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ABSTRACT 

M. Skr i nj ar . D. Kapor and S. Stojanovi �

I nsti t ute of Physi cs . Novi Sad

Non l. i near ef fee t s  i n  ferro1TIJ:1.6Tte t i c  sys tems can be s t-udied 

in c l ass ical l i mi t .  bu t i t  i s  necessary to deve lop the methods 

for a s t r i c t quan t 'I.Lm  - c lass ical  t ransi t i on.  beca�e the excha7l6e 

i nt erac t i on i s  of the pure l y  quan twn. oriain. This  real ized by the 

appl. ica t  t on of coherent s t at es CCS:> .  T1.1JO types of s tates are 

s t udi ed: spi n  < aeneral i zed:> CS and G l.auber boson CS. combined 

wi th  boson represent a t ion for spin operators. An example of 

ani sont 1opic-"Hei"senbera ferroma.ane t is  discussed i n  detai l. .

1 .  I ntroduct! on 

Si nce the di scovery that "sol i tary waves " -sol i t.ons , whi ch 

are wel l local i zed exci tati ons created i n  the physi cal systems as 

the consequence of the compeleti on of the nonl i near i ty and 

di spersi vi ty of the medi um . the magneti c systems were consi de�ed 

lo be a sui tabl e medi um for thei r appearance. Thd6re�i cal 

cal cul ati ons for i deal one-di mensi onal C 1 d) str uctures i ndi cated 

that such a possi bi l i ty exi sts but , for the sake of experi ment.a� 
ver i f i cat i on ,  i t  was necesarry t.o fi nd ( synthesi ze) mater i al s  

whi ch can be descr i bed by the i deal i zed systems . Fi rst such 

experi ment was neutron scatter i ng on CsNi F9 • whi ch si mul ates

S=1 xy ferromagnet [ 1  l .  I t  was fol l owed , for exampl e by the 

measurements of sol i ton contri buti on lo the heat capaci ty. heat 

conducti vi ty and ( nucl ear spi n) -l atti ce C NSLR) rel axat i on ti me i n  

the mater i al s  l i k e C TMMC) C CH9 ) , NMnC1 9 C S=S/2 anli ferromagneti c )

and CHAB C C6Hu NH9 ) CuBr 9 C S=1 /2 ferromagneti c) C 2 , 3l , lo quote

onl y some earl i er exper i ments . 

As the fi rst theori es were scr i ctl y cl assi cal . l et us l�eat 

the exampl e of 1 d  ferromagneti c wi th "easy-pl ane" ani sotropy, 

335 



descri bed  by t.h� Ham! 1 t.onian 
,. ,. 

H ::: ·- J I � . �H + A I (�)
2 

n -" 

We shal l suppose t.hat. al l spins are c l.asstcal. uariabl.es 

( 1 . 1 ) 

( 1 . 2)

Next. st.ep i s  so cal l ed  con t inuum. approximat ion.  whi ch means 
t.he t.ransi t.i on from t.he lat.t.i ce si t.es na t.o cont.i nual variabl e x. 
We shall" expand al l expressions up t.o t.he second order t.erms · i n  
l at.t.i ce paramet.er a: 

± a (�)t. + �
2 

f�Az)t.  An(t.)� A(x, t.)  • An:h (t.� A(x ± a ,  t.)  � A(x, t.) 
l'vA c::. lax 

E � } fdx 

I n  order t.o si mpl i fy t.he calculati ons , we shal l set. a = 1 
( di mensi onless variabl e) .  The quant.i t.y ( 1 . 1 )  is then t.reated as 
t.he c.:l assical Hamil t.on ' s  funct.i on of t.he syst.em and we t.reat. (/> 
and Scos8 as canonical vari abl es. I n  t.he approxi mat.i on of smal l 
out.-of-plane exci t.at.i ons (sine � 8), we obt.ai n: 

( 1 . 2) 

The equat.ion of mot.ion i s  t.he wel l known si ne-Gordon 
nonl i near equat.i on 

( 1 . 3) 

wi t.h t.he sol i t.on sol ut.i on of t.he fol l owing form 

m (x - vt.) 

