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T he usual f ormulation of the so  call ed quantum l ogic (cf.: ( >  

start s with the p art i al l y  ord ered ens em ble of closed subs pace s of a 
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Hilbert s pace jl_  The  intersections {n )  and direct ·sum s  ( @ ) of cl os ed 

su bs pace s of 1! hav e properti e s  of m eets  ( n )  and j oints ( U ) ,  re s p ecti­

v ely . Hence, the p a s.et of c l osed subspace s of )l· is a lattice. I f  for 

any closed sut.space Jc of ll we d efine Jt"' as the closure of .the subs pace 

of al l v ector s in j( t hat are orthogonal to any v ector of Jr., we obtain 

an orthocom plemented lattic� which , in the general case , is ort homo­

dular rather than distributiv e , i . e .  

By OML we a enote the ort homodul ar l at t ice of cl os ed su bs paces of 'l! ,  

a nd by oml any or t hornod u l ar lat t i ce .  

OM L o r  oml is usua l ly id entified witi, the quantum l ogic ( Q L) .

Howev�r . oml i s  not an axiomitiz ed logical s ystem in the proper  s e n s e  

of t he word . In  ord er t o  hav e suc h a s ystem w e  need ( 1 )  a forma l l ang­

u ag e  and (2} a set of axioms and rul e s .  

T he best-known l ogical system in the propositional l anguage is 

t he cl as sical proposit ; onal calculu s { P C ) . From an al ge bra i c  po; nt of 

w; ew, PC is an al ge �ra free in the class of formulas , with propositio· 

nal var.iabl es  as free generators . It is we l l- known that in a sens e 

PC  is e quivalent to t he two-element Bo� l e an algebra, and in another 

t o  the countabl y infinite Boolean al ge bra (the so  cal led Lind enbaum­

T ars ki algebra).  

How s houl d  . QL be  constructed in t he propostiti onal l anguage 
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such t hat QL  be equ ival ent to oml in t he same way as PC  i s  equival ent . 

to the Bool ean al g e bra? Ev ery such attempt is faced with the fol l owing 

pr obl em . 

I t  is we l l  known t hat in a�y existing l ogical system t he con­

nective =>( impl ication) p l ays a twofol d rol e : it is bot h an opera­

tion and a r e l at ion. for examp l e ,  t he formu l a  A=> B of PC is inter ­

pret e d  in t he Bool ean al g e bra a s  an e l ement of t hat alg e bra,  and , in 

c a se t hat A=> B is a t heorem of PC, �> is a r e l ation ( Bis d e riv abl e 

from A) . T he operational properties of-> are in cl ose connection wit h  

t he re l ational properties. Here t he ru l es of inferenc e p l ay important 

rol es, in particu l ar mod u s  ponens. 

T he t wofol d rol e of imp l ication is harm l ess in PC ( and i n  Bo­

ol ean a l g e bra) as we l l  as i n  ot her proposi tional systems. N evert he l ess, 

in om l t his is not t he case . If in om l we d efine a=> b = Of  a.1 U b,

where  a and b are e l ements  of a non- d istribu t iv e  oml , t he.n=> is not 

t ransitiv e ( cf . [ 4] ) . If  we ad d t he new ax i_om a •u> b = a.1 U b  t o  any 

om l ,  this re d uces it t o  a Bool ean al g e bra.  I t  ha� bee n  shown t hat 

in om l t here is no o�eration hav ing most of d esirabl e propert ies of 

an impl ication. T he best approx imat ion is perhaps Dishkant ' s  d efini­

t ion a => b  = Of (a.1 n b.1) U b ( cf . [ 3] ) .

T hu s, in OM L (and in any ot her om l )  t here is no possibil ity of 

d ef ining => v ia l att ice operations and we are l eft wit h  t he part ial 

or d er ing as a re l ation of imp l ication. Of c ourse , we may accept the 

v ie w  t hat not hing more is nee d ed . Howev er , in su ch a case QL � s  

har d ly  a l og ical system ,  since t he main l ogical concept - t hat of 

im pl ication - is re d uce d  t o  t he partial ord ering . 

Can impl icat ion be introd uced in QL  ( or in any om l )  as an ope ra­

tion, ind e pend ent l y  of t he l attic ·  on� rat ions? T he best cand id at e  for 

su c h  an operat ion is one of t he impl i c at i ons giv en ax iomatical ly  in 

t he so cal l ed r e l avance l og ics ( cf[ lJ ) .  Such a connective is ind epen-
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dent of t h e  r emain ing con nectives. I n  t h e  sequ el w e  shal l concentrat e 

on the system R of relevance l ogic. It  is known that the ax i om-schema 

of distr i bu ti on ,  v iz .  

