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OPTICAL PROPERTII:S OF COMPOSI'l'E i•IUHJ\ 
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We present some theore�ical results concerning the Gi­
electric and optical properties of media which are corn�osec 
of two materials, �ntermixed in such a way that the mec.dum 
as a whole is homogeneous on a r.:acroscopic scale . 'l'he 
electrostatic theory we use sets a lower limit to the wave­
length of light to which the theory is applicable. 'fhe theory 
can be applied to experirr,ental systerr,s such as colloidal 
particles 1 ) , discontinuous rr.etallic filrns 2 > , rough surfaces 
of metals, powders of ionic crystals, etc. i:e assume that the 
constituents can be described by local, isotropic and size­
independent dielectric functions .  'l'he "inner" material with 
the dielectric function Ei occupies a volw:le Vi (which may 
consist of a number of separate grains ) , which is of a 
finite extent, and the rest of the space Ve is occupied by 

the "external'' material Ee. Ke want to find the effective 
polarizability a or the polarizability per unit volume x of 
the composite medium. 

We introduce the scalar potential <I> by E=-V�. We denote
+ + .,.  + � - - 1  g (r,r )= j r-r I , and define the quantity µ by : 

= Ei+E e 
µ E i-e:e 

The potential <I> satisfies the integral eguation3 > 

The integration is performed over all interfaces, and n1 
denotes the distance into Vi along a normal at the point r '
of the interface. The field $

0 
depends upon boundary con­

ditions. 
In the case of no external field, $

0
=0 ,  a set of eigen­

+ functions $q (r) can be found. The corresponding eigenvalues 
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µ are real, and I µ  l < l J). The kernel of the integral equa-
q q -

tion is not symmetrical and the eigenfunctions are not mutual-
ly orthogonal. However, it can be shown that they are 
orthogonal to the functions 

+ a + 
<I>
q

(r) = 4>
q

(r)
an1 

l�ow we specify that the external field described by 4>
0 

is 
+ a constant electric field r:0

, and look for the incluced dipole 
moment in a sphere £\ which completely encloses the corr,ponent 

p = r <l1 x <r>  c cr>  ,
J 
vl 

where x <;)= ( E- 1 )/4n equals either Xe or x1 . It follows3 > : 
3 

pk
= 

vl 2 EoJ· [Xe0kJ" + fakJ· J
,

j=l 

where f is the filling factor f=V1/v1, and k,j denote Cartesian 
components. 'l'he first term in the square brackets is the iso­
tropic polarizability of the pure "externai " material, anc.i 
the second term is the chan�fe of polarizability due to the 
presence of the " inner" material. Introducing the function 

where 

we find 3 ' 4 > : 

= f <I>
q 

(
+

r)  tlSPqk j xk , 

1 
akj ( µ Cw)) = 2n 

1 

J
( cJ·.j

( µ ') 
dµ ' .µ >- µ (w) 

- 1  
The following sum rules hold :

l 
2n j C:µ ckj ( µ )

- 1  

2 1T  l 
k J µ dµ ckk Cµ ) = 1 ,

- 1  

L=l , 2 , 3 .  

In tne complex µ plane , the polarizabili ty a has c:1 cut froni 
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Fig. 1 .  The complex µ plane with the curves µ (w) , w>O, for a 
model dielectric function of ionic crystals . and for gold. The 
position of the peaks of the function C(µ )  on the interval 
[-1 , 1] for various bodies with second-order surfaces is also 
indicated. 

µ =- 1 to µ =+1 ,  and is analytical elsewhere. In the complex w plane , 
the analytical propertie� of a are determined by the mapping 
µ {w ) . In Fig. 1 the mapping of the positive real w axis is 
shown for the - model dielectric function of ionic crystals : 

e: = e: + 
00 

e: - e: 
0 00 

2 ' 
1-0 -iyO

(where n=w/wT) ,  with constant damping y ,  and for the experiment­
al dielectric function of golds ) . 'I'he curve of gold departs 
rapidly from the real µ axis , because of the influence of inter­
band transitions. For more free-electron-like metals the curve 
follows the real axis from below for a much larger interval. 

Explicit calculation of eigenmodes for various boundary 
interfaces is difficult , and can be performed only numerically 
even for single particles of a seneral shape6 1 7� only for second­
order surfaces (sphere , cylinder ,  spheroids, etc. ) does the 
function c consist of a single delta-peak for each syr.m,etry 
airection. In Fig. 1 the position of these peaks is also shown; 
this gives a good indication of the shape of the function C for 
more complex geometries. 

The coefficient of the absorption of light is proportional 



to w Im a (w)4 > . If the curve µ (w) is near the real axis, the 
absorption coefficient a (w) depends directly upon the 
magnitude of the function C (µ) at the nearest point on the 
cut4 ) , i.e. the sample geometry markedly affects the light 
absorption. If the curve µ (w) is far from the real axis , the 
absorption coefficient depends little upon the function c. In 
the case of gold , this means that at long wavelengths the ab­
sorption depends much more upon the structure of the sample 
than at short wavelengths. 

The approximations most widely used in treating com­
posite media are discussed in Ref. 4. The theory presented 
here enables one to gain a deep insight into the problem 
within the framework of non-retarded (electrostatic) theory, 
and to compare the advantages of various approximate 
approaches. 
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