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HAMI LTON I AN FORMULATI ON OF POI�CAR E . GAUGE THEORY OF GRAVITY 

I . A.N i ko l i t ,  O.S.Popovi t 

I ns ti tute o f  P hys i cs ,  Beo g ra d  

Us i ng Di rac ' s  method  ftir sys te�s w i th corts t ra i nts , · E i n s te i n­

-Ca rtan fo rm . of  Po i n ca re ga uge theo ry of  s p i no r  f i e l d i s  p ut i n to 

Hami l ton i an  fo rm. Th i s i s  done i n ti �e : g a uge�  treat i ng  tetrads � n d  ... •. 

connec.t i on coeffi c i ents as  � nde pe·ndent . v ari abl es. 

_I n o rder  to �et · t�e un i fted descr i p t i on  of  al l fundameta l 

i n,te r·a ct i ons  i n  . nat ure , · i t  i s  natu ra l  · to ·  tre.at  gra v i ty ·  as a Po i ncare 
· . · : �a ug� · �heory 1 • 2 • · E i ·ns .te i _n·-ca.rtan .fofm o f  � uch· theo ry i s  the s i mpl es t

e x ten s i.on .. of E i nst� i n. gen·era l  relati vi ty .  I n  s u._ch theory . to rs i on does 

not ·p ropa.gate . -
f
he

. 
· H��i l ton i anforinu l a  ti  on  - o f  E i n s tei n-Cartan . theory' .

i �
. 
n ecessa ri i n  c�non i ea  1 a·s· we'i 1 · :; n

. 
the path- i ntegral  q uan t i  z a  t i  ori·

p rocedure . Bes i des , the  H ami ·l ton i an formulat i on o f· the theo ry w i th 

cons� ra i�t� � wh i ch was d�vel o�ed  by _ D{�a� 3 , res u l ts  i n  a deeper  

unde rstan_d i n g  ' of .qnon:t c.al s tr�ct_ure_ a n�  p·hys i ca 1  degrees  o f  free dom . 

. of  t.h �  theo ry ,;  
· we s hal l, _ ·ap p 1y _ Dirac' s . sys.t,mati c . method  to f i n d  Hami l ton i an , ·

tra ti n g· a 1 1  g a ug e· poteoti·a 1 s a s  . . i n de pendent  , ·fi  el _ds . The a.d vantage of
. . . . .. . · ,.  : 

our  a·p proach  ( th i s  i s  S Q  ca l l ed the  'H _r.S t_ · ·o rder. forma l i sm )  . i s  that  

i t . i s  unavo i d ab l e when  mo re gener� l  lagrang� a�s ih� �  R �re  use d. 

Fo·r the toi-i! l  a ct i on· fo.1'.' the ··sp_i nor- · f i e l d ( des c r i be d  by° 1" and  

� )  in  i nte ract i on  wHh . �ra�i hti. ona l ·  fi
-
;ld ( ijes.:cr.i bed by ga uge

potenti a l  S· h � �nd  ·
_
A i_ j lJ } . we choose 1 .

_
: , : · 

. 
k .. . 

. · : . . . 4 . . · . . - 4 . .. 
·S ·. = ·

. 
J � X ( £

g 
: + � m ) . � _/_d �-£ ( 1 } 

whe,re the matt"e r L a grang i an i s  gi ven ·by 
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( 2 )

and gravitational Lagrangi�n is ·proportiona l to scala r curvature R ,  

i.e .  i t  corresponds to t he Eins tei n-C � rtan theory

( 3 ) 

T here ,  K is Eins tein gravitational cons tant and b
k 

is  determinant 

formed by inverse tet rad fields bk
� · The l a s t  term in E�. (3) is 

4 -divergence and can be ommited. We s hall prove th a t this  choice of

Lagrangian gi ves correct expres sion for the total energy of t he

sys tem (see E q . ( 2 8) ) .  T he total Lagrangian £ can be written in t he

form £ =  £ ( 0 )  + £ ( 1 ) ,  where .t ( O )  is  independent on the velocities ,

and .t ( l }  is  linear and homogeneous in velocities . Because of this

s t ructure ,  canonical Hamiltonian ?l will be simply_ equal to -£ ( 0 } .

