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1 . I n trod uction

M icrotu bules ( MT) participate in a wide range of organ ized
dynam ica l activities th at a pparently involve i nformation
processing [tl .  Microtubu les are hol low cy l i nders formed by
protofilaments a l i gned paral lel to the m icrotubu le a x is, fig .  1 .
I n  v ivo, m i crotubu les from m ost sou rces a lways h ave 1 3  proto­
filaments [2] , wh ich are each a series polar ttibu l in d im ers.
Each d imer consists of two sl ightly different classes of
55·10 3 molecu lar weight monomers. First monomer consists
of «- hel ix cu r ly chain  and second monom er consists of
p-sheet, fig. 1 .; Each d im er m ay be viewed as a electro d i pole
wh ich are 4 n m  in d iameter . The origin of d ipole character
is in the fact th at one binds eighteen calci um ions (Ca ++ ) 
per d i mer .  ' 

.I n  our pa per we are m aking the attem pt to answer a n
interesting question related with the process of self- assembly
of ( MT) . Namel y .  in the case where the ( MT) are i n  dynam i ca l
equ il ibr ium i n  the aqueons solution of d isolved m onomers,
the next process occurs. On the one end (+)  of CMT) cy l i nder 
the assem bly from tubu l in d i mers wou ld take place and,
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FIGURE I. Left: MT structure from X-ray diffraction crystallography. Right top: MT-tubuUn 
dimer subunits comprised of a and /J monomers. Electron occupancy of either monomer may 
correlate with coherent dipole oxillations and arc rcpracntcd u .. a .. for a-monomer dcctnm 
occupancy and dots connected by Uncs for jJ-monomer electron occupancy. Center bottom and 
right: hcugonal relations lead to neighbor rulca based on �ttlce distances and dectrostBtic: 
interactions. For nelghbon shown (lower right), x - S nm, y - 4 nm, r - 6.4 nm. 
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in par a l lel , the d isassembly at other side ( - ) . 'th is figure
shows that if the ( MT) is free i n  the cytoplasm , "treadm i l l i ng"
will len_gthen the ( + ) end , wh i le the ( - )  end shorten s th at
is to say ,  the ( MT) will  be mov i ng towards the ( + ) end l We 
em phasize that d u r ing th is process the length of the cy linder
of a microtu bule reta i n s  the con stant va l ue .  

2 .  The Physica l  Model or  the Process

B iologica l  systems possess a h igh degree of order ing wh ich 
leads to specul ation on the n ature of the forces responsible for
th is phenomenon. The cornerston e  of our approach is the wel l  
known Froh l ich model [ 3 1 .  Based o n  the Froh l ich's precepts we 
developed a m athematica l model in wh ich a ch ain ( one proto­
fi l amen t) of cou pled d ipole  m oments is descr i bed by the 
so- ca lled e' m odel with the potentia l  

V( 8) = � A82 - l 8 84 ( 2 .1 )  

where A a n d  8 are positive con stant.  Th is poten tia l  has a 
m a x i m u m  VC f> =O a t  8 = O  and two m i n i m a  V( 80)= - A2/ 4B at 
80 .; ± ( A/8)11 Supposing th at the interaction between two 
pa ral lel protofilaments is sma l l ,  let us consider just one 
cha i n  of d i mer s  as a system of qu asi torsion oscilators with
one deg ree of freedom ( the torsion angle is 8n , where n deno­
tes the i n dex of d im er in the chain) . I ntrod uci ng a torsion 
con stant k the Ha m i lton ian for the system of N d imers sepa­
r,ted by a u n iform d istance R0 , so that the protofi l ament has 
a consta n t  lerigth L,  we have 

K � 2 
�{ 1 2 1 4 1 1 ..!.n.} H =
"li' 

-2A8n +4 B 8n - C8n +2k( 8n+l- 8n) 7 J ( 2 .2) 

where J is the m oment · of inertia for each d imer ,  Zn is the 
correspond ing  ang u l a r  m omentu m , and C is the phenomeno­
logica l  para meter .  For the sake of the conven ience we can 
express the Ham i lton i a n  ( 2.2) i n  the framewor k of second
q u antisation, by i n trod u cing the Bose operators Ca� , an ) as 
fol lows 

� 
8n = ( 2�0 ) ( 8 n + a:>'Jl,i. 

