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SUMMARY 

The density matrix formalism is employed to derive the spin response 
to the radiofrequency field and the magnetic field gradfen1s at MR 
imaging experiment In this approach the effects of spin parametem 
and their applicalfon in medicine and physics of condensed matter 
are visualized clearly. 

INTRODUCTION 

Nowadays . the nuclear magnetic resonance0-3) is the tool used for 
fnvestfgatlons In different fields of physics, chemistry. biology and 
medicine. With new techniques which allow us to detemdne the 
Image of spatial distribution of spins and their properties �) themacroscopic �}e and which were first introduced � 1962 and 
developed later lZl·26) • it Is used for the � the spatial spin 
distribution. the dfstdbutlon of relaxation tinies; the chemical shifts and 
for the mapping of the flow velQclty dlstrlbution in a fluid. It allows us 
to measure Ute spin parametetsC�'29} and pl'QVides us with the 
important information about the structural and dynamical properties of 
matter and in medicine with functional assessment and physiological 
status of body organs. 

The aim of thfs review Is to consider systematically the pararaetam 
which reflect the effects of spin Interactions and its migration on NMR 
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signal and provide a classification of the different imaging methods. 
In spite of the fact that spin dynamics is usually described by 
modified phenomenological .Bloch equations, the density matrix 
fonnalism is employed. in this review. The advantage of this approach 
ls'lhat the expressions for response of the spins to external magnetic 
and radiofrequency CrO fields are more compact and allow the effect 
of spin interactions in matter and spin spatial motion to be visualized 
more clearly. 

The free energy of a coil containing a sample of magnetic moment M 

: 
constant temperature 

.
prod� b! a change in magnetic field 3B 1

aF • - M a9i · Ol

whm9 BL is the magnetic field at the location of the magnetic 
moment The free energy can be also expressed in terms of an 
electric cunent ic which produces a field B1 • and a magnetic flux •
induced by magnetic moment of the sample 

3F • - •  Si C
Th.us the voltage induced in the coll (3Q) is 

d• d 3F d (M &A. )u .  - ar · disr · - df 'iE1 
C C 

To distinguish between the magnetic fields in the receiver and 

(2) 

(3) 

transmitter coils. that of the receiver coil will be denoted as Sir· while 
the magnetic field of the transmitter coil is given a Bit· In a sample 
with many microscopic magnetic moments (the spins), the induced 
emf is given by 

U • - t � �(B1rCrJ) I yJ) (4) 

where y fs the magnetogydc ratio and It fs the radius vector of the 
location of jth spin. I.n is the componenf of the spin operator along 
the coll axis. Exprem4bn (4) shows that if a coll carrying a wut 
current prodllC8S a fleld Bir at the point of a spin then the rotating 
magnetic dipole of the same spin induces in the coll an emf 
propottional to the sum of the produc1s between the spfns and thefr 
relatsd magnetic fields. The average can be evaluated using the 
density matrix operator p CO to give 

h d  �U • 
�

dt 
f, 

Tr Plt)c;rCry I yj 
J wheJ8 �- ,S h 

,, By using the time evolution operator U (0 the density matrix can be 

(5) 

formally written as 
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p(t) • U (t) p(O)U -l(t) (6) 

where p (0) is the initial density matrix at the moment when spin 
excitation star1s. rn the high temperature approximation the equilibrium 
density matrix is 

p(O) • Pr. (I � hCa>0 � �j / zj ) (T) 
J 

where the matrix operator of the lattice is p and where � describes
the degree of spin longitudinal magnetization. The longilllcUnal 
magneti7.8tion of spms may be non-unifonn either due to an 
inhomogeneous static magnetic field or due to .some perturbation 
prior to the experiment. and thus � depends upon the location of 
spins. An example is now measurement � by the time-of-flight 
methoc1 where � depends upon time which the spins spend In the
magnet 
The time evolution operator in the expression (6) is defined with the 
hamiltonfan by the formal relation 

U (t) • T exp( -i f H (t') dt') (8) 

The time ordering operator T prevents direct evaluallon of eqn. (8) by 
simple integration of the comulant and it is necessary to employ some
approximate techniques. The general objective of the spatlaly 
resolved measuring techniques is .to label the . spins in some manner. 
In magnetic resonance this is achieved by applying a non-unifcmn 
magnetic field. If the static maqnetlc field BO is Inhomogeneous along 
the sample. then the precession angular frequency of the spins 

(9) 

depends upon he spin location as well as the spm magnetization. 
Thus the spatial displacement is shown as a frequency displacement. 
A similar effect can be achieved by non-uniform field of the 
transmitter or receiver coil. If the If field of the transmitter coll Bit Is
non-uniform. the degree of spin excitation depends upon the spm 
location and ff the field B is non-uniform the receiver con detects
signals which also depends upon the spin location.. 
The transmitter coil. generates a magnetic field 

