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Th e idea of grav i ty as a g a uge theory of Poincar� group was

f i rs t  elaborated by Ki bble ,1 who  extended U t i yama · s  work2 on gravi ty

as t he  gauge th eory of Lorentz  g roup . After that , vari o1 1s treatments 

of �ravi tj as Poi ncar� ga uge theory appeared . 3 I n  order to  t reat

grav ity al-0ng the - li nes accepted for other fundamental i nteractions , 

_ we shall pres ent P oi ncar� �auge approach to the theory of grav i ty 

whi ch has a very clos e res emblance to the us ual procedure for gau­

g i ng i nternal s ymmetri es . I t s relati on to s ome other Poi ncar� gaug e 

approaches wi n als o be di s cus s ed .  

The s tart i ng poi nt i s  to � ons ider a Mi nkowski s pace- t i me R4 ,

at each point of wh i ch one can defi ne a local torentz reference 
u 

frame e1 { x ) , called tetrad . Us i ng cartes i an coordi nates x , one

can choos e the tet rad in s uch a way that i t  coinci des w i th co­

ordinate �duced bas es e
u
{ x ) , ei ( � ) = o ; Ue

u
( x ) . 3 We shall adopt

conventi on t hat Lati n i ndi ces i , j , k ,  . . .  refer to local Lorentz 

frames , wh ereas G r eek i nd i ces u , v , A ,  . • .  refer to coordinate bas i s  

od s pace t i me .  L et a phys i cal sys tem  be de s c�i bed by a Lagrang i an 

dens i ty ( � ( x ) ,  a k� {x ) ) ,  where � ( x )  i s  a s et of fi eld variables 

�hi ch reali s es a repres entation of Poincare group and o
k 

= ok
u oµ

i s  partial derivat i ve w i th res pect to tetrad . 3 Under a global

Poincare tr2 n s formation def� ned by ten cons tant i nfi ni te� i mal 

t ,.,u v -- -wvu parame e�s � 



( 1 )

Uli nkowski metric n i s  used to l ower i nd i ces ) , the matter f.i�ld ' . I.IV 

t(� )  and its der iva , t ve ok� (x )  under go the followi ng changes 

( 2a )

+ ( 2b ) 

where Pv c - av and "
iiv 

= S
iiv 

+ (x
u

a
v 

- xua
11

) a re ·group _ generato rs , 

S
iiv 

is spino r pa rt of M
11v , wv = o kuwv

n and o
0
•=t • (x ) -�(x ) de­

fines fo rm  va ri ation of matter field t. 1 The inva riance ot _ the 

action integral unde r Poinca rt!  t r ansfo rmatton , gi ven by Eqs. (1 J and 

(2a ), can be expressed in the fo rm  of the followin.g condition on 

Lagrangian density : 

0 _ (3 )

and 

we note that fo r  glbbal transfo rmations lJ 
t ' u 

= wll = 
µ 

0, due to 

the antisymmetry of wuv . 

I f  one now generalizes Poinca rt! t r jlnsfo rmation ( 1 ) and (2a ) 

by assuming that ten group pa  r aneters a re not constants . but space-

- time dependent functions, the conditfon ( 3) fa i ls to be fulfi lle� ,

and the action inte��al is no longer  inva r i ant. The reason fo r this

is �wofold. Fi rst , the pa rtial · derivative akf is not .t ransfo rmed 

covari antly , i.e. as in Eq. (2b ) . The s�cond reason is that tu, u I O . 

The vio lation of local gauge inva riance can be compensated by changi�g 

L agr angian  density in a suitable manner . 
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Let u s  firs t find La gra ngia n density ' obeying the inva -

rhnce c o nd i tion ( 3 )  with t'IJ = 0 This is a chieve� by · defining 
"lJ 

• 

( 4) 

where Dk� is a c ovariant  deriva tive o f  w, wh i ch tra ns forms under 

l o c al P oincar� tra nsf orma tio ns  a s  akw did under glo bal o nes, Eq . 

( 2b) , 

where � i
k = 6 i

u6k vwµ
v · To c o n struc t ok, we have to  intro duce 

g auge po tenti�ls· Ak . 

( 5 )  

Conditb n (5 ) determines the gauge tra ns formation o f  A k a nd 

Aµv� . Ttie form Q f  these tra n s f o rma tio ns  a 1 1 6�s us to treat t� 

a nd . �� 6, i n s tead of Eµ and wl 6� as  in dependen ts pa rameters . 
,, L / 0  

Mo t i v ated by this i ndepe� de�ce . o f  tu  a nd w� 5, we n ow  

in tro �uce , ins tead o f  A l.I , the t�arisl a t i o n  gtuge po tential A\ 

correspo ndin g to th·e parameter tll . 