� 
]} ( 4 . 1 )  

where v i s  t.he sol.i t.on vel ocit.y. 
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Let. us not. t.hat. i t.  was obt.ai ned by t.reat.ing the spins as 

cl assi cal vari·abl es from the very begi ni ng. As we are i nt.eresed 

i n  t.he i nfl uence of quantum effect.s . we must apply a di fferent. 

approach .  

I n  the next. sect.i ons we shal l expl ai n lhe way i n  whi ch one 

can perform t.he transi t.i on from quantum t.o classi cal quanti ti es 

through the appl i cati on of spi n and boson C Gl auber) coherent. 

st.at.es ( CS) .  

2. SPIN C GENERALIZED) COHERENT Sl'ATES 

Spi n ( general i zed) coherent. st.ates C SCS>  were i nt.roduced i n  a 

pi oneer work of Radcl i ffe [ 4] , al though t.he fundamental reference 

nowadays i s  an excel lent. review by Perel omov C 6l . 

SCS can be defi ned for t.he case of spin S == 1 /2 i n  the 

fol lowi ng way 

I C\n) ::: e - i t/>m� e- i0msY j O)m C 2. 1 a) 

We adopt. t.he convent.i on that j O>m r epresent. lhe ei genst.at.e of t.he 

operator � wi t.h � = + 1 /2 C I O> m= I T>m> • so that. l 1 >m= l l>m i s

t.he ot.her possi ble ei genst.at.e. Usi ng t.hi s not.at.i on .  we have 

The fundamental properly of scs• s i s :  

(C\n� l nm> s si n8m COSt/>m 

(C\n(� IOnJ = s si n8m si nt/>m 

(C\n(� l nm> = s cosem

enabl i ng the transi t.i on lo t.he cl assical var i abl es . 

( 2. 1 b) 

( 2 .  2a) 

ea. 2b)

C 2. 2c) 

Let. us treat. xx:z anisot.ropi c Hei senberg ferromagnet. as an 

exampl e. 

H = - µ «ext. + � (Sf - S) - J � (�j �j H - � ) - a J � csj � +i - � )
j j 

( 2. 3) 

where J i s  t.he exchange i ntegral . a - ani sotropy paramerer . µ -

- magneti c moment. and «e x t.  - lhe ext.ernal magneti c fi eld al ong
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z-axis.  The constans are added i n  order to avoid di vergenci es of' 

the ground state energy. 
We shal l suppose that · the f'uncUon f 0) = IJ (°"1) satisfi es

Schrodi �g�r equati on 

i h  � I O> = H 1 0> (2. 4) 

givi ng-

i s  

we 

-i /1\ Ht 
I oe� )> :c e I oeo» 
Usi ng the foll owi ng def i ni ti on 

sui tabl e f'or the fi el q theory C 6l 

L = i: (O I " I O) - (0 I H I 0) a t 

obtai n that 

L s:: S :t �m(cos8m - 1 ) - it (8m • t/>r,J 

(2. 6) 

of Lagrange functi on whi ch 

(2. 6) 

(2. 7) 

Equations of moti on f'ol l ow f'rom Lagrange• s equations for 

( 2. 7) 

· a it
t/>,m = i (S cos8m)

a a it s -- (coserr:, = - �� 
at. 8 t/>m 

C 2. 8a) 

(2. 9a) 

Now we can appl y the conti nuum approxi mation up to terms of order 

2 

it z:: � f • dx ( 2. 9) 

where we have defi ned the Hami l tonian densi ty • : 

- 1,J 1'.x l  S (cos8 - 1 ) (2 . 1 0) 

Subscri pts denote partial deri vati ves over gi ven �ari abl es .  