In order to obtain the simpler form of the t heory and give the time

coordinate a ph ys ical meaning, we impose the time gauge conditions4 

h O = 0a ( 4 )

(indices a , b , c , d  and �. S, )·, o take on values 1 , 2 , 3 ) . Afte·r this , we 

are left with 1 3  tetrad components h 0 � and ha" (fields b\ are now 

inverse to the h � while b0 = 11 h
0
° ,  b� = 0 and ba = b0 ba h0o ) . a o .... . o .>. 

Using t he t i me gauge conditions ( 1 )  becomes 

( 5 )

where K :  b h O = det (ba ) .  Defining canonical momenta in the usual 
0 Q 

way 

o £ = n° oh  µ + n a o h  o + u 5A i j + ci '  ( o 1 ) µ o , o  a a , o  �ij �, o � Y •o + � 'o r. { 6 )  



we e as i l y  f i nd the  pr i ma ry c o ns t ra i n ts 

a A a o ,.., + ;. ( iTa,.. - 1 b a h 8nb ) ... 0 
Q

o.
- ... I\ "" '2'  a. b  s - ( 7 ) 

� o _ .. o ::; O ,
1-1 l..1 

- _ - K - o Q = 7f - '2" 1), i y 

( 8 , 9 )

( 1 0 ) 

Ca no n i c a l H a mi l to n i a n i n  t he  t i me g a uge c a n be w r i tten  i n  t h e  fo l ­
l owi n g  form 

'Jl = ?f.O + b
o

o �L + bo 
o
h o (l� + Da ,a 

whe re o0, a  i s  3 - d i ve rge n c e 

1(0 = ! fA a o h a  
X

b 
" l o b a h 

a Aa ,.,b 1 A a b  o )+ 
a b o  � a - � o Xab 

..,, - K r a ( a o a Ab o  
,,_B = K l 2 ha A 

I B , a l + A 
b l a  B I )

f � ; y  
01;,,, + l £ 0 a b C 

A a b 
B J C )

- lEoa b c
h

a a ( 2 Ao b
a J c + Ab e 

a J o ) + mK�$)

wh a re the e xpress i on s  fo r x a b 
a n d  x

a
b O do n o t depe n d  o f A i j u ·  

N o w  w e  defi n e  t h e  to ta l H em i l to n i a n 

( i 1 )

( 1 2 ) 

( 1 3)

( 1 4 }

( 1 5 )

( 1 6 ) 

wh e re u-s a re u n de te rm i n e d  mul t i p l i e rs .  Cdns i s te n cy c o n d i t i on s  

i miJos e d  on c o n s t ra i n ts $a t an d $, se rve to dete rmi ne u a � u a n d  u · a cl 
. µ wh i l e � i j  g i ve new, se c on da ry c o n s t ra i n ts 

o _ h a h aXa b  = "a a. b - nba a 
( 1 7 )
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whe re 

and 

- Ao be h ::i -' o r. ' h  � , - ... 
Xa = · ao + 0 0  "" a :i · " a ' "' G .' : :x � v  

Cabe 
1 CL 5 :  b ha ·  hb C B , a.

J k k 5;- i�y y 

Final l y , consistency con ditions fo r � 0 l ead to .. 
"XL • 0 ' � :; 0

Q 

( 18 ) 

( 1 9 ) 

. ( 2 0 )

(2 1 )

(2 2 )

Consistency conditi ons fo r E q .  ( 1 7 - 19 ) and ( 2 2 )  do not give new 

s econdary constraints . 

