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1. The critical behaviour of magnetic systems with different type

of defects has been the subject of many Investigations. The defects 

are normally randomly distributed In the crystal. The difficulties in 

treating random systems are such that exact results are very few. 

For finite densities McCoy and Wu (11 have solved the two-dimensional 
Ising problem with random distribution of Infinite line defects and 

Rauh [2] h'as solved the spherical model of randomly distributed 

layers of spins. Some limiting results are available [3) at very 
small densities. In several publications, Fisher and his co-workers 

have solved exactly the two-dimensionab Ising model with I lne t4] or 
point [s] defects of. finite density which are periodically distributed 

throughout the lattice. 

2. In this paper we consider an Infinite simple cubic lattice
(with lattice constant a.) with finite density of defects which are 

regularly distributed through the lattice. Let the �pacing between 

the defects be W\�, VIO.., �"- along the X , 'f , � -axes respect Ivel y, 
where \M, \f\ , p are integers. Thus the defects themselves form a 

regular lat�lce. The density of defects is C.-=�V\?>� . 

We adopt a Hamiltonian of the Ising type 

where 

��:!-·C-2- Jir,�t<ot, <1> . 
\J.,r1 I -1 �l Is the spin at site t , d'lo is the Ising Hamiltonian 

of the system without defects and 
I -

1"u, � 3 1.t;t, -Jot�· 
where .. :Iol;t• Is the exchange Interaction between host particles 
at sites l. , l' and .J1.t.Q.' Is the exchange Interaction 

t . �, between an impurity at and a host particle at e . The summation 

in (1) proceeds over all distinct pairs 7<:J.. p .j of particles. We_
assume that .1 ... and .1

1. 
are even functions dependent on Q-l' 

only. 

An analytical treatment o..f_..tbe abaYe problem is possible if we 
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allow a continuous variation of the spins subject to the spherical 
�constraint'( 61. 1-. 

4i G:l = N
where the surrmation is over all the lattice sites. 

The partition function can be evaluated after diagon_alizing the 

Hamiltonian with a Fourier transform (7] and applying the method of
steepest descent [6, 7]. The long-range order sets in below the 

critical temperature '"f"c.. which is determined from the saddle-
po i n t eq ua t ion 

ilo'> + c.:S '(0\ � °'"3, . fH o\t c2> 
�\c. (_'Ht)� -1)) l - �ol-:.') + c:.j'(_�) 

tlo\ + c1"'(o)
where .} �\ : t] (._-{) ..,.,d • 
respectively for .:Iol1.\ and } '(_'j_\ . The integration In (2) 
is taken over the first Brillouin zone and L.. is the Boltzmann 

constant. 

3. The critical properties of the system remain unaltered by

the presence of defects. This has been observed in (s1 and is probably 
due to the translational symmetry of the model which is still present 
when the defects are regularly distributed. The critical temperature, 

as can be seen from (2) , is a function of c. on 1 y and does not 

depend on WI , V\ , r SeparateJy,as in [ 5] . 
If the exchange interaction is with nearest neighbours only and 

Is isotropic for both J
0

� and .I
s..

-;_ where '-" denotes the x. , 'f , 

=c. -axes, the integral in (2) is independent of � and we have a 

linear relation between the critical temperature and the concentration 
of defects 

\c.-,:a_ C�\,[1 o + c_�}�-l,)�
The linear relationship remains even if we include interactions 

with further neighbours but keep :S�')-=1�(!.\-1/,1\ proportional

to "L( t\ i.e. 

1\t')�Jl,(t\
l 

d.-��\.· 
In the case of anisotropic interactions T�(c.\ is a non-I inear function. 
For some particular values of the interaction constants, integrals 

of the type (2) have been eva I uated ( 11, 
Non-analytic dependence on c. can occur in so-called Lifshitz points 

[8]. Such behaviour can be achieved if we include Interaction with 

the second nearest neighbours along one of ·the axes. For example, let 
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.:S -=} · 1 � 1 -= 1 · } nJ o .. ��� 1 � ·
) 
3!.t (2.o. �;.\ ""· ·j 2. 0 '- ' 0 ) ,1. ..._,, 1-"f . o) \:: - ) • 

The Fou.rier transform in (2) becomes 

i f �\, ._1' �\ � 'l_J. �"-•°' + <4> "-�"- ' ...-, "-•°'\ + '2._c � I c., ,L,_ 0.. '"\'' .,_.., '2_ .,_.,_ 0. \ 
.. � " 

where !'-=J
1. 

-J0 , 1 -=1l.--!., . Using I imiting results (a} 
for the behaviour of (2) we obtain 

t�l �� .. -c. 

T. � \ J, c.. '-
C......-:. t. ( e- - c.. o) 

where the critical concentration c. 0 
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