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T he i ntroducti on of t h e  speci a l  the ory of re l ati v i ty profound l y  

a l tered the concepts of s pace a n d  t im e .  I t  i nfl uence d  a l l parts of  

phys i cs in  whi ch th es e concepts a re us ed , pa rti cul arl y mecha n i cs .  

T he math em a t i ca l  forma l i sm i n  wh i ch speci a l  re l a ti v i ty i s  m ost 

n atura l l y  ex press ed i s  f our-d i m ens i on a l  space -t im e . At the beg i n n i ng 

phys i ci sts d i d  not accept t h i s  form a l i sm but rat her  i ns isted  . on t im e  

a nd three-d imens i ona l spa ce • . T h i s  l ead. s om etimes to  apparent i ncon­

s i s tenci es that were cons i de red  a s  apa ra dox es • .  An i nstructi ve  

ex am p l e of th is  ki nd i s  the  L ewis -Tolm a n  a pa ra dox " or  t he probl em 

cf t he stressed  l ever.  T h i s  s hort contri buti on  g i v es a so l ut i on of 

t he prob l em i n  a m a n i fest l y  four-d im ens i on a l manner.  

Ta ke a r ig i d  r i g ht-ang l ed l ev er  �t  rest in  i ts prope r  i n e rt i a l  

frame of ref erence S ( Fi g . 1 ) .  The  e qui l i brium cond i ti ons f or force s 

a nd  torques read 

- F i a  = 0 a

The i n de�  a refers to N forces ana  the i r  po i n ts of appl i ca t i on  a n d  

t he torque i s  d efin�d wi t h  respect to the  pi vot  a t  t h e  ori g i n  O .  

I n  our cas e  the . s econd  equati on  reads : x 1 F2 - x 2 F 1 = o .

Consid er· this l ev e r  i n  a n  i n.ert i a l  frame of refere nce s •  

mov i ng wi th v e l oci ty v in the d irect i on o f  the common  x a nd  x ' 

a x es . T h e  l o�g i tud i n a l  a n d  the transvers a l  dimensions of the l e v er  

a re tra nsform ed .  respecti v e ly , a ccord i ng to  

X 1 ' = X 1 /-Y. X ; ' · = X ; , i = 2 , 3  



i o  
�no  ·the long i tu dinal and t ransversal component s  of t he fo rces, 
j .  � 

respectivel y, accordtng to 

F i ' :: F ; /)' , i = 2 , 3 

;ith y =  ( 1 -v2 tc2 ) -1 '2 • Therew i th the equ il ibrium conditions in · frame 

s •  take the form 

- F ' 0 '(' ( ' F. F , .  2 � i a 
= ' - x i a .; '-x · F · ' )  x1 2 ' • x 2 r 1 =a a ... a J a  , a  

2 2 = - v x 2 F 1 / c  ; 0 

As equ ilibriu m  should be an invariant state Tol man and Lewis 

concluded that this resu lt is a paradox. 1 Lau e gave a solution, 

known nowadays as synchronous. 2 The torq u e  in frame s •  is consi dered 

with respect to the origin O ' .  I n  this frame there is a flow of 

energy vF1 from the point O of the le�er to the point A and a cor­

responding flow of mass vr1 1 c2 • The arm of this flow with respect 

to 0' is increasing with the rate -v. Thu s, its angu lar momentum 

with respect to O' is increasing with a r ate -v2 x
2

F 1 tc2 • This i s

the time derivative of u hidden� angu l ar momentum which compensates 

the net torq u e. 

For more than fifty years lau e•s solution remained unchal enged.  

But then Arzelies, Cavalleri and Salgarelli, Sutler, and Aranoff 

objected that the energy flow is not a very usefu l concept and that 

the synchronous solu tion is not in the spirit of the four-dimensi on a l  

formu lation of special relativity.3 After a couple of unsuccessfu l 

attempts4 we i ntrodu ced piv ot events whi ch enab led us to f; n d  a 

manifestly four - d; mensional,  asynchronous solution. 5 

I n  a covariant approach we start wi th a point particle of 

proper mass m and introdu ce the anguiar momentum tensor 

':J , \i = 0 . 1 . 2 ·. 3  

and the torque  tensor 
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M = (x
".! 

- X ) f - ( x - X) .i v 1J V V u

X is the four-vector of an event on the world line of the particle. 
ii 

X is the c�rresponding event on the world l ine of the pivot ,

u = dx ,Jd-r is the four-velocit y ,  f!; = m d u  J d-r the f our-forc e a n d... ., 
• the proper time of the particle. If the angular moment um law

dJu� /d:  = M�v should be valid, pivot events should conform with

the equation 

The usu al choice for the pivot event is X� = ( O , O, O. O ). An alternati ve

choice, m ost appropr i ate in relativistic statics ( a n d  some other parts 

of mechanics) i s

X� = X� { O )  + ! u� d:
0 

I t  leads to a manifestly four-dim ensional form of the equilibrium 

conditions. ·For a particle we have in its proper frame X � = ( c� . o . O, Oj 

= ( ct , O . O, O } . Therewith the fou r-force arm in the proper frame S is 

and in the improper frame s •  

T hus, the longitudinal spatial component x 1 is dilatated to Yx 1 • 

The events x � ' and Xu ' in frame s •  are evidently asynchron ou s 

but, thanks to our definiti on of the pivot events . time d oes not 

enter explicitly eHher the proper four-force arm or the improper one • 

. ·Going over from a part; cle to the rigid body on e assumes that 

f orces and torques acting at discrete points on a body transf orm 

as f orces and torques acting on particles. In the proper frame S 

where all parts of th� rigid body  are at rest

. f0 = 0, f ; = F ; and M0 ;  = O .  Mij = x 1 Fj - x j Fi
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So t he relati vistic equil ibrium conditions in t h e  proper frame 

I fua = 0 ,  I f\Jva = 0 read as in nonrelativisti c mechanics : :  F; a= 

a 
= 0 ,  r Mija = 0 ,  I n  t he i mproper frame S '  Lorentz transformat ion 

a 
gives : 

and 

'"t·F 1 , f ' 2 

It can be d irect ly  s een that therewith th e eq u i l ibri um c or. � i ti ons 

in the i mproper f rame S' have als o tne n atural fc � r -d i� en s ional 

f orm : f . , a ' = 0 , :r-:. , ,a' = O.
a - a - · 

T he whole procedure is indeed in the s o irit of s pecial rel ativ ity 

an d at the same tim e  bears as much res em b l ance to  nonrel ativis t ic 

mechan ic s as pos s ible. 
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Fiaure l .  The stressed right-angled lever vith the proper 

frame of i'eference s .and the improper one S ' . 
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