( � )

The gau�e. tra ns  .. f orma ti_ o n  o f  �1.J� foll ows from  the c orrespo nding 

tra n s fo rma tio ns of  · A l\ a n� All\ ;  Rewriten i n  hrms . o f  liklJ = . 

;: . •  �� .: AlJ �, · iwhi c� is ·n o t  the gauge- p o ten ti a 1 , . this . tra ns f orma­

tio n · law rea d s  

( 9 ) 

- · �p t� n ow, - we have d�fi ned the c ovariant  de�ivative Dk$

·oy.. i ntr o duc � n g  �auge, po te.nda 1 s ,  a n d  derived · their tra n s f o rma tj o n
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propert i es from t he req u i remen t o f  the covar i ance  of  Dk� · Lagran­

g i an dens i ty £ ' ,  E q . ( 4 ) ,  i s the reby determi ned . The proced ure 

fo l l ows very cl osel y the bas i c  i deas of  gauge approach to i nterna l 

s ymmetries . 1 , 2 I n  the s eco n d  s tep of  res tori ng l ocal invari ance
l,! of the theory, we h a �e to take care of the  fact that t ' µ 1 0 in

E q . ( 3) . Th i s can be d one by defi n i ng the ma tter Lag rang i an as 1 

£ M 'ljl , h, A ) = b £( iti, Dk$ ) , ( 1 0 )  

where b = det b k µ ,  b ku bei ng the i nverse o f  the trans l at i on gaug e
µfi el ds hk 

b k h " =  6 "µ k ll ' ( t 1 ) 

I n  o r der to have cl ear geometr i cal i nterpretatio n of  trans ­

fo rmations ( 1 ) , ( 2a )  an d new gaug e po tenti al s A uk an d A A ok '

we s hal l n ow general i ze o ur previ o us convention concern i ng the 

us e an d mean i ng of Lat i n an d  Greek i n dices . F i rs t,  any G reek 

i n dex of gauge potent i al s h oul d be rel ated to  the transformati o n  

propert i es with res pect t o  gen eral coor dinate transformati on  tll ( x ) , 

whereas any Lati n i n dex s ho ul d des cribe transfo rmat i o n  p roperti es 

rel ated  to the l ocal L o rentz  ro tat i o n ,  defi ne d by parameters 

wi j ( x ) .  Acco r d i ng  to the t ransformation _ l aw ( 9 )  the  us e of Lati n 

an d G reek i n d i ces i n hkµ i s  i n agreeement with th i s conventi o �.

From the  transformat i o n  properti es of  A A 0k • o ne can s ee that al l

i n d i ces s h oul d b e  Lat i n o nes,  

o A i j =. -h
k

T a
T
(l)i j - · (l)s

kA i j +wi As j +,) Ai s  - t" A :: A i j ( 12)o k s s s k " 1.1 ).  k 

Geometr i cal l y , h
k

µ an d A i j
k 

can �e i dent i fi ed  w i th tetra d an d co n-
3 necti o n  coefficients of  R i emann- Cartan s pace-t i me u4 . I n  a seco n d

s tep we g en eral ize in dex conven ti on  so  that i t ho l ds al s o  for u4 •
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The d i ffe rence  be twe e n  L a t i n a nd Grea k i nd i c e s  bec omes n ow e s s e n ­

t i a l . i n  c o n t r a s t t o  · t h e  ca se o f  M i n k ows k i  s pa ce- t i me . 

To comr a re o u r  re s u l ts w i th  K i b b l e ' s 1 • we n o te t h a t  he s t a r ­

· t e d  b y  c o n s i d e r i n g  Mi n ko vs k i  s pa c e - t i me i n  w h i c h i n fi n i te s i ma l  c o ­

o rd i n a te t ra n s fo rma t i o n s  ( 1 )  i nd u ce t o ta l c h a ng e  o f  t h e  ma tte r

f i e l d  ··g i ven  by

{ 1 3 ) 

w h e re c l!; �- tlJ' ( x ' )  - i:i ( x )  = · 60
1;1 - ox � ,\·tP. Go·i n g  to a l o ca l i za ti o n of 

g ro u p  p a ".ame te rs � the to_ta l �ra n s l.� t i on tlJ : '( x ) , · wh i c h i s  i n t e r p re ted 

a s  ge n e.ra l c oo rd i .n_a te t r a n s f o rma ti o n ,· a n d  . l o ca.1 ro ta t i o n s  wij , a re 

t rea ted _fro m- t h e . � e ry b e g i n n i n g  a s  i ndepe·ndent sets  of pa ra_me.te r s .

