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S U 11 M A R y· 

This paper gives, in an abridged form, the essential exposition 

of relative deformation and rotation tensors. The question about 

the number of local di�ensions of these tensors is considered, 

especially from the standpoint of the absence of relative deforma­

tion in spacetime as a consequence of initial data. A first applica­

tion is rnaae, of these results, to a MHD fluid without a specified 

energy tensor (only Max well equations of the electrom agnetic field 

are 9iven). A second application is made in cosmology. Several 

�ypes of cos�ological metrics are considerad and determined under 

different conaitions on relative deformation or rotation. 

w.e use. in this work, the relative deformation and rotation

(or vorticity) introduced in our previous papers 7, 10• These quanti-

ties extena the we11 known tensors of proper deformation and 

rota:ior. � , � corresponding to a congruence u::i (u :l.u ._.= -1} of world
:l; 

1ines� in the sense that they are obtained by coupling two congruences 

of �orld lines, u� and r�(u�u = ��� ' with their proper spacelike • ). .. " ::i. ' 

eiements. The conclusions are such that they can be indistinctly 

applied to both special and general relativity. 

'* .. 

Relative kinematic quan�ities �e consider are: 
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denoting respectively covariant and partial derivation. Relative 

�inematical parameters 

alreaoy mentioned: 

• corresoor.:= to proper ones, 

�e snall aad, in order to be complete� the conj�gates of above 

tensors: 

·· '). :

and: 

r- -
... u . r:, ::i + 

--; • u ,. -..:. . 

+ ::­
"":>.

+ • .  � ,.-

.r_ . 
� r ... , = + ; = 

l"- -
. )"

:, 
=

{ i • 3) 

, ' . 4; 

( 1 • 5) 

( 1 .6 j 

; i .7 } 

( 1 .8 ) 

The study of the pairs v�=' ��f and �
,.
= , -� 5 is obviously

s u ff i c i en t , t he c on c l u s i on s f or �
,. 5 , :: ,. � an d � :). = , : � :: be i n g s yrwn et r i c ,

except in some questions concerning relations between these pairs. 
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The first question that arises is related to the local number of 

dimensions of these tensors, exceptionnally to the case of the absence 

of deformation or rotation. 

We start with an identity concerning second order derivatives of 

a tensor (in our case it is the proper spacelike .metric tensor) with 

respect to two different vector fields. This identity reads (cf (1 )):

where: • a.
) 

( 1 .9)

We shall restrict ourselves to the case when fields u� and ; Q 

are two-surface forming, i.e.: 

(1.1 0)

where a and b are arbitrary scalar functions. Then, having in mind 

(1) and (10), relation ·(9) takes. the form:

where: 

� :: a uci :- : . - �s .. 

After a scalar multiplication of (11) by u0 , we shall have:

or 

(1.11)

(1.12) 

(1.13)

After another scalar multiplication we draw the conclusion that:

(1.14) 
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wherefrom we are able to determine the scalar b. 

1) We draw, first, from (13), the conclusion that for:

a E; s = 0 Qp 

i. e. for a proper deformation ten�or that has locally no components

in the two-planes u�,�� (cr�E is always orthogonal to u�), the nul­

lity of b has the consequence that the Lie derivative of £ l+ � u� 

vanishes. Conversely. for a vanishing Lie derivative of , l+ ;-u:l and 
� -:l b = 0, c

CJ.S has no components in any u , :, plane.

2) For b constant along u 0 world lines. with a two dimensional c:::. :

as previously. and ( · . .LI �o = 0, on an initial hypersurface. we have 
::i� 

the consequence, from ( 12), that: 

_ u .. = a 
�= 

along worlo lines u � that leave the initial hyoerstJrface . 

.. 
'* '*

�e shall appliy , first, these conclusions to �r.D. 

Consider a magnetohydrodynamic electromagnetic fie1c in a f luid 

oescribed by Maxwel l equation (cf. 6) which are ther. of tne form; 

( 2. 7 ; 

1 _::i£r�- { h 
2 ::.. ': ru .: (2. 2} 

where u"' is the four velocity, h� tne magnetic field and J- the

electric current. Other constitutive relations can have any :o?":r. (we 

oo not restrict ourselves even to a perfect fluid) we ascribe to 

them. 