Cl assi cal equati ons of motion for the vari abl es 8(x. t) and t/>(x. t) 
are 
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( 2. 1 1 a) 

tl Si n8 : -µ �. X l Si n8 - 2.J OS Si n8 COS8 + Js;c, Si n8 (8x Si n8)X +

+ JS8xx - JS si n8 cos8 t/Jx 
2 (2. 1 1 b)



Now we introduce a new vari abl e ( = x - vt ,  where v i s the 

sol i ton vel ocity, and the assi mpt.i ons : 

(/, (x, t.) · = Ot. + 4' CO

e Cx, t) = e CO 

s;zc± m> = s 

Fi rst i ntegrati on gives 
.... V 1 
(/,( = JS 1 + cose (2. 1 2)·

It is sui tabl e to t.ransf'orm C2. 1 1 b) by i ntroduci ng a new 

evari abl e p = 2 :

2 2 2 Z ·2 2 
Z 

cos P P.,C1 + 4a si n P cos (I) = r sin /3(cos p + a cos'p - v 
) .. r ,uzs2r 

( 2. 1 3) 

wi th the notati on 

r s: µ ft.:,,;t + 0
JS 

Let us l ook f'or the sol i ton sol ution i n  the case of' smal l 

J - J ani sotropy a =  J z < < 1 .  We shal l express i t  i n  ter ms  of' the 

parameters of the system: magnetizati on 

QI) 

Mz = S J (1 - cos8) dx C2 . 1 4a) 

- QI)

and moment.um 

QI) 

P ... = S f  (1 - cos8) : dx C 2. 1 4b) 

- QI)

The energy i s  t.hen gi "8n by: 

( 2. 1 5) 

The sol uti on i s  t.hen C S::a1/2) 

COS8 C 1 - ( 2. 1 6) 
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where 

y = eh 

and sol i t.on ampl i tude 

pY - cos 25 
y + 1 

= eh Mz (2a)
1 /Z

y - cosP 
y + 1 

(2. 1 7a) 

( 2. 1 7b) 

I n  order to per1'orm the semi -cl assi cal quanti zati on C 7l . we 

shai l l et. the tot.al magneti zati on have onl y the i nteger mul ti pl e 

01' h :  

Mz· = mh (m=o. 1 . 2  . . .  ) 

So the energy i s  gi ven by 

Em = J sh a eh (ma) - cosP
sh ma 

where: eh a = a + 1 sh a �  -/ao 

3. GLAUBER• s COHERENT SfATES

(2 . 1 8) 

(2 . 1 9) 

Gl auber [ 8] i ntroduced coherent. state as the ei genstate of 

the boson anni hi l ation operator : 

lhe state sati s1'yi ng ( 3. 1 )  has the Corm 

l aj ) = exp(aj Bj - aj Bj ) I O> 

(3 . 1 )  

( 3 . 2) 

lhe coe1'fi ci ent. aj i s  the cpherent ampl i tude and I O) boson 

vacuum. Si nce we are deal i ng wi th the system 01' particles .  we 

need the di rect. product. state: 

f a> = n l aj )
j 

( 3. 3) 

I n  order to use Gl auber • s CS. i t.  i s  necessary to wr i t.e down 

the spi n Hami l tonian C 2. 3) i n  terms of Bose operators .  I t.  turned 

out that Hol st.ei n-Pri makoff r epresent.at.i on [ Ql is the most 

sui t.abl e for that purpose: 

SJ = [as (1 - ��; )]1 .,.,
2
ej C 3. 4a) 

(3 .  4b) 
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( 3. 4c) 

The sqare root. i s  formally expanded i n  operator series whi ch 
is then put. in the normal product. form to give: 

co ( ete )j, /z (1/2) 1 1 - asi = I V <- ·i>v 

V=O 
( 3. 6) 

We shal l show that. this degree of accuracy i s  su1'fi cient for 

the cal cul ati on i n  the cl assi cal l i mi t.  [ 1 01 .  

