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SUMRKRARY

This paper gives, in an abridged form, the essential exposition
of relative deformation and rotation tensors. The question about
the number of local dimensions of these tensors is considered,
esgecially from the standpoint of the absence of relative deforma-
tion in spacetime as a consequence of initial data. A first applica-
tion is made, of these results, to a MKD fluid without a specified
energy tensor (only Maxwell equations of the electromagnetic field
are given). h second application is made in cosmology. Several
types of cosmological metrics are considerad and determined under

different conaitions on relative deformation or rotation.

we use, in this work, the relative deformation and rotation
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{or vorticity) introduced in our previous papers These quanti-

ti€és extenc the well knowr tensors of proper ceformation <. and

[¢ 34

rotatior ._., corresponding to a congruence u?(u*y. = -1) of world

iines, in the sense that they are obtained by coupling two congruences

2

of woric lines, u> and 5°(u"u3 = % 3 with their proper spacelike

- -val
eiements. The conclusions are such that they can be indistinctly
applied to both special and general relativity.
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Relative kinematic quantities we consider are:
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where denotes the Lie derivative with respect tc > , - anc. °
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denoting respectively covariant and partiai derivation. Relative

ninematical parameters anc «.; , corresponc to prorfer ones,
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we snall aad, in order to be compiete. the conjugates of above

tensors:
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The study of the pairs Voo :15 ang .-, - c is obviously
sufficient, the conclusions for Ca:, 3:: and % ., Za: being symmetric,

except in some questions concerning relations between these pairs.



The first question that arises is related to the local number of
dimensions of these tensors, exceptionnally to the case of the absence
of deformation or rotation.

We start with an identity concerning second order derivatives of
a tensor (in our case it is the proper spacelike metric tensor) with

respect to two different vector fields. This identity reads (cf (1)):

LuL:{gﬁE *u Ug = Lel o lgag *uaug) = Li(gas tuad (19)
where:
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We shall restrict ourselves to thecase when fields u® and ;“

are two-surface forming, i.e.:

Lg% = au? apg? (1.10)

where a and b are arbitrary scalar functions. Then, having in mind

(1) and (10), relation (9) takes the form:
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After a scalar multipiication of (11) by u®, we shall have:

Lu{vasus) - bcafiz = b¥ag uf +
+ (S ¢ FUL) ud aEh. (1.12)
or
- E .
L8y # tu ) - a7 = b5y 2ug). (1.13)

After another scalar multiplication we draw the conclusion that:

aufo g, - £%FT e = b(0n1) (1.14)



wherefrom we are able to determine the scalar b,
1) We draw, first, from (13), the conclusion that for:

%€ ES =0
i.e. for a proper deformation tensor that has locally no components
in the two-planes v, z? (Uaf is always orthogonal to uz). the nul-
lity of b has the consequence that the Lie derivative of 2.+ 3 u,
vanishes. Conversely, for a vanishing Lie derivative of Z;* fu, ang

. .’3
b = 0, Cag has no components in any 3, £ plane.

~

2) For b constant along u® world lines, with a two dimensional “.:
as previously, and (uaénﬁo = 0, on an initial hypersurface, we have

the conseqguence, from (12), that:

o :
"

o

along worla lines u that leave the initial hypersurface.
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we shall appliy, first, these conclusions to MkD.
Consider a magnetohydrodynamic eiectromacnetic fielc in a fluig

described by Maxwell equation (cf. 6) which are ther of the form:
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where u® is the four velocity, h> tne magnetic field an¢ J  the
electric current. Other constitutive relations can have any sor- (we
ao not restrict ourselves even to a perfect fluid) we ascribe to
them.

The first group of Maxwell equations (2.1), when developed, tells
us, in fact, that streamlines u® and magnetic field lines hu form

two-surfaces. We shall assume that Z> world lines are contained in



these surfaces, Having in mind that then;
he = h// BE-1 (%200, h =|h%

we can write equations (2.1) as:

Leu® a ot + u% In(h//B -1}t{£8+5u6)+usuaur?uar (2.3)

where cg i$ the expansion corresponding to C,p. We have from (2.3):
u: + eo:-a h%e in{/e2-1/n), (2.4)

where uz_is thé expansion corresponding to vce"Prqper incompres-

sibility meansc} = 0, and relative on v: = 0. Then from (2.4):

1) For a MHD fluid having a constant ratio h/VBEti along magnetic

field lines, the relative expansion vg is proportional to the proper

Q
a?

equality holding only for vg s og = 0).

And from (1.9) and (2.3):

expansion c_, and they are of the same sign with lVgljU:I (the

2) When either the proper or the relative deformation tensor is
orthogonal to the magnetic field, with the same condition on the
other one, given on a spacilike hypersurface I or I, then both are
orthogonal to the stream and the magnetic field lines along world

lines -°. ~r:zz.. 4°, which intersect with =, resp., Z'.

3) For a fluid héving h/vYz2-1 constant in two-surfaces ua. £°, with
a vanishing cg (orfv: relative vorticity tensor 2,5 is orthogonal

to the stream lines.

Another field of application for our kinematic parameters is

cosmology.
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1) Consider the case of de Sitter metric (cf.|5;):

z
cds? = T + rz(dv2+sin2vd:2} - cz{i-rzfaz} de?
i-r°/R
with an observer moving along the radiel coordinate line, whose world

lines are:
t? =t +.(r)
i7T we set up the ccndition:

“pp = 0, (3.1)

we shall obtair:
t*=t - DIn (E };;ggy' S

2 2 ,-1+r/R
r* = 4c“Dt + R%1n “*—14:)~ 2 =3
V~T

the tangent unit vectors dof t? being:

-R3 M

———

:? zeDa o1-r2/R2, 0, 03 —RS_%
Cv!=-ré/Re

a = (R2-4c4023'1. R*2c b..
The metric of the observer is then:

ds€ = ‘exp _az(r’—dczﬂt'}’ - E‘"Z &2

- ac®pte) " (dr?-c?R%dt?) + R? exp af{r'-4c?pt’) -
- £ (477 4 sinivast iy, (3.2}

This metric has the property of expansion in the (r’, t’) directions
and of contraction in the {(-*,2”) directions. The worlc 1lines t

intersect with t® under constant pseudoangies.

2) For the generalized Lemaitre metric:

Z

eds® = az(t) if{r) dr2+rz(d§2+sinzed:2)i-cz dtz.



we have, for vanishing cyclic components of relative deformation:

v,. mbem v, a0 o al(t) = kPt + 12 (3.3)
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So the expansion of the metric must be, under conditions (3.3), a

linear function of time. Then Viets Vo and nrt are the only components

r
of deformation and Fotation different from zero. On the other hand,
the absence of radial deformation v, . = 0 would lead us to the
absence of expansion of the metric.

The condition Err = 0, where Eaﬁ is the conjugate proper de-
formation (1.7) leads us, after simple but very long calculations,
to the conclusion that the metric could not be in expansion, the

coefficient in the metric form being constant (aZIH = const).

3) For a more generalized form of a cosmological metric (cf. Peebles
v &)
cdsé s A{r,t)erd + B(r,t){e:% + sin®sde?) . cl¢t?
we have:
Vepr Ve s Veaov g £ 0 S £ 0O,
Then the condition of the absence of rotation leads us to:

4 pp ® 0 = Vi, = G s=ed = Af(r}) (3.4)
giving'the necessary and sufficient condition for the existence
of a relatively nonrotating congruence of world lines g® having a

purely spacelike diagonal relative deformation.
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