_ 
( 

h OAJ
)
� + Zn - i 2 ( an - an)

( 2 .2a) 

where OA is the E i n stei h  s torsion frequency . The trans­
form ations ( 2.2a) after making the u n itary transformation
C U =  Yt < a 1-a1» give the H am i lton ian 
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H = I u + a + X I ( a +2 + a 2 ) + 1 2  Y 2 X I ( a+ 2 + a 2 ) -eh n n n O n n n 2 n · n n 

- x 1 I < anan+, + a: a:i+1
+ a:ian+i + a:.1 an·> + 

n 
+ X I < a+4 + a 4 + 4 a+ 3 a + 6 a+ 2 a 2 + 4 a+ a 3 ) -2 n n n n n n n n n 

- 8Y'X '5' ( a+ 3 + a 3 ) - 24 YX I <a+ 2 a -1- + a+ a 2 ) ( 2.3)2w n n 2 n n n n n 



where we in trod uced a set of denotation s  

£ = - � Jt + 2 �l  + 1 2X 2 + � t. OA + 2 4  �2 y
2 

1 h A  1 k h  Xo = - 4 "Jo""" + X 1 + 6 X 2 - 4 hOA X 1 = 4J O � � 
_ B ta2 • _ (-h- )� . _ Xa 

X 2 - 16J2o! • X 3 - C  2 J OA'. • Y - 4X i - £ - 2 Xo ( 2.3a)

The system evol ution wi l l  be descr ibed in a quasi- classi ­
ca l  approx im ation by usin·g the coheren t- state representation . 
The time-dependen t state vector IV) of a system w ith Ham i lto­
n ian ( 2 .3) wi l l  be presented by a d i rect product IV) = R I V) 
so that the ti m e-dependent com plex n u m bers cxn be 
eigenval ues of the a n n i h i lation operators an • an l«n > = «n lcx11

) .  
The functional  f (ex ,  ex•) = ( 'P I  Hehl'¥) is a H am i l ton ian function 
in the space of coherent sta tes and defi nes the equation of 
motion for the ampli tude exn which in a con ti n uous l liJ i t  i s
a form o f  non l i near d ifferential equation s  as follows 

.. 2 a2 • 2 2 .  , cp + b1 cp - b2 R0 7-:} cp  + b3 cp - b4 cp + b5 cp = o ( 2 .4)  
. 11X 

where the unknown fu nction is rel ated with coheren t state ,
amplitude by ex pression 

and 
cp = ..1. C ex + ex• > ( 2.4a) n 2 n n 

we have a new set of parameters 

b1 = �2 [ £2 - ( 2X0 + 48Y2X2>2 ] - 4 � � 
2X 

... b2 = � ·
32 X 

bs = T • : • = £ - 2X o - 48 Y 2x 2 ( 2 .4b) 

We simply look for a travel l ing-wave solu tion of eq uati on 
( 2 .4) and appl y bou ndary conditions for sol iton wi th veloci ty v .  
Using , = x - v t . the solution descr ibing a sol iton - l i ke excita­
tion of  d im er's d i pols is found as nor m al izing function of
time and space 

the 

{( 1 t ) vh f th ,: }ex ( x ,t) = U0 t - 2 ch2,: 
- 1 .- ch2 ,: 

b3 v2 

f = ----
v:( 1 - 5) 

Vo 
constant of norm a lization h as the for m  

{ t [ 5( 3Lf- 5) ( 
48Rc,h2v2£2•2 

)
�

]}
�

Uo = 2 4v2ta2f2 + 1 + 5( 3Lf - 5)2

( 2 .5) 

( 2 .5a) 

( 2 .Sb) 

< •> Th roghout this pa per the dots wi l l  be used to denote
the derivation wi th respect to ti m e  
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v0 = 1\,/b; is the velocity or longitu d i n a l  torsion waves, and 
,0 is the center of sol iton . 

3 .  Sol iton Relaxation at the end of the ( MT) Protofi lamen t

We supposed that in the pr,ocess of self- assem bly , the 
attach ing of one d im er at the ( +) end of a protofi lament  
pl'oduces one torsion sol iton ic  i m pu ls.  Th is sol iton propagates 
through correspond ing protofi l ament.  When sol iton reaches the 
( - )° end i ts energy can be em ploy in the process of detach ing 
of u ttermost d imer in  protofi lamen t .  The aim �f th is ch apter
is that, starti n g  from mentioned picture, enables us with a 
statistical approach giving the reaction rate of the d i mer 
detach m en t  caused by sol iton ic  m echan ism , fig. 2 . . 

