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Abstract. The effective Hamiltonian which desribes both the 
tunneling and phonon vibrations of active atoms is formulated
on the basis of the self-consistent pseudospin-phonon forma­
lism. Limiting cases of displacive and order-disorder transi­
tions are considered. 

1. INTRODUCTION

1-4 The recent studies of ruther simple models have 
shown that both displacive and order-disorder type excita­
tions have theessential role in the dynamics of structural 
phase transitions (ST). It is also well known that tunneling 
effects lead to collective excitations which may have a soft 
mode character5or cause the appearance of a central peak4 • 
Since the tunneling energy (of the order-of the quantum 
ground state splitting) is usually much smaller than a charac­
teristic phonon energy:the role of such excitations can be pre­
dominant at low temperatures (O-kBT). On_ the other hand, in 
addition to a renormalization of the pseudospin-energy para­
meters the higher phonon excitations can lead to the phase 
transition of the displacive type (through a phonon sqft mode)

The purpose of the present work is to take into ac� 
count self-consistently the excitations of both'type (displa--
cive and order-disorder) - as coupled both with ·the tunneling 

•' 

and the higher phonon states of active,atoms - in. the fra-
mework of the previous general mode11 and the var�ational 
approach of Bogolybov6 • 
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2. THE HAMILTONIAN

Starting from quite a general Hamiltonian 

1/ 1 � H = � [ 
2
:n + U( s;)] + 2 �. V(s;,;) ,

I . I� 

where si is a local normal coordinate718 , active in a
given ST, being represented as a slow tunneling motion 
coordinate (r1) and a fast phonon d'isplacement (ui)

S; = r,• + U; , < U; > = O . 

We assume that the system can be described by a trial 
Hamiltonian in the form 

</>ij,U(r;�Cij - being the variational parameters. 

For the strongly anharmonic motion described by Eq. (5) 

(1) 

(2) 

(3) 

(4) 

(5) 

it is convenient to introduce the pseudospin representation 
with respect to synunetric and antisynunetric single-particle 
states 

(6) 

so that HsClfiJ) is cast in the well known form of De Gennes9 

H = -Sl. 2_o;z 

- .1 LJ.. 6;"6:x 
+ Eo

$ ; 2 i;.j lj :J I 
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where Sl., J
ij 

and Eo are simple functions of Bo( I cij
and the matrix element («/ r,· //J) ( «,/3 = s, a) calculated 
with the wave functions in Eq. (6). 

The variational parameters <p
ij I 

U(r,·) and Cij are 
determined from the variational approach6, namely from the 
condition of stationarity of the free energy, 

F =Fa+< H-Ho)o; Fa= TlnSp I e-Ho/Tj I 

< H-Ho
>,, = Sp { e( Fo-Ho)IT( HrHo)} 

I 

(8) 

with respect to variations over these parameters or, 
equivalently, over the corresponding correlation functions 
((U;Uj)0) • Further, the closed system of self-consistent 
equations for all parameters entering in Eqs. (4), (5), (7) 
is obtained thus describing the mutual influence of phonon 
and pseudospin subsystems. 

3. PHASE TRANSITIONS IN THE FERROELECTRIC MODEL

Having written the single-particle double-well poten­
tial in the convenient form2 

U A 2 B i, (S;)=-yS;+TS; 1 (9) 

where parameters A and B define the distance (2S0 = 2(AIB)'1
12)

and the height of -the potential barrier ( Uo = A2/I/B) between 
the potential minima, and the pair-potential (in E�.(1)) 
in the harmonic approximation, 

V(s;,Sj) = J y,,1 ( c,-- SJ)2 

, (10) 

the variational approach gives the self-consistent expres­
sions for the parametters </>ii, U(r,) (renormalizing 
the parameter A=) A= A- 3B<ul') ) and Cij =f 'f>u, while 
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for the pseudospin parameters in Bq. (7) one obtains: 

.2= 1 (Ea-e$) + ; (rq!-'s!) Co, 
Jij = ,;! 'f,j 

(11) 

The correl�tion-displacement function relevant for the 
nature of ST are determined by the following equations: 

(12) 

(13) 

where the phonon frequency is given.by the equation 

mw; = £:J+ Y'o- 'f
1e. 

; �=L tp;./k.(X;-x,;J <14> 
• IJ I 

2 � J .6 =-A+ 3((U,-)
0

+<1; ,>o)B .. (15}

The phase transition is described by the solution of the 
self-consistent system of equations which, owing to Eq. (6) 1 

can be obtained only numerically. Therefore only a qua­
litative analysis for the limiting cases is possible. 

a) Order-disorder transition

Analogously to the previous analysis1 , in the tem­
perature region·when 

,..., a 
Cfo <.< A = A-3B(U;), (16) 

the order-disorder transition is possible in the pseudospin 
subsystem through mediation of the order parameter ( 5Z).
In th� molecular field approximation for the transition 
temperature one finds 

I - J 2q,, 
C - o ln 1+'1.,

I 

(17) 

1-�
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The estimation obtained in the case of weak 
tunneling ( 5l<< Jo) corresponds to the results of 
the unified model 1' 3 for fo (i.e. Cf,, here) �< 1 , namely,

,v 
"' 

J "'.2. A U Tc"' o � V'o r;, "' 'fo - <'.< o • 
B 

Note that the phonon excitations do not play the es-
2 "'2 sential role in this case, since (U; )<< t;, 

b) Displacive transition

(18) 

When the temperature is raised the atomic fluctu-
ations (U,-) can not be neglected and the character of 
the coupling could be changed, i.e. 

(19) 

(even for lf
0
(<A ! ) thus leading to the displacive phase 

transition (�(T
0

)-+0 and �
2
(T0)-+ O). In the classical 

limit 
A "' .2 1 

A (To) = 0 ; < U i > = 3 B ' (20) 

and the transition temperature is estimated as follows 

1 A fo rv

3 'fo B
A similar result have been obtained113 for tf

0
>)1. 

4. CONCLUSIONS

The taking into account of tunneling effects 

(21) 

in the case of structural phase transtion is based on the 
assumption that there are two types of excitations: fluctu­
ations (or "jumps") between the equilibrium positions and 
fast phonon oscillations which could be separated in a 
self-consistent approach. As it is well known the energy 
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spectrum of a particle in a double-well potential 
has quite a complex shape (see for example refs. �10). 
So the separation of the two types of excitations can 
be done merely as an approximative scheme which has 
an interpolating character. Nevertheless, the suggested 
description is a natural generalization of the tradi­
tio�al introduction of atomic equilibrium states into the 
Hamiltonian of ruther anharmonic character. A similar 
generalization is used in the dinamical theory of fluids 

and other diffusion processes. 

Concluding this paper we point out that a phase 
transition in an intermediate case (for 'f0�1 ) has a 
mixed character which can thoroughly be elaborated only 
by means of numerical calculations. In the frame of the 
present model one expectfa more complex renormalization 
of the pseudospin parameters9 in deuterated compounds. 
In addition, the condition T0� T

0 
holds in general. 
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