Bu • B1t0(r. t) sin w0t (10) 
which excites the spins. In a salectlva excitation expmimant wheJ8 
only the magnetlzalion In a thin slice of the sample precesses in a
transverse plane the magnetic field gradient is applied dudng the rf 
lrradlallon period. Thus only spins In a certain plane are at exact 
resonance and interact strongly with the rf pulse. The shape Is 
well-defined If the If pulse amplitude Is modulated with the desired 
spectral dlstributlon. 1bus the magnitude of the If excitation pulse Is a 
function of time and position In general. 
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. Here It is assumacl that the hamlBanlan dascdbfng the system. and 
the spin dynamtcs In pmtfcuJar. oonslsls of 8ve patts 

H (t) • Hz + HgCt) + Hrf.t) + .Hint + HL 
The Zeeman part 

Jiz • • luoof 1zJ 
the gradient part 

H
a

• h"' ct(t) I Cr1 - ro> 1zJ
the radlofrequenay ..J 

(II) 

(12 ) 

(13) 

H.,l.t) • - h- f wit<•j• t) sin (&>0t + a) 1xJ (14) 

The hamiltonian Btnt includes all remaining spin interactions such as 
the spin-spin interaction. the inlaraclions with electrons, the 
quadJupoJe inleractlons and the infemcllcns between spins and the 
lattice. 'l is the Jatlioe hamt1lonian itself. 

. In the ardfnaty NMR fl8e preo a: Iron expedment only the excita1lon rf 
pulse Is applled. Hem we shall cansider a mme general approach 
whme spin e,niWfon Is achieved using a type of spin-echo rf pulse 
sequence oonslstlng of a soft s/2 pulse and a sequence of s pulses 
of vadous phase. In contrast to the fnltial exclta1lon pulse. whose 
magnitude depends upon the time and the spin Iooatlon. the field Bit of the • If pulses Is essnmed b be ocmpletaly unffmm and time 
lndapendard. 1n Older to slmpUfy fmther consideration the • pulses 
are asaumed to be sholl enough to neglect their spatial seleotlvlty 
wh6n app]led almullanaausly with the magnetfo gradient.. Here we 
shall adopt a trealmant of the fl.'1J whlah uses a time evolulfon 
operatar wdnan as a pmduot 

u (t) • l1i. U2 ur1. uq �de (18) 

wheJ8 � lncl11des only the hamlllanlan lit.and �t • Uz Is the part 
due to the Zeeman � q.,. is from the lnferacllons with the .. 
pu1sas. ug· 1s mlafad to t11a gradient lntaraatfon and �rte �resents 
the spin flm8 evolutlcm due to. the excitation by the Initial rf pulse. 
Each separation of the time evolullan operator means the 
tran.sformatfnn In � new hdaracdan mpmsanlallon. 
� of the axpresafan 08) Into eqn.(6) gives the emf 

wllag& f  
h II d Y.(  •l -1 -1 -L-1 .. t :J )) > u .  �ai T Tr uLuzud.\ q181

zl
udeug u

r1,.uzvL1
Yi Clt\1rt L Iii

06) 
Hele the bracket (->i. � the awrage over the an·olher 
degrees of fleedcm except that of the spin. The J)UlpOS8 of the Initial 
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excitation rf pulse Is to transfonn the spins into coherent state either 
In the whole vohmle of the sample or In a certain selected part. In 
order to to achieve a selective excitation. the rf puJse is applied 
simultaneously with the magnetic field gradient. The effect of such 
combined excitation 9n. the spin system has been treated using 
different apprOl!ldtesC'mJ. Jn the following it will be expmssad in 
general fonn. as 

urfe J2j u;fe • Aft)/
xj + Bftl/yj + Cft)/2j . (17 ) 

The further evaluation wilh the gradient tenn gives 

U
g q18 1zJ u;f e u;/ · MCr1)[ 14cos(-,J Ct) +· -, ) +

with 
+ 1yjsin(-,j (t) + °'J )] + 1 I zJ

M(r 1> • / Af Ct) + ef Ct)

and 
.J A��°'J • tan Bft 

and where 

'Pj (t) • y f G811Ct'l[ rf t') - r0] dt' .