· Th e  ,g a u ge p o te n t i a ls wh i c h a re in trod uced i n to
.
the  theo ry , · h a ve ·  . . . 

t ra nsfo rma t i o n  p ro pe r t i es . wfrfc h :. a re es s e n t i a ll y  des c r i b e d  by o u r  . " . . 
E.q s . ( 9 )  a nd ( 1 2 ) ,  j us t i fyi ng  t h e reby a_p o � t e r i o r i  t h e  a s s_s umed i n ­

d e p e nd e .nce  of � u ( x )  a nd w1 j· ( x )' .  The· u s e  ,of .f�_rm: v a ri ati o n  o 0 1/1

f n s te a d  o f : �t b r i n g s o u r  a p p t� a c h  mQre c l o� e ly ·  t o  t h e  s p i ri t o f  ga u �e 

t h e o r i es of i n t e r n al sjmm� t r i es , s! � ce 6 � t fea l i zes  t h e  re p re s e n t a ­

t i o n  - � f  s pa c·e � t i ma symme t ry .g r� u p , wher�as  o1J, doe s n o·t . The  t ra n s ­

forma t i o n  p ro p e r t i e s  o f  h k JJ a n d  � ; j k . . a re. eq u_a l · t o  t h o s e : of . the

c o rre s p.o nd i n g  K.i-b.b le·' .s fteld s , . .  a n,d c o v a �i a·n·i · de.�i ya ti ve s  . . Dic� a re

the - s a me . The  two . fo rmu la ti o n·s · a re t h us · seef t o· · .�:e . eq u i va l e n t  .•

H e h  1 ,  von  d e r  H eyde , Ke-r l i c k  a n d  Nes t.e·r .· {�HKN ) 3· -· s t a �ted

from the  ve ry b e g i n n i n g  wi � h  the c o nd i t f o n  tha t m a tt e r  f i e l d  . t r a n ­

s f_o rm a t i ? n o 0 � i n . a ·n a c t i ve . � n ter p reta t.·i o � ;  s h.o u l d  h a .v.e d �f i n i te
. . ' . . " ' •. -

- ' 

. 

� ' ' - ' . ' . ' 
- . 

' . 
geome'trlca 1 . mea n i n g , . v i a . . so _  ea 1 1, �d . . ri · g:i cMt,y - c on�.it i 0 �  • . T h ey .. re� u i  red

t�a t P o i n c a r� t r a n s l a t i o n  g� n era to r  -P i = cS 1
JJ aU s h o u l d be c h a n ged

e very�h_ e re i n to_ D; after -l o c a li z a ti on of symmet ry·, i n  o rd e r  to 

p re s e rv e · th e · o p e ra t i o n a l  s i g n i f i c a n ce o f  t ra n s l a ti o n . In  t h a t  way , 

e x p re s s i o n  fo r cS 0 1/J s h o u l d  b e  c h a n·g ed  i n to



4 6  

{ 1 4 )  

where D V 
k : b v ok. By comparing expression ( 1 4 )  wi th ( 2a)  one finds

the relation 

( 1 5 ) 

bk A i j ) whi eh shows that o"' i.:,· and o 0� d i ffer by a 1 oca 1
\I k 0 

L orentz rotati on of matter field ,  caracterized by parameter �J j = 

= -Ev A i j . Our formulati on, which i s invariant under local Poinca r� • V 

transformati on (1 ) and ( 2a ) ,  and therefore under any ad diti onal 

local L orentz transformation, is also invariant under new total 
* 

variati on o 0 � - Si nce the reversed l ine of argument is also correct, 

the equivalence of H H KN formulation and · our is thus established. 

We note that the geometric i nterpretation of gauge potenti als 

in our approach is formulated according to thei r deri ved transformat­

ion properties. The H H N K  approach has a conveni ent geometri cal form , 

si nce geometrical language is introduced from the very beginni ng. 

All the three formulations are thus seen to be e! sentially 

equi valent Poincar� gauge approaches. al though different in form . 

Therefore, the d i f ference between K i bble' s 1 · and H H KN 3 approach i s

much less important than it is claimed in Ref. 3 . 
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