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Abstract . It has been shown -that the ground state energy E0 
of a quantum system of N identical fermi particles satisfies 
inequality 1 N- n. 

Eo ):. - L b iN-n i. 
( 1 ) 

where n:a:l , 2 , · • • • , N-1 and e,lare the eigenvalues of "n+l - body 
Hamiltoniann . The summation is performed over the first N-n 
states . 

A generalized lower bound on E0 

The studies of the energy bounds always imply a genere­
le importance . Let us· suppose that Hamiltonian of the N-par­
ticles homogeneous system read s  

N N 

H = L p//2m + I: vij (rij ) ,
" I. <  J 

( 2 ) 

Vij is the pair potential (we do not write spin-coordinates 
explicitly) and �(r1 ,r2 , • • •  ,rN) is a set of coordinates . In 
"the centre of mass 11 of kir1etic energy ( � p1a 0 ) Hamiltonian 
becomes 

N N 

H = � (pi - pj ) 2/2mN + I: V ij • ( ; ) 
l < J \. < J 

Let us now introduce a new set of �(f1 , f2 , • • •  , fN) coor­
dinates using the transformation 

f = :e r . ( 4 ) 

The matrix B is real , nonsingular and enables us to separate 
the coordinate f1 of the centre of mass . If B- 1 is the inverse 
of the transpose of B, then new momenta are 

( 5 ) 

372 



where ff i::: -i 1' v1/
i. 

• 
For any trial , normalized and antisymmetric ( in the par­

ticle indices 1 , 2 ,  • • • , N) function � (f2 ,(3 , • • •  ,"fN) we have 

where 
1 - 2  - 2  1 

Hij
a 

�(p
i

+ Pj 
- 2pip

j
) + -;-N( N-l )Vi j 

m(m-1 ) 
J.) = ---- ma2 , '3 , • • •  , N • 

2 

( 6 )  

Let us suppose that after introducing new coordinates · f 
and momenta .if ,  Hamiltonian is transformed into 

with n=l , 2 , • • •  , N-1 ,  and that we know to solve the eigenvalue 
probl�m 

� C f2 • · · · • fn+1 > 'P 1 Cf2 • · · · •fn+1 > • £1 (f1C f2,· · · , {n+l ) ( 7 )  

In order to obtain the lower bouna on  the energy E
0!. let 

us expand the unknown , ground state function 'fo (f2 , • • • ,fN) 
in terms of the normalized e igenstates cp 1 Cf2 , • • •  ,Jn+l ) 

where Ci are constant coefficientes and 'fi antisymmetric 
functions in the individual partisle indices n+ 2 , n+.'3 ,  • • •  , N, 
i . e .  

the operator A is antisymmetrizer .  By supposition 'f'o  is 
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antisymmetric and normalized 

A (l ,2 , • • •  , N) 'YO n � 0 

For the energy of the ground state we have 

E 
O = < � 0 I H I t O ) = ( 't' 0 \le If O ) 

m �  ( 01 1 2 t i
\ 

( 9 )  

( 10 ) 

An i}'lequality for the coefficients o1 can be obtained 
using Schwartz inequality , hermiticity , projection prop·erty 
and decomposition of A 

l
A (n+l ,n+2 , • • • • N) m ----- (l-Pn+l , n+2- • • • -Pn+l , N)A(n+2 , . • •  , N) ,

. N-n 

where P1j is the exchange operator in the i�dividual parti­
cle indi.ces i and j . Namely , 

I C i 1 2 g I < q, i 'f' i f 'f o) ,
2 

= f < </> 1 'f i I A ( n+ l ,  • • • N) 't o> J 
2

;: l < A (n+l ,  • • •  , N) <f1 t1 I r o> ,
2 

where 
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L < A( n+l ,  • • •  , N) 'P1 'f'1 I A(n+l , • • •  ·, N) <f 1 r1 >

1 

N-n

l 

lf-n (11 )



$ m )cp:c� ,  . . .  , fn+l > 'ft <fn+ 2 • • • • , fu> pn+l , n+2 

<p i(f2 • • • • • fn+1 > Y-'i <fn+2 • • • • • fN) df2df3 • • • dfN {12 ) 

Let us show that & is nonnegative for a transformation ( 4 )  that 
satisfies 

pn+l , n+2  r D+l D f n+2 t 

- ..
Pn+l , n+2  �n+2  = fn+l 

Pn+l , n+ 2 f 1 111 f i ' ( l /; n+l ,  n+2 } •

Now for 8 we find 

(1'3 )  

s C ) • • •  ) { )4'1 <r2 • · · · •fn+1 > Y'1<fn+1 • fn+3 • · · · •fN}d.fn+1 l . 

• { f 'Pi Cf2 ' • • • •fn •�+2 ) 'f; qrn+2 •fn+3 ' • • • •fN}dfn+2 } af2• • • 
dfndfn+3 • • . dfu � 0 · 

Hence , from the relation (12 ) we derive 

Combining this equation with ( 9 )  and (10 )  we have 

l N -tl 

Eo � - L £ 1 ' 
N-n i = 1  

(14 ) 

(15 ) 

where the summation is taken over the first N-n energies of the
n+l - body fictitious Hamiltonian (7 ) . 

Let us notice that the relation (15 ) �or n=l /1/ describes 
2-body Jastrow correlations , for nc2 triplet correlations , while
with n.:=N-1 we come back to the original N-body problem as well . 
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