(18 ) 

(19 ) 

(20) 

(21) 

Transformation into the tilted frame by U
r& 

changes the sign of the
operator 1,r It also changes the sign ai1Ker of 1xJ ot 1yj depending 
upon the ihase of the • rf pulses and on the number of pulses 
before the time of measurements. In general we denote the sign of )cj 
as P x<O and of � as P y_CO at the time l It is assumed that the system 
is in a strong mdOnetic field and that all other spin �actions but
Zeeman one are small pmturballon.. In taking the time derivative In 
the expression (16) all other modulations. except the free precession 
with the averaged frequency w0 have bean naglacled. Thus by 
substitution of eqn. 08) Into eqn. (16) emf induced In the reoeiver coil 
becomes 

h2 2 
U • -10

wo Pxftsj (Tr�Jlxftl M[rfO)] wi1[r1Ct)] cos[ ,pft) +

+ °'j + PX Py w0t ])L . (22)

The parameter M(r) In eqn. (22) becomes Independent of the spin 
looallon If there Is no magnetic field gradient and when B It Is unifoml

along the sample t
M • sin( y l B

lt(t') dt'] • (23 ) 

Under the sama condltlan tha phaaa « Is zero. In the ordinary he 
lnduotlon decay expedment In the absenoe of any • rf pulses, PX -



and Py are equal IO unity, but in the spin-echo experlment which use
a sequence of • rf pulses their value may be :tl or -� leading to the 
change in sign of the signal and the sign of the phase. They change 
also the sign of the magnetic 881d gradient After each • rf pulse the 
slgQ. of the gradient Is mvemed so that effective gradient can be 
wdtien .· 

G8fttl • P x<tl P Y(t) G(t) (24)
� (22) represents the basic expression tor the spin response In 
the case of the sale :live e.xcltdon and applfoaSlon of magnetic Beld 
gradients. The measuring or Imaging of the spin density, the 
distribution of spin relm•,. m times, the flow. and the effects of the
spin mfgratloi� 818 detemdned by the patam&telS In the expression. 
Tlus the pmam B tar llf Is J)fOJ)Ol1icnal to the longitudinal magne11mtion. 
and depends upon tNt spln-laltloe relaxatlcn time. It also depends 
upon the wtloolty at which the Inflowing spins have lnsuflic!ent time 
to reach the equllibdum value ,s0• The parameter Tr 1xJ ]J.0 d8scdbes
spin-spin lmeracllmla. It modulates the free precession ma'na1 with 
addltlonaJ fl8quency depending upon the intemal magnetic ffelds
Cl8ld8d by spins neighboum. In some cases It can be descd.bed 
only by the 181a.albn time 12 as

(26) 

SELF-DJPPUSIOH· AND ·PIDW 

The Idea of using spins for meast$g molecular migration dates back 
to the beginning of nuclear � l8SONln08 CNMR). The poSantlal 
of using NMR..fat. studying either randqg1 mlorcscoDfc flow 
6lelkliffwdon)�J ot macroscopic flowl�lO) was qulokly reaJi7.ed. The
major advmda9e of using NMR for these measurements is that the
sample Is unalaclad by the measmlng prooess since there Is no 
dh8at aanlaat with the iluld. Tims. from the vmy early days ofdlJ4 
flow measurements have bean made an 'Y81'}' dlflarent systams 
� even lnoluded some physiological applloatlons <IZL1J. Several
methods for measuring the spatial migration of spins have � 
p,oposed and most of them have been appled �IV). 

The radius V80lcr of the migrating spins rJ changes with time. An 
av•aged spin loo8!lon oan be expressed simply as 

<rf tl> • 1
Jo 

+ v1 t (7b) 
wh8le 'f: Is the averaged wtloolty veclor of jlh spin during acqusltlon 
time of � PID In the NMR 8lq)8llment. In the spin response given by 
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. eqn. (22) the migration elects the receiving abDlty of the ooll through
. the parameter �"3.CfJ) and also changes the phase 

. t 
· .,(t) • y J G8u(t')[1f t') - 10] dt 

' •  0 
(27 ) 

The detailed treamleDLof the effect caused by vmla1lon in fa) Is
given elsewherelZtj• '50J but here only the effecls of the � 
changes caused by motion of the spins through the magnetlo field 
gradient will be considered. Neglecting the If non-unllonuity then the
average only of the phase in eqn.('2) needs to be �hdecl This 
can be done using the comuJant expansion theolem\32}. U only the
flmt two terms of the expansion are takm\ Into account It Is 
transfomled into 

and 

with 

(cos[.,1Ct) + a1]>L • exp[-,1 Ct1]cos[<�ftl>1. + -,] (28) 

f(O = T .J t' G Jt1 �· 
. . o er 

(30) 

(31) 

(33) 

The expreulc?n (28) repreeants an d9nuat8d oscOJatlon. with the 
. attenuation determined by the pmamater (0. wb.fch &,pends upon
the spin coordinates at dUfelent times and 1s � to the 
randomization of spins. caused by m1grat1on· sJnoe It arises from 
turbulent flow or mforoscoplc self-cllluskm. Applying a gradient along 
the �-axis. (0 becomes · . .  

t t .  
. �_co . f J dli ! dtz G-J.� G.J.t.; <,if.� xf.'i' >u: CM> 

wh919 1ooatkm oonelallon can be expressed by the valoclty
awocone1atlon funotlon · 

< xf.� .xf.t.} >u:"  � _/',:>u1 M axp(1-!zl] dao (38) 
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::d"w) is the spectrum of the x-oomponent of the velocity

(36) 

D
u: (0). the value at w • O. is fdenflcal to the � coeflicient. 