A &  ( 811 C) : (A & B) , { A&C)

is independ en t  of the rema in i ng sc hemata { here &, v ,  and : stand f or 

conju nction , d i sju ncti on, and equ ivalence, r espectively) . I t  is also 

known that t he corr esp ond i ng L ind en baum -Tarski algebra i s  a d istribu ­

tive lattice. Let u s  om i t  the ax i om-sc hema of distri bu tion, and let 

u s  adj oin the ax i om -schema of ort homodular ity { OM ) :  

A& (lv ( A & 6} )  - 6, 

h' here - and - st and f or n egation and im plicati on, respectivel y. This 

system is d enoted by QR. It is easy to show that if - is neglected , 

tne  c orrespona ir.g l ind enbaum -Tarski alg ebra is an O!�L . 

QR  is a g enu ine acicmati c l og ical system in the propositi onal 

lang u ag e. how QR  and oml are related? I t  i s  d iff icu lt to interpret the 

whole OR  in an om l f or the f ollo� i ng tko reasons: f irst, it is n ot 

clear how t he fact that a f ormula A is a tneor em of Q R  shou ld be i nter ­

pr et ed i n  an oml, and second , it is  n ot clear how - shou ld be i nter­

pr et ea in oml. 

· I n  ord er to circumvent the f ir st diff i cu lty we shall ad apt Q R ;

in fact. we shall def ine an otner pr op ositi onal system C R. weaker than 

OR.  I n  ord er to tak e  care of the second diff icu lty we shall extend 

t he concept of orn i .  d ef in ing an alg ebraic str ucture  that will allow 

a n  i nt erpretat i on of Q R  • •  We shall deal wi t h  the second problem f irst. 

·Let S be a. n or: -el'!'lpty. set. 1 et !_ be a part i a 1 order ing of S,

. ar:d let .-..,. n , u ·. and J. te operations of S su ch that < S, !. , O , u , i ,. 

i s  an oml, and -> satisf ies the f ollowing cond itions, f or all a, b, c&S_: 

a !. ( a -> b } ... > I> 

a -> ( a -> b )  < a -> b 
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a -> b � ( b => c}  -> ( a -> c )  

( a -=> b) 0 ( a -=> C ) � a => ( b O C )

( a => C}  0 { b => C )  � { a U b )  => C 

a => aJ. < a J. 

a => b .1 < b => ·. aJ. 

an:i  i f  a �  b a nd a => b � c => b , t hen  c �  d .

T he- a l g e bra Q I  = < S ,  � , => , n , U , J. > i s  · t he i n tend ed ex t e n s i o n 

of a n  om l . · 

N ow we d ef i ne QR'" • D e l ete  f r om QR t he ru l e s of  modu_ s  ponens  and 

ad j u nc t  i on ,  a nd ad j o i n  t he f o l l owi ng r u l e s : from A - ·s and ( A  - B) -

{ C - 0 ) t o  i n fer C .... D ;  fr om A - B and A - C to  i nf e r  A - ( 6&C] ; a nd 

f r om A - C a nd B - C t o  i nfer ( A v B)  - c ., 

I n  i s  ea sy t o  see  t hat a ny t heorem of QR'" i �  of  t he f o rm A - B .  

I t  i s  a l s o  e a sy t o  i nterpret QR. i n  Q I . T he v ar i a bl es _ _  r ang e ov er S ,  

a nd A , , • i n  QR'" ar e i n te r pr e t ed a s  n, U , J. , re spect i v e l y .  For - i n  

Q R'" we hav e  a h·of o l d  i n terpret a t i o n  i n  Q I . : f  - i s  t h� m a i n  connec t ; v e  

i r  a f f'.l rm ·.! l a �  t h�n - b�c ome s  � i n  QI ; ot herwi s e , - becomes => i n  Q l . 

QR'" i s  a n  a d equ at e  ax i omat i z a t i o n  of  Q I  { i . e . QR'" i s  c�n s i stent  

a nd c om p l ete  wi t h  respec t t o  Q I ) . 

I t  i s  o bv i ou s t ha t  t he f i r s t  pro bl em i s  s o l v ed ,  for i f  A i s  a 

t h eor em o f  QR .. , t h en i t  has  t he f o rm 6 - C ,  a nd i s  i n .terpr eted ·  i n  Q I  

a s  i ( A) � i ( B) , w here i (A )  a nd i ( B) a r e  e l em en t s  o f  QI. 

A s  to t he �econd pro bl em ,  it i s  s o l v ed. i n  t he sense  that QI i s  

we l l  d ef� ned . Howev er , t he qu e st i on a s  t o  whet her t here i s  a stru cture 

Q I* =  < S , � , =>, 0 ,  E> , .1 > su c h  t ha t  < S , � , n , '9 ,  .1 >  i s  OML a nd 

sat i sf i es t he c o nd i t i o n s  i n  Q I  rema i ns open . 
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