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Using Dirac’s method for systems with constraints, Einstein-
-Cartan form.of Poincaré gauge theory of spinor field is put into
Hami]toqian form. This is done in time .gauge, treating tetrads and
conﬁection coefficients as independent variables.

In order to get : the unified description of all fundametal
intefactions in nature, it is natural to treat gravity as a Poincaré
1 2. Einstein-Cartan form of such theory is the simplest
extensxon,of Einstéin‘generé1 reTafiVity. In such theory.torsion does
noi'propagate. Thé'Héhiltonian'formulation-of Einsteﬁn-Cartan,theoryV
i;'nécegsary'in canonical as well in the path-integral quantization
procedure. Besideé, the Hamiltonian formulation of the theory with

constraints, which was developed by Dirac>

, results in a deeper
uh&ersthnding‘bf.c;nonicpl structure and physical degrees of freedom .
. of the theory.

‘We éhaTl_%pply,Diraes,Systgmatic.method to find Hamiltonian, -
trating all gauge'potentiéls as<jndépéndent;fig1qs. The advantage of
our approéch (this is sa called the'fi(ﬁﬁ‘bfdéf.formalism).is that
it is unavoidable when more generﬁl Lagrangians than R are used.

For the total act1on for the’ sp1nor ‘field (descr1bed by ¥ and
%) in interaction with grav1tat1ona] f1e1d (descrlbed by gauge

potentials hku and A ju) we choose1 .

S = qux(& * £ ) fd xs (1)

where the matter Lagrangian is given by
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£, = i BT ¥R v)-2mb ¥ A T Y Y Yy (2)
and gravitational Lagrangian is ‘proportional to scalar curvature R,
i.e. it corresponds to the Einstein-Cartan theory

Cb l oy v Bavaid af akd g _
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‘ iJ b, u, v ,ij
- {hih hjv)'u A UI+ [E h; hj AVu),v (3)

There, x 1is Einstein gravitational constant and bk is determinant
formed by inverse tetrad fields bku. The last term in Eq. (3) is
4-divergence and can be ommited. We shall prove that this choice of
Lagrangian gives correct expression for the total energy of the
system (see Eq.(28)). The total Lagrangian £ can be written in the
form £=£(0) + £(1), where £(0) is independent on the velocities,
and £(1) is linear and homogeneous in velocities. Because of this
structure, canonical Hamiltonian ‘¥ will be simply equal to -£(0).
In order to obtain the simpler form of the theory and give the time

coordinate a physical meaning, we impose the time gauge conditions4

ho = 0 (4)

(indices a,b,c,d and a, 3,7y, & take on values 1,2,3). After this, we
are left with 13 tetrad components hO“ and ha° (fields baa are now
R a . o _ o ,0 _ a _ .0 .2

inverse to the h, ™ while b” ) = 1/h,", b, = 0 and b™ = b~ b, h,2).
Using the time gauge conditions (1) becomes

3

-

o = é {Aaouthauhbs '5ab52)"bio +g W (3)

where K= b h°° = det (bao). Defining canonical momenta in the usual
way

= 20 & U a a ERFYRR) .
Se=1m N aro '°+ LA Sha ,0 + ﬁij 3A u.0+ wGp.o + (Sw,o)r (6)



we easily find the primary constraints

ao K ,_a _1.,a B_b
LAt JEPEE LR (7)
o _ ~ -
] B H ’;'l'ou 0, Q.iju = 1T1Ju x 0 (8!9)
- _ - K 7:.0 - K ..o, .
o = T - 7 vy = 0, ECH I -2‘ 1y U)-O (10)

Cononical Hamiltonian in the time gauge can be written in the fol-
lowing form

0 o 0 2 o -
4 =H + b7 H 4+ b h e+ DThe (i1)
where D“,a is 3-divergence
o |1 .0 la, 08!
%, e -]E Kb, (2h %n A%, + ha“thAbas)l,a (12)

and ‘JCO,‘JfL, and ¥, are independent on ho"l

o - kK fpao, a b a,a b 1 ,ab 0
-u'Tc'(A oMb xa+haAbo¢a'Zonab) (13)
= K a,,a0 a bo
)(B—E ,[Zha (A le’ul +Ab|aA BI) -
_ K = . 0%+ K ab c :
5 ¥ iy '§Bw+zeoabcA BJ] (14)
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- ;eoabchaa(ZAOba J¢ 4+ Abca J°%) + mm‘yu,) (15)

whare the expressions for X ap and xabo do not depend of A”u.