I t  is e asy to check that Aab
o do not commute with o and i as 

claime d in the l ite rature 5 • But if we replace J given by ( 2 1 )  with 

� C  _ i � C 5 0 - 0 C 5 ) C
u = t ( �y y y � - ny y y � :; J ( 2 3 )

w e  do have the f i rst c l ass condition which co rrespon ds to the gauge 

f re e dom  o f tetra ds  rotation in x0 = canst p l ane . A simil ar  p roce dure 

is necessa ry to re p resent const raints ( 2 2 )  as the first cl ass con­

straints. They corresp on d  to the free do m of o rthogona l  and tangential 

displ acement of  x0 = const p l ane . We  wil l not w rite these  exp ressions 

because the d i f fe rence be tween them and the constra i nts ( 1 7 )  an d  (2 2 )  

van i sh afte r e l imi nation of unphysica l  d egrees o f  fre e do m ,  i. e. afte r 

using remainin9 set of constraints ( exce pt e abo ) as strong e quations.

R emaining set o f constraints , without iab
o

' is o f  the second

cl ass an d it cannot c ombine to give the fi rst cl ass constraints . 

S o , we can use ite rative p rop e rty of Dirac b rack e ts and co mpute 

p re l i minary Di rac b rackets for constraints �ij � = 0 (i , j ,p; a , b , o ) ,



5 1  

$aa ' X
a b a 

and  X
a · Usi ng thi s eq uat i ons as strong equati ons ·for 

eli mi nati on of A i j
µ (i , J ,µF  a , b ,o ) and  correspondi ng momenta from 

the therory , we observe that  preli mi nary Di re bra ckets are si mply 

Poi sson brackets for the rema i ni ng set of vari ables . Th i s proves 

tha t the equ i valence between the fi rst order a nd the secon d order 

La gra n gi ans i n  gra v i ty st i ll holds fQr correspon di n g  H a milton i an 

formula t i on. F i nally , usi ng constra i nts 4> :: o  a nd f-O to eli mi na te 

i a n d  n from a ll expressi ons, a nd  to ca lcula te Di ra c bra ckets, we 

ob ta i n  

. - * 1 + + 
{t ( x ) ,  � (y ) }  • 2 6 ( x-Y ) ,  

{�aa(x) , . $ (Y) }*  = f b aa w ( x ) 6 (x-y ) , 

{�a · (x) , i (y ) }� = - i ba a i ( x )  6 (l�y)�  

( 24 )  

( 25 ) 

( 26 ) 

All the other D i ra c bra ckets for the set of  vari ables we are 

left w i th: 

are sta n da rd ones , i .e . si mply Poi sson brackets • 

. After this eli mi na ti on , the total Hami ltoni a n  ( 16 )  i s  gi ven by 

� o a b  o 0
a 

· + uo n u + . u o wa b + •a ( 27 )  

Thi s e xpress i on i s  essenti a lly eq ual to the .extended  Ha mi lton i a n ,  

as defi ned by Di rac. Noti ce that  our X1 does not va ni sh weakly 

(as it d��s in 4 •5 ) beca use of the d i vergence ter� . Thi s term has 

a clea r physi ca l mea ni ng. I f  the tetra d coeffi c ients a t  spa ti al 

i nfi ty co rrespond to S chwa rtzschfe l d metri c 

h o • 1 � M. h
a
. 6 a M xaxS 

6 0 r '  a a - r � a s  
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whe re 

e a s i ly 

as i t  

2 ·r :r 

fi nd 

s houl d 

-riaf3 xaxB a nd

H T  II /d3x

be . We a l so 

M i s  the total  mas s  o f  the  sys tem , we

Da .a = ·6Dads = M ( 28 )  a 

fi n d  t hat  bes i de s h � Aa b  
0 • . 0 

can vary 

a rb i traty i n  ti me .  Th i s  d i ffe re nce between our  res u l ts a nd  those  

o b ta i ned i n  4 • 5 van i s h  in  the  s p ace of phys i c a l  va ri ab l e s .

To s umma ri ze ,  we de ve � o pe comp l e te Hami l toni an s cheme a nd  p rove 

,th a t  e l i mi na t i on  of  ga uge fi el ds A do not  a l te r  Di rac b racke ts . 

Th i s  fact  i s  not  s o  obv i o us when s uch  e l i mi nat i �n  i s  �one i n  

La g rang i an  fo rm of the the o ry3 • .
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