifferential equation , because N �  
appears in an implicite manner. However , i f  we differentiate ( 1 4a) once more,  we get , 
with p '  = 0 and (3a) : 

N" = N '  - 2/ff'pdE = • • •  = 3N '  - 2N + 2 flpdE, ( 1 5 )  

where N" appears explicitely , as i n  ( 1 ) ,  and may be  solved numerically (e . g .  by 
Runge-Kutta method) . This procedure has an advantage of  being more simple than the 
self-consistent one . 

3 . - CONCLUSION 

We have shown that cr and Oeff starts to decrease with increasing donor density 
N, if one uses (4a) and (4b ) , representing a s ignificant principal disadvantage of 
the model . The normalizing factor in fpa_dE = KN should be K=1 . If  one would take
K=2 ,  the complete p�ocedure would give Oeft=COnst, Ep+Ed for large values of N. When
solving ( 1 ) ,  the boundary conditions in the low doping l imit cannot be taken as 
N

i n
=Ncen=Nl

n
, because N!f,71

=2N
i n  

would follow ,· and the correction E
N 

( 1 4) should be used .
We have also proposed to us e solving of a differential equation ( 1 5 ) within the 

incomplete model , being a more s imple procedure than the self-consistent one . 
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