Usi ng (3. 4) . we obtai n 

Havi ng i n  mind the cl assi cal parametri zation 

(Sf> = S cos8j -. l aj 1 2 = S (1 - cosej )

We conclude that. l aj 1 2 defi ned i n  this way di verges i n  the

l i mi t.  S + co. For this reason we i ntroduce a new ampli tude aj 

OI·  = � 
J -r.s 

whi ch i s  expressed as 

So i t  does not. depend on S. 
.. - z <Sf> = s c1 - 1 aj 1 > 

I n  the same way 

( 3. 6) 

Usi ng [ 3. 61 i n  the l i mi l  S + co. we neglect. t.he terms of 

1 order S and obtai n:

-12 s I �z 
<St> = . 

2 Cltj ( 3. 7a) 

� s / �J.2 <SI> = Clj ( 3. 7b) 

The classi cal l i mi t.  i mpl i es  t.hat. S + co. h + o. wi t.h t.he 
quant.i t.y hS remaini ng fini t.e 

Sc = l im 1\S 
l'a+o 
S-+CO 

(3. 8) 
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Sc i s  cl assi cal angul ar momentum. 
I n  order t.o eval uat.e lhe cl assi cal l i mi l ,  we musl fi rsll y 

11rest.ore 11 lhe di mensi on of spi ns i n  C 2. 3) S -+ r.s and onl y afler 
t.hat lo tak e  t.he 1 1  mi l .  

Usi ng lhe conti nuum approxi mati on , we obtai n i n  the 
cl assi cal 1 i mi t. 

1:: 12  1 Js':. 2 c 1 - 1 2 ,2 
1 Js':. 2 _ .._. _ c 1 ;  1 � ,2 + 2 0 C a Ol X + 1 6 C a - j a ! 2  .. 

h = µ "•x sc + 2aJs! 

1 2 

. ( 3. 9) 

( 3. 1 0) 

I t.  i s  i mport.anl to not.ice t.hat the rel evanl quant.i li es are 

i n  fact. µSc and Js! havi ng the di mensi on of magnet.i c moment. and 
energy, r espect.! vel y. 

Equat.i ons of moti on are of the form 

i S 8a 8& = 8& _ _.! ( ae ) 
c ar

=
-· -- 8x -act 8o. -'Cllx

We shal l l ook for the sol i t.on sol uti on of the form 

a (x, t.) = A(x - vl)ei C � x-vt.) +Ot. l 

gi vi ng 

and 

V 1 
t/>x ::: 2 ---­Az 

1 - 2 

r m µ !ex • O 
JSc az 

V = 

( 3. 1 1 )  

( 3. 1 2) 

( 3. 1 3) 

( 3. 1 4) 

For a =  O, t.hi s i s  t.he resul t. for the i sotropi c Hei senberg 
chai n.  I t.  was fi rst. obt.ai ned by de Azevedo et. al C 1 1  l , who 

has consi dered t.he Hol st.ei n-Pri makoff appr oxi mati on up t.o four 
Bose-operator s .  Or'l t.he other hand , the resul t.. for a;o,  but. smal l 
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was fi rst. deri ved by us [ 1 21 usi ng the expansi on up to

si x Bose-operators .  Al l these resul ts agree wi th the cl assi cal

resul ts obtai ned by Tj on and Wri ght C 1 3l .  

I t. i s  very i mportant. lo understand the meani ng of the above 

resul ts.  We have shown that. in the cl assi cal l i mi t  the

cal cul ation wi th the compl ete HP - ser i es l eads to the resul ts 

obtained by the cl assi cal treatment. . Furthermore .  we have shown 

that i t.  i s  suffi ci ent. lo truncate the seri es at f�urth of si t,h 

order i n  Bose-operators when treati ng i sotropi c· or 
case respect! vel y. Thus . we j usti fi ed t)le usual 

cal cul ati ons . 

ani sotropi c

approxi mat.e 

4. CONNECTION BETWEEN SPIN CS AND GLAUBER CS AND CONCLUSION

Let us perfor m  the fol l owi ng parametri zati on :  

Olj = Aj ei (/,j A� J = 1 - COS8j C 4. D 

I n  thi s case C 3 .  6) and C3. 7) l ead t.o: 

(Ol 1Sf  I ()I> = S (1 - j aj l
z

) = s cosej

<a lsr  I a> = 1'2S /1 - si n2 �

C 4. 2) 

-fa si n !i..- ei (/,j = S si n8J· ei flj
i:; 

( 4. 3) 

I n  other words . i n the c l assi cal l i mi t. C S  + co. SI\ + Sc ) .