Now we define the total Hemiltonian

Wy =’aeu M ¢°u+ u,* eaa + u”L| ¢ij“+,ﬁ¢+$u (16)

where u-s are undetermined multipliers. Consistency conditions

imdbosed on constraints ¢au,¢ and ¢, serve to determine ua"’u. u and U

U

while q:%j give new, secondary constraints

a a

o _ - _ K c _
Xab = TaaMb "baMa 7 %apc ¥ = 0 (17)
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- K [ 0.
Xaba = Aabe " %ab * T Cpane D o ¥ 7O (18)
where
- c -
Laba =b o (ccab + Cbca cabc)’ -(29)
la, 5!
Cabe Ma" My " Peg o
and
3K = iuykyS: (21)
Finally, consistency conditions for :o. lead to
‘J(L = 0, j{a = 0 (22)

Consistency conditions for Eq. (17-19) and (22) do not give new
secondary constraints.

0

It is easy to check that Xab do not commute with ¢ and & as

claimed in the literatures. But if we replace J given by (21) with
i - -0 5. -
I = ¢ (3vSy2v%r - TyOyCyy) = JF (23}
we do have the first class condition which corresponds to the gauge

freedom of tetrads rotation in x° = const plane. A similar procedure

is necessary to represent constraints (22) as the first class con-

straints. They correspond to the freedom of orthogonal and tangential

displacement of x©

= const plane. We will not write these expressions

because the difference between them and the constraints (17) and (22)

vanish after elimination of unphysical degrees of freedom, i.e. after

using remaining set of constraints (except :abo) as strong equations.

Remaining set of constraints, without :abo’ is of the second
class and it cannot combine to give the first class constraints.
So, we can use iterative property of Dirac brackets and compute

preliminary Dirac brackets for constraints =.

1j'bJ =0 (i:jr."f a,b,0),
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¢aa, Xab a and Xa- Using this equations as strong equations for
elimination of A’Ju (i,j,uf a,b,0) and corresponding momenta from
the therory, we observe that preliminary Dirc brackets are simply
Poisson brackets for the remaining set of variables. This proves
that the equivalence between the first order and the second order
Lagrangians in gravity still holds for corresponding Hamiltonian
formulation. Finally, using constraints ¢ 20 and %~0 to eliminate

¢ and ™ from all expressions,and to calculate Dirac brackets,we

obtain
fw(x), 7(y)I* = 7 6(3-3), (24)
=2, (x)s w9 = 303 w(x) 8(%-F), (25)
22 (x), (Y = - 62 F(x) 8(3-7), (26)

A1l the other Dirac brackets for the set of variables we are

left with:
o h o a Aab

k]

ab
u! a ] u' Tr

ho“, n 0" or¥ 2nd T

are standard ones, i.e. simply Poisson brackets.

_After this elimination, the total Hamiltonian (16) is given by

O o 1 ,ab
Wy = 60+ b h Sy -g AT 0y, 4

vo . uab o, p®

oyt o Tab (27)

‘a

This expression is essentially equal to the .extended Hamiltonian,
as defined by Dirac. Notice that ourJVT does not vanish weakly

4’5) because of the divergence term. This term has

(as it dbés in
a clear physical meaning. If the tetrad coefficients at spatial
infity correspond to Schwartzschield metric

o M., a a M x%"
hg =1 =% hg+ 8 - % Ve Sag
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where r s “Nag x%%B and M is the total mass of the system, we
easily find

Hp = rd3x 0%, =-g0%s_ = M (28)
as it should be. We also find that besides hou ,Aabo can vary
arbitraty in time. This difference between our results and those

4.5 vanish in the space of physical variables.

obtained in

To summarize, we develope complete Hamiltonian scheme and prove
.that elimination of gauge fields A do not alter Dirac brackets.
This fact is not so obvious when such elimination is done in

Lagrangian form of the theory3.,
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