I n  the other words,  the detach men t of a d i mer at the end
of the � MT) cyl inder ca n be consider as the fol lowing reaction 

soliton + bound uttermost d imer = free d im er 

Moi:eover , the surplus of sol iton ic  energy can be em ployed for
the excitation of i n ternal  degrees of freedom in the ·  detached
d imer ( for exa m ple th is energy can induce the hyd rolysis of
ATP an,d its transform ation into ADP) . 

POL YMEFIIZATION DEPOL YMERIZATION 

+ 

© / 

figure 2.  
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Usi ng the m etod of  the non-eq u i l ibr ium statistica l 
mechanics C4l  we wi l l  study the role of soU ton ic me�han ism
in the process of d i mer s detachment. 

Let us now i n trod uce th e com plet Ham i lton i an or such a 
system in the form 

( 3 .1 ) 

where Heh is the Ha m i lton ian of protofi lament cha in  ( 2 .5) .
The uttermost d imer is treated as Fer m i - subsystem with energy
of excitatio.n E0 

+ Ho = EoDL DL ( 3. l a )  
+ 

DL , DL are the Fer m i operators descr ibing presen ce and absen ce 
of the d i mer at the ( - )  end . 

The i n teraction between su bsystems is represented with H int 
H int = VnL a: DL + h .c .  ( 3 .l b) 

By usi ng the wel l- known procedu re of non - eq u i l i br1u m  statis-
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tica l operator tech nique foll�wing . C 5 ,  6 l we can ca lcu l ate 
the average v a l ue of energy current from the protofi lamen t  
cha i n  to the utter most d i mer i n  t h e  ch a in 
. ( N ch) = Sp ( N ch p) ( 3 .2) 
where 

Nch = r a�a n ; ih Nch = [ N ch '  H totl ( 3 .2a) n 
and the non-eq u i l i brium stati stica l oper ator � is given by 

P = o-• ex p < - M  + & M >  <3 .2b> 
where we introd u ced the set of denotations 

M = p ( � yk ak ak + Yo Dt DL) p = ( ke n-t 
Yk = < Ak - 11ch > Yo = Eo - " o  
- [ 9 (:!!Js._)2] � Ak = Ak 1 + 2 A A < 1 

k k 
Ak = e - 2X1 cos kR0 ; Wk = X0- X 1cos kR0 + t 2X 2Y2 ( 3 .2c)
The · deviation of the system frorp the equ i l ibrium state 

is embraced by the sm a l l  operator &M defined as follows 
0 

8M = ( µeh - 110) �I dt ( e£t 
N ch ) ( 3 .2d) 

llch and 110 are the ·  chem ical potential  of the tors ion ch a i n  
excitation a n d  o f  detach i ng d im er a t  the end o f  protofi lament: 
t is time and e i s  sm a l l  param eter . 

After very long eva l u ations of correspond ing i n tegra l s  the 
expression (3 .2)  leads to the fin a l  resu lt  for d im er cu r rent. 
< . ) _ _  P< llcb- ILp> 1V

fi
kl2 U 2

( + ,c l'l (a)0)
ex p[- P< �k- llcb>] Nch - 161\z 1t K2f v  1 it 2 (

�
)

Z (v ,(a)o> 
eh 2vf ( 3 .3) 

where 2 . .. - [� (':!!s) + __E_n_ ( + i �);, ( - �) Z (
V

,(a)o> - Yo + "fk Ak Yk- "fD 1 2 6t Ll & k V ( 3 .3a) 

where h <a>0 = E0 and n 0 is the Ferm i  d i str i bution popu lation 
of detached d imer . -1 

n0 = { ex p [ P < E0 - 1!0 >] + 1 } ( 3 .3b) 
From fina l  ex pression ( 3 .3) fol lows th at the contr i bution 

of sol iton ic mech a n i sm strongly depends on the ratio <a>o/v , 
where l\ (a) is energy of ex citation of utter most d i mer i n  the 
chain , an� v is the sol iton ic velocity . The mentioned contr i ­
bution grows with i n creasing o f  sol i ton velocity . 
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