The first group of Maxwell equations (2.1), when develo�ed� tells 

u s , in fact , that streamlines u O and magnet i c f i e 1 d 1 in e s h 
O 

form 

two-surfaces. We shall assume that r� world lines are contained in 
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these surfaces. Having in mind that then; 

we can write equations (2.1) as: 

(2. 3) 

Q where oa i� the expansion corresponding to cae· We have from (2. 3): 

(2. 4)

where v: is the expansion correspond 1 ng to \lne -·pr�per incompre-s­

s i bi 11 ty mean.so�= a. and relati�e on v� 111 O. Then from (2.4) :

1) For a HhD fluid having a constant ratio h/Ve2 -1 along magnetic

field lines. the relative expansion v: is proportional to the proper

expansion ·a�. and they llre of the same sign with I v�l�a�I (the

equality holding only for v� = a�-= 0) .

And from (1.9) and (2.3}:

2) When either the proper or the relative deformation tensor is

orthogona·1 to the magnetic field, with the same condition on the

other one, given on a spacilike hypersurface tor I:', then both are

�rthogonal to the stream and the magnetic field lines along �orld

1 ines . ') '.J 1 which intersect with .. . resp. , -; t - . .

3) For a fluid having h/i:-2- 1  constant in two-surfaces u0
, t0

, with
Q . Cl a vanishing cQ (or. v 0 relative vorticity tensor naS is orthogonal

to the stream lines.
* 

* * 

Another field of application for our kinematic parameters is 

cosmo 1 ogy. 
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1) Consider the case of de Sitter metric (cf.15:):

with an observer moving along the radial coordinate line, whose world 

lines are: 

t• ::: t .... (r) 

lf we set up t he ccndition: 

rr = O' 

we s ha 11 o bt air.: 

.... 
R2 1n :-1�r/R� r' 4c�Dt � , c. 1-r/R' • 

� '

the tangent unit vectors ; :,. of t' being: 

0. 0� -R� -=::;;=:::;- ••
Cv!-rL/R.:'. 

The metric of the observer is then: 

r ds 2 

� 2 ' 2 " 2 " 2 - 4 c '- D t ' ) . ( d r ' - c � R d t ' � ) + R : ex p :l..:. { r ' -4 c D t ' ) -

( 3., ) 

{3.2) 

This m etric has the property of expansion ,n the (r', t') directions 

and of contraction in the (.:. •,: ') directions. The worlc lines t 

intersect with t' under constant pseuaoangies. 

2) For the generalized Lemaitre metric:
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we have , for van i s hing cycl ic com ponents of rel i t 1 ve deformation : 

(3. 3) 

So the ex pan sion of the metric must be , under condition s ( 3 . 3 ) ,  a 

linear function of time . Then v rt • " rr and n rt are the only componen t s  

o f  deformation and  fotation different from zero. On t he other hand , 

the a bsence of rad i al deformation " fr = O wou l d l ead  u s  to the 

a bsence of ex pan sion of the metric. 

The condit ion 5 rr = 0, where c� t  is the conjug ate proper de• 

formation ( 1 . 7 )  leads u s ,  after simp le  but very l ong  calcul ation s, 

to the conclusion t hat the metric cou l d n ot be 1 n  ex pa n sion , the 

coeff ici.ent in the metric form bei'ng con stant ( a2 / H  = con st ) . 

3 )  For a more genera l ized form of a cosmo 1 og i ea 1 metric { cf . Peebles 

! 4 ; }  :

we ha ve :  

, · · . .  . . "' 0 � " 0 " r r' " :· :� ' " e :  ' " rt r • rt r •

T hen the condit i on of the • bsen�e of rotati on lead s u s  to: 

(3. 4 )

giving · t he necessary and sufficient condi·tion for t he ex·istence 

of  a relatively nonrotating con gruence of world l ines tQ having a 

purel y spacelike d i ag onal relative deformation . 
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