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The idea of gravity as a Jauge theory of Poincaré group was
first elaborated by Kibble,1 who extended Utiyama“s work2 on gravity
as the gauge theory of Lorentz group. After that, various treatments
of gravity as Poincaré gauge theory appeared.3 In order to treat
gravity along the lines accepted for other fundamental interactions,
we shall present Poincaré gauge approach to the theory of gravity
which has a very close resemblance to the usual procedure for gau-
ging internal symmetries. Its relation to some other Poincaré gauge
approaches willalso be discussed.

The starting point is to consider a Minkowski space-time R4,
at each point of which one can define a local Lorentz reference
frame ei(x), called tetrad. Using cartesian coordinates xu, one
can choose the tetrad in such a way that it coincides with co-
ordinate induced bases eu(x), ei(g) = 5i”eu(x).3 We shall adopt
convention that Latin indices i,j,k,... refer to local Lorentz
frames, whereas Greek indices u,v,X,... refer to coordinate basis
od space time. Let a physical system be described by a Lagrangian
density (¥(x), 9,¥(x)), where ¥(x) is a set of field variables
which realises a representation of Poincaré group and ak = 6k”au
js partial derivative with respect to tetrad.3 Under a global
Poincaré transformation defined by ten constant infinitecimal

v v
parame ters WV = V¥ and Eu,
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3 L u”“n“ + ¥ (1)

(Minkowski metric LI is used to lower indices), the matter field

¥(x) and its derivacive skw(x) undergo the following changes

1
80 = (gu™” LI P )¢ (2a)
1
B3 ¥ = (zu""nw + :“yv)a.kq, - w¥ 3 (2b)
where Pv e ’av and "uv a Suv + (xuav - xuau) are'group.generators,
S,y 1s spinor part of M, w = 6§ ", and 8oV’ (x)-v(x) de-

fines form variation of matter field w.‘ The invariance of(the
action integral under Poincaré transformation, given by Eqs. (1) and
(2a), can be expressed in the form of the following condition on

Lagrangian density:

u b "
8y + &, BV +aEY, 0 (3)

where Y = w”“xv + ¢ and

S,k TE{y+8 v, Ry 48,3, 9)-5(. . .,

we note that for glbbal transformations ;“,u = m“u = 0, due to
the antisymmetry of w'V.

If one now generalizes Poincaré transformation (1) and (2a)
by assuming that ten group paramters are not constants but space-
-time dependent functions, the condition ( 3) fails to be fulfilled,
and the action integral is no longer invariant. The reason for this
is twofold. First, the partial derivative 3,y is not . .transformed
covariantly, i.e. as in Eq. (2b). The second reason is that g”,u £ 0.

The violation of local gauge invariance can be compensated by changing

Lagrangian density in a suitable manner.
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Let us first find Lagrangian density ' obeying the inva-

riance condition (3) with ;“,u = 0. This is achieved by ‘defining

&' s E'{‘J"Dkﬁ’) (4)
where Dk¢ is a covariant derivative of ¥, Which transforms under
local Poincaré transformations as Y did under global ones, Eq.
(2b),

8060 = (szu\" M

i
o t g“RU)Dk¢ - @ D5 (5)

where u’k = 61uékv”uv' To construct Dkw we have to introduce

gauge potentials'Ak.

ey = {3 + Aty (6)
1
A - A”kPu + ZAMY Myy (7)

Conditon (5) determines the gauge transformation of A K and
A”“k. The form of these transformations allows us to treat g“
and .Qké, instead of ¢V and Q)§f as independents parameters.

Motivated by this independence of g% and w'8, we now
introduce, instead of AY , the translation gauge potential AY

corresponding to the parameter g .
RU, = &M e AYO (8)
The gauge_trans}ormation of A“k follows from the corresponding
transformations of.A”k and A““k; Rewriten in terms of h ¥ =
=wcﬁ - R”k,fwhich is ‘not the gauge potential, this transforma-
tion ‘law reads
o, Ta g o 8 pH Ay a W
Gahk hk B?E w khs 5'33“k . (9)
-~ Up to now, we have defined the covariant derivative Dkw

by. introducing gauge potentials, and derived their transformation
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properties from the requirement ef the covariance of Dkw. Lagran-
gian density £°, Eq. (4), is thereby determined. The procedure
follows very closely the basic ideas of gauge approach to internal