D. 11 the speotrum of the magnetic field gradient Is defined as

GCw. t) • J G.J.t'l exp(ifllt') dt' •

then by substltulion of eqns.(36}{37) Into eqn.(34) the attenuation 
parameter becomes 

(37) 

(38) 

This Is the convolution between the spectrum of the velocity 
autocxmelaticms and the spectnml of the eBactmt gradient . Whenever 
the ocme1ation time of the molecular translation motion is short 
oompared to the time scale of the effective gradient changes only 
the low frequency part of D

xx
("') plays a role In eqn.(38). In this case

(t) can be approximated to

� co .  � D
xxf 

co> r i G(:z 
01

2 
dw . (39) 

- a, 

which Is equivalent to the well-known result dmlved by Toue,C3l for 
spin echc>dampenlng If the Paroeval Identity Is taken into account.

'J (t) .. i D
XXJ 

(0) J I J G-,1.t') dl' f du
0 0 

(40) 

This means that eqn. (40) is just an approxfmatlon of the 11IOl8 general 
expremdon (38) which valid for any ocme1ation times. With a certain 
mlnterpre1atlons It can be applied when the c:lynandas of turbulent 
flow Is oonslderad. Thus this ccmsldmaUon gives that the 
measurements of self.dlffuslon by NMR might yield fnfomlallon not 
only ·about the diffusion constant but also about the veloclty 
eutoconelatlons. I.e. Its spectrum. 

CONCLUSION 

By replacing eqns (26) and (1.8) In eqn. C22) the emf of the mcelver 
ooD la 
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U • t: p X Tr ,; J cir3 p(.s} 11{,> MC. )  mrp(- $ . ,e(r. t) ] •

• ,£ 1  + vCrlt] oas[PCt>Cr - ro> - fCO vOO + ·aCJ )+ �  1j c,0t] . C42l 

H818 the spins dansity Is defined as 

p (r) . f & Cr - \,1 .
(43) 

and Tr 1y 2 means the trace over one spin.
In eqns t'40 and (42) Bit of the • rf pulses is assumed to be unlfonn
in the excited part of the sample. 'Ibis means that the active region 
of the transmitter ooD � the width of the selected sUoe. and spin 
mlgratlon should be slow enough to avoid an appreciable outtlow of 
spins from the ooil in the time acqusition of the FID. These restdctlons 
are related only to the • rf refocusing pulses, the magnitude of the 
initial d pulse may be non-unlfoml -along the saniple. A dealled 
analysis of the oase of spin refocusing by non-unlfoml • rf pu]ses 
gives a spin response which Is much more ,QQ\OPlloa1ad than eqn. 
(42). Such a case has been already �J by consldedng a 
spin-echo expmiment on a flow in liquid. HOW8V91. with the restdcllon 
discussed above. eqn. (41) is a general descdptlon of the spin 
response of the flowing fluid. 'l1t8le 818 vadcus paramatem 
dependent upon the flow velocity which can play the dominant role 
In any partlculm chosen expedmanla1 prooedure. In the NMR 
coheJent FID experlment the emf signal given by eqn.(42) Is 
conveded by quadrature detecllon 1n1o two s1gna1s udl and ud2
which can be wdtlen In oomplex fonn as 

U • Udl + Uc12 • K J dr 3 "eflJ.YJ) exp { I [P-Ctlfb- r ) - 1(0 y(I) + a(I )]}

with (44) 

. (48) 

and 

Pef1J. T, t) • ,£ r nOOt] p{,> IICI) MC. ) mrp(- $ - ,er. t) ] • (46)
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This expression Is applicable to varlcus Imaging sohemes and gives 
us. after Fouder tnmsfamatlon. lnbrmation about the distdbutlon of 
spin dallslly. the dlstdbution of te!axat!oft times T1 and T 2 and also
lnfolmat1on about random flow (t) or velocity distribu1lon of the flow. 
The velocity dlstdbutlan 081\ be obtafnad either from inaomplele 
magnetization l8COV8IY and transfer � from II. the effects 
due to the d Jle)d non-unlbmlty seen In "Ji and M(r). or from the 
� changes exp(ifY). �(� oases have been
considered In dataD elsewhere • 
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