Gl auber and spi n CS are equi val ent. and the choi ce . whi ch ones t.o

be appl i ed depends on the nature of parti cul ar probl em. 

The approach usi ng Gl auber CS and HP represent.at.i on enabl es

us a systemati c  cal cul ati on of the quantum correct.i ons . whi ch

1 appear themsel ves as the correcti ons of order s· The work on thi s

probl em i s  currentl y under progress . 

On the other hand , the approach usi ng spi n CS permi ts the 

study of a more subt l e probl em. concerni ng the t i me  eval ut.i on of 

CS. Treati ng the defi ni t.i on of SCS as the equat.ion of ti me

evol uti on

wi t h

l oCt)} = U(t) I O} 

U(t) 
-il:t/>m� m = e 

( 4 .  4) 
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the "cl assical " dynami cs i s  given by Lagrangi an equati ons f'or 8m 

and 'Pm 

Quant.um evol ut.ioft i s  deter mi ned by t.he Schr&il nger equation 

u :J. v,> = H I ¥'> ( 4. 6) 

Let. us suppose that. the st.at.e I V') sat.isf'i es the same i ni ti al 
condi ti ons , as the f'unct.ion I O) 

l v<O)) = l oCO)) ( 4. 6) 

The ·quest.ion that ari ses i s  wheat.her thi s i mpl i es 

i A -
fi 

Ht
I y(t.)) -= e I n(O)Xa) I n(t)) ( 4. 7) 

or , equi valenty, f'or some physi cal quantity F 
<oCt.> IF  I net.» <=> <oeo> f FCt.>·1 oeo» ( 4. 8) 

-�t. -�t 
st.rict.l y speaking ,  tor F(t.) = e .,. F e this l ast. 

equali ty i s  vali d  only i n  t.he cl assical l i mi t .  The- quest.! on 

ari ses about. t.he error. i ntroduced by subst.i tut.ing these t.wo 

quanti ti es ,  tor a parti cular Hamil toni an. Our prel i mi nary resul ts 

[ 1 4] i ndicate that. no error is i ntroduced f'or the energy and an 

error ot order _ t.2 i s  i ntroduced i n  the propagator . 

One can conclude that. spi n CS and Gl auber • s CS in the classi -

•cal l i mi t  l ead t.o t.he i dentical resul t.s whi ch agree wi th the 
cl assi cal ones. 

KOHERENTNA SfAN.J A U TEORI .JI MAGNETNI H SOLI TONA 

M. Sr 1 nJ ar , D. Kaper , S. st.oJ anovi � 
I nsti tut. za f'i zi ku, Pri rodno-matemati eki f'akul t.e� . Novi Sad 

Noli nearne f'enomene u magnetni m sist.emi ma mogu�e Je 
anal i zi rati u kl asi enoJ aproksi maci ji , al i j e  pri tome pot.rebno 
razvi ti odgovaraju�e met.ode Jcvant.no-klasi enog prelaza s obzi rom 

da J e  i nt.erakci j a  i zmene ei st.o k vant.ne pri rode. .Jednu t.akvu 
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mogu�nost. svodenj a k vantni h j edna�i na na k l asi �ne daje nam 

pri mena k oherent.ni h st.anj a ( CS) .  U radu se anal i zi ra pri mena dva 

t.i pa koherentni h stanj a :  spi nsk i h  C gener al i zi rani h) CS i 

Gauber -ovi h bozonski h  CS u kombi naci j i  sa Hol stei n-Pr i mako�� C HP). 

reprezent.aci jom spi nski h  operat.ora .  Det.al j ni j a  di skusi j a  rezul ­

tat.a dat.a je  za sl u�aj ani zot.ropnog Hei senber -ovog �eromagnet.a. 
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