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SOLITONS AND BETHE ZONE SPLITTING 

Lj . D . MASKOVIC AND B . S.  TOSIC  
l nstitute of Phys ics .  Facu lty of Sciences , Novi Sad 

We analyze the possibi l ity o the sol i ton presence in tht:t 
systems with Beth spl itting of exciton zones· and treat their 
properties by the method of eqquivalent Hami lton ian . 

Jntroduction 
B�tbe spl itting of exciton zones occurs when the 

multi- level excitation scheme can be appl ied to the molecule�] 
/1 ! 2/ .  In case of w levels .  there appear in principle w dif­
ferent types of excitons . We shal l analyze here the inf luerw,? 
of souch spl itting to the sol itons in mol ecular chains . 

The Hami ltonian of the " frozen " exciton system corrc::. · 
ponding to w- level scheme of mol ecul ar excitations in the 
harmonica! approximation /3 . 4/ has the form : 

H = � A s• B + � Daa 
0 a na na nm n n P 

B�a �na - }: Ro.a 

nrfiOI nm B ... B +
na ma 

o. . a ' e  ( 1 , 2 , . .  · . w }  ( 1 )

B· are Bose-operators creating the excitation of the type ano. 
on n-th site , t.0 is the energy of the excitation of a -leve l
of the isolated molecu le. D and R are matrix elements of the 
dipole-dipole  interaction . 

Eguiyaleot H&miltonio.n theory 
The Hamiltonian ( 1 ) is usual ly put ir1 the form : 

H0 : " (B ... l B�2 . . . . B�w) • : : : : : : : : : : �-: : : • : ( 2 } 
[ M�;A . . . . . .  M�; ] [ Bml ] 

nrrba• r1 . . • . . . . . . . • . . . • 
.. �;4 · · · · · . · �; Bww 

where the matrix elements of M are given 1,y 
'trf'a • = A 6 6 + Da�

>
. _ Raa > 

( 3 )ru,1 o. CtC11 1 nm nM rim 
&nd the given form is diagonal ized by an unitary transforma-
tion with the matrix U of the same rank as M. This procedure
eCJcouriters a number of mathemati cal  obst�cles , so we sha.1 1 
apply an approximate approach in whi ch the Hami ltonian ( 1 ) is 
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substituted by an effective Hami lton�an diagonal over the r.P-t 
of mol ecular indeces a , 

1'he general Hami 1 tonian of the system appear.ing in the 
sol iton theory includes also phonons and exciton-phonon inte ­
rflntion :  

( 4 ) 
where 2 

H,, = - �- H :» + Q· [..,, Ho --+ }I ( 5 )  

M is the mass of the molecule ,  Q - force constant and p = M• u 
r, n 

is th� momentum o the molecule .  
The transition to  the effective Hami ltonian is  real ized 

through the unitary transformation 

where 

H,0, e"' J/ �� ) n (X , (X , . . .  [U,0,] • • •  ] "'
� Htol - i· [x , Htot] + [� . [� . Blot] ] ( 6 )

>. ;J,J �; Bfµ Bfv + y fg Bfµ Bgv ] 'Yfµ : �µ = 0 ( 7 )

l eading final ly to 

H - it:  B+ B eq - a na na

.. �aJaa[B�
�c?aoB;.ia Bna 

• (u - u ) +n+l n 

Bn+ l , a 

(un+ l-

l (r
a 

na R D

n 

- tR (B• B + B� B 
) +a na n+l , a noc n-1 , a 

(un+C un) + B� Bn- 1 , a (un - u ) ] -n-1 

un-1) +t(i:: B�a B + n- 1 ,  oc 
aa 

B�-lBr1oc) • g 
R D  

B+ Bn+l , oc  + g'xa 
B�+l Bna) • ( un 

- u ) ..na RD n-1 

( 8 )  

.... J Joe°'+ 
aa= 

R 
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In thi s  way, H"9 i � spl i  tt ir1to the sum of W· inder,er1dent 
Hami ltonians with respect to a and th is faci l iates the sol i­
ton analysis . An iroportant restriction is the demand of  t.he 
pos itive efective mass o excitons , whi ch is satisfied for 
R
µ 

> 0. This  means that the number of various types of soli­
tons which can appear in the system i s  equal to the number of 
terms in ( 8 )  with R

µ 
> 0 .  

Let us suppose that for some fixed µ, Rµ >O and test tbc
properties of the correspond ing sol iton . Writing down Schrl)­
d ingers equation for the wave functior1 

1µ>=2 � ( t )  Bfµ
; (µ Iµ) = 1 ; 2 l � ( t ) l 2 = 1 ( 9 )  

f f 
and averaging it over coherent phonon states I Cp> ,  the c:<-.riti -
nuum vers ion o f  the equation obtained is  

were 

- µ - a2 ;f µ : cc + A - 2R
µ

)II - a2ll -- + 2xµ 11 
µ µ µ iJ X 

X = a• ( j ... J + �µ + g>'µ )µ µa µ» kD R D

+a> 

( 10 )  

( l l )

( 12 ) 

Combined equat!on f°' phonon operators , averaged over states 

Iµ) I c; is

_ o_f!. 8
2

,, 2x_ _ {J 'ti' Q : uz __ ,_.. + __ --µ_ -- (,f' Aµ) . u2 : a2 
0 2 M ax ' o M 8 t2 o X 

and the continuum form of normal iz ing cor1dition i s  

( 13 ) 

{ 1 4 )  

Solving the s is�m ( 10 )  and { 13 )  we obtain the final 
express io for the energy and normalized ampl itude . Energy of 
the sol iton of µ - type is

where 

_______ x�t ____ [1+ 2 
R M 2u 2 ( 1 -v 2 )2 3

µ 0 µK ] ( 1 5 )  
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2 a2 R 
V : ----µ'---

µ'K t IC ( 1 6 ) 

Normal ized ampl itude has the form 

lf'· c x, t >  = 

with 

a• Ot-"2 µ exp (iKx - i\ ( k )t/h) 
a• Oµ 

2 

2 x2 

µ 

( 

( 17 )  

( 18 ) 

It is characteristic that each trpe of the sol itons µ ,

has the corresponding type of lattice deformation g iven by 

=· - 1 
-2- M '12 ( 1  - v 2 )

• 0 1-'tt. 

1
a• O 

___ µ_ ( 2 
( 19 )

C � x - v t ( 20 )
µ.,,_ 

It is important to stress that wave-packets can form 
also for Rµ < 0, but only i v

µk
>v 0 • It is easy to determine 

their  energy : 

One can see that thier energy is  higher that the energy of 
the corresponding excitons,  because the term aris ing from the 
exciton-phonon interaction has the positive contribution .  Tho 
exister1ce of these waves is rather doubtful l because they 
would represent rather unstable excitations . 
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