1,2

symmetries. In the second step of restoring local invariance

of the theory, we have to take care of the fact that g”,u #0 in

Eq. (3). This can be done by defining the matter Lagrangian as1

£M(‘P:hoA) = b£(\-'»,Dkw). (10)

where b = detbku, bku being the inverse of the translation gauge
3 13
fields hk

k

b h =6V, bN ¥ gk (1)

uhk i ui

In order to have clear geometrical interpretation of trans-
formations (1), (2a) and new gauge potentials ﬁ“k and Alsk,
we shall now generalize our previous convention concerning the
use and meaning of Latin and Greek indices. First, any Greek
index of gauge potential should be related to the transformation
properties with respect to general coordinate transformation g¥(x),
whereas any Latin index should describe transformation properties
related to the local Lorentz rotation, defined by parameters
mij(x). According to the transformation 1aw (9) the use of Latin
and Greek indices in hku is in agreeement with this convention.
From the transformation properties of AA‘Sk , one can see that all

indices should be Latin ones,
15 _p Ty i 5 pfd L0 asd, 3 ais _ A aid
§oh Tk = chyg 3qw Y —wT AT ot (AR AT - § Ak (12)
Geometrically, hku and Aijk can be identified with tetrad and con-

nection coefficients of Riemann-Cartan space-time U4.3 In a second

step we generalize index convention so that it holds also for U4.



45

The difference between Latin and Greak indices becomes now essen-
tial, in contrast to the case of Minkowski space-time.

To compare our results with Kibble’s’, we note that he star-
‘ted by considering Minkovski space-time in which infinitesimal co-
ordinate transformations (1) induce total change of the matter
field “given by

v =g ISy (13)

where €&V = v*(x*) -'¢(x) ='60w - dxuauw. Going to a localization of
group parameters, the total translgtioh g“/(x).-which is interpreted
as general coordinate transforméfﬁon; and local rotations wij, are
treated from the very beginning as independent sets of parametefs.
"The gauge potentials which are introduced into the theory, have
transformat1on properties. wh!ch are essent1a11y described by our

. (9) and (12), justifying thereby aposter1or1 the asssumed in-
dependence of g" (x) and w‘J(x)u The use4of‘form‘var1at1on sdw
instead of ' gy brings our approach more cloSely'tB the spirit of gauge
theories of internal symmétries, sjqce 66w realizes the representa-
tion of space-tima symmetry .group, whereas &y does not. The trans-
formation properties of hk u and Aijk‘ are equal to those of the
corresponding Kibble’s fields, and covariéﬂt’aeriyatives_nﬁ' are
the same. The two formulations are thbs-seéjjtoaqé_equiValént,

Hehl, von der Heyde, Kerlick and Nester (HHKN) 3;stafted
from the very beginning with the condition fﬁat matter field .tran-
sformat1on 5°¢ in.an act1ve 1nterpretat1on, should have def1n1te
geometr1ca1 mean1ng via so,cal]gd. nrg1d1tx-cond1t1on. They:requ1red
that Po1ncaré trans]at1on génerator 'Pi = Siuau should be changed
everthe%e into Di after localization of symmetry, in order to
preserve the ‘operational significance of translation. In that way,

expression for & ¢ should be changed into
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1 i3 Ve
- =
8% = (ze Sy - B0 (14)
where Dv = bkak' By comparing'expression (14) with (2a) one finds
the relation

* £Y 1 Aij 3

5, ok i . iffer
(A7, = b WA i) which shows that 6% ¢ and § v differ by a local

Lorentz rotation of matter field, caracterized by parameterAujj =

= -g“Aijv. Our formulation, which is invariant under local Poincaré
transformation (1) and (2a), and therefore under any additional
local Lorentz transformation, is also invariant under new total
variation 6o*¢. Since the reversed line of argument is also correct,
the equivalence of HHKN formulation and -our is thus established.

We note that the geometric interpretation of gauge potentials
in our approach is formulated according to their derived transformat-
ion properties. The HHNK approach has a convenient geometrical form,
since geometrical language is introduced from the very beginning.

A11 the three formulations are thus seen to be essentially
equivalent Poincaré gauge approaches, although different in form.

Therefore, the difference between Kibble’s 1'and HHKN3 approach is

much less important than it is claimed in Ref. 3.
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