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In  the spirit of  E instein• s  c r i tical analysis of  the notions 

, n  ph ysics. we have an alysed the concept of temperature in the series 

of t heoretical papers. Among those papers Einstein • s  works in thermo­

aynamics are important f e r  two rf:asons . From - one side, he developed, 

to a certain extent 9 i ndependently of ;ibbs, the theory which we now 

cal l statistical thermodynamics. From the o-ther side,  in explaining 

tne series of phenomen a ( black-boay radiation, s pecific heat of 

crystal s ,  the benaviou r of q uantum ideal gas) Eins tein enlarged the 

area of ap plicabil ity of Boltzmann statistical physics . 

I r.  comparis on  with other basic phy s ical q uantities the te�pe­

ratu re is a specific one. I ts spe�ificity comes from the fact that 

for its meas urements it is not enou ght to choose the unit but it is 

necessary to choose fix points and to establish the s cale . The 

estao 1 is nement of thermod ynarnical ecru ilibrium between two bod ies is 

ai sc necessary .  

ihe �odern standard thermometer is a gas thermoaeter ( rnost 

often nel ium one } whereas the temperature scale is d eterm i ned 1 by 

tne relation 

i = 2 73, 1 6 ° K £ 
Pc

V = const. ( 1 )

p 0 is a press ure of the ideal gas at temperature T0 = 2 7 3. 1 6 ° K. 

From ( 1 )  i t  is ev1 dent that the d ependence of other physical 

quantities of an ideal gas on temperature can be derived if one 

finds the relation between press ure and the quantity which is 

studiec. 
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O n  the  b asis of the laws  of mech a n i cs a nd sup pos i n g tha t the 

atoms of the g a s  coll ide  elas tically wi th the  walls of the  conta i n er 

Boltzma nn  d e r i ved relation be tween  total e n e rgy U of a ga s ,  t h e  p re s ­

s u re of a ga s a n d  the volume of a con tain er 

U = i pV ( 2 )

Com o i n in g  ( 2 ) a nd ( 1 )  a nd the e quation of s tate o f  a g a s . Boltzman n  

fou n d  tha t e n e rgy p e r  p a rticle i s  proportion a l  to  tempera ture 

lJ = :  N k i  { 3 )

5 ut .  the mos t s pectacul a r  re s u l t of the Bol tzma n n  g a s  th eory2 

i s  a re l a tion between  en tropy a n d  prob a b i li ty wh i ch reads  

S = k l og P - KN • log � + C ( 4 )

� i s  the n u mber  of p article s  of a g a s , C i s  a n  u n known con s ta n t  a n c  

? i s  g i ven  by 

loc P = l og N !  - · · � r � �f (xyzv v v ) J 
• • • • • •  X y Z 

• l og (xyzvxvyvz) d x  dy dz  dvx dvy avz
( 5 )

wh ere f is  the e q u ili br i um distr tbuti on functi on of p a rti cl e s  i n

six - dime n s ion al p ha s e  s pace .  

Boltzma n n  fou n d  also  tha t  the  La g ra n ge multipli e r s a s s ociated  

wi th the e n e rgy conditi on , which a p pe a r s  i n  the  ma c imiza tio� of

e n t ropy a s  a funct i on al  of d i s tri but i on f u nction . ha s the p rope rty 

Sin ce ,  f rom the rmod yn ami cs on e h a s  

i t  follows 

c S  = 1
� T

1k S = 1 

( 6 )

(7 ) 

( 8 ) 

I n  d e riv i ng the rela t i on s  ( 4 )  a n d  ( 8 )  Boltzma n n  use d  the the rmodyn ami c 
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defi n i t i on of entro py 

dS = � ( 9) 

the equa t i on of  sta te of the ideal g a s  and the relat i on  (2 ) .  

Ta k in g  i n t o  accoun t  all tho se fact s the rela tion (4 ) can n o t be 

re garded a s  genera l ly val id .  In o ther words , the a ppli ca t i on of this 

re l at'"ion t o  o ther systems sho uld be in i nduct i ve rather than in 

deductive sen se . 

But, in the h i story of  physics from Boltzmann t o  o ur day.s , the 

rela tion (4 ) and  the subsequen t procedure has been a ppli ed deductively 

most often than  inductively . 

Alon g th i s  lin e  of  tho ught the work of  Planck3 and Bo se4 , dealin g 

with the dependence of the � pectral den s i ty of the black-body radia � 

tion,  i s  mo stly kn own . 

E i n �te i n  ha s develciped the theory of quantum i deal g a s5 on  the 

ba sis of the relation (4 ),  but chan g in g  the dependence of P on f. 

This the ory has . been succesfully a ppli ed t o  the theory of superconduc­

tivity and superfluidity . _ E i n stein has a ppli ed also  th i s  rela t i o n  t o  

the the ory of speci fi c  hea t  of c�ystals6 • 

. rhe gen eralysed Boltzmann procedure has  been appl i ed succesfully 

when ever the macro sco p i c  system can be reg arded a s  a set of n onin ter­

actin g  a part i cles� . 

The de pendence of phys i cal q u�n t i t i e s  o n  tempera ture , of  any 

macro sco p i c  system of fn teract � n g  part i cles, has been usua tly deri ved 

by stud i n g the en�emble of repli cas of a phys ical system which i s  i n  

con tact wi th a thermosta t .  Th i s  i dea ha s been develo ped, t o  a certain 

e·x te_n t ,  _ by E i n ste in 7 , i n dependen tly o f  ·Gi bbs8 • 

Gibbs and E i n ste i n  have stud�ed the systems for whi ch the ene rgy 

is the ' only i n te gral of mot i on .  The i ma g i n ed ensemble of  repl icas  of 

a physi cal system i s  iden t i f i ed w i th a set of n on i n teract i n g  systems .  
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Tn�  � L d tes of the system are  d es c r i bed bf  a poi n t  i n  the s p a ce  of

v a r i abl es 1 1 • • • �NJ 1 • • • �N - c a l l ed p hase s pa ce  • W i th th i s  ens embl e

th e proba b i lity d ensity is ass ociated 

o = ex p [- E/8 ] /. j ex p I .. E / 9] d T  { 1 0) 
! �. t. 

E i s the energy of t he system, wh i c h  i s  treated as a ra ndom qua n ti ty ;

9 is a pa rameter . 

The  a verage en ergy - E, of th e en sembl e, i s  i d en ti fi ed with 

the th ermodynamic en ergy U .  

One s hows t h a t  the p ar ameter e has the prope�ty th a t  for two 

sy s t ems :1 a nd r2 wh i c h a re i n  thermodyn am i c equi li br i um, the

equa l i ty e1 = e2 i s  s a ti sfi ed .  Th i s  is the property of temper ature

i n  t hermodynam i cs. 

Whereas E i ns tei n i nterupted his i de� at  th i s  poi n t. G i bbs 

p rol on gea h i s thoug ht  as foll ows . 

At fi rs t, G i bbs i ntroduced the fol l ow i ng ass umpti ons : 

The en ergy of the sys tem is a sum of k i n et i c  en ergy E k, bei n g

t he fun cti on of p h ase  va r i abl e p1 • • •  p� a nd of poten t i a l  en ergy E P,
- -

bei ng the fun c ti on of pa rti cle c oord i n a tes q1 • • •  q N a nd of coord i n ates 

a1 , a 2 • • •  of s ome ex tern a l  bod i es .

T he  forces A1, A2 • • •  a re assoc i ated wi t h  th e ex terna l coord i n a tes 

a1, a 2 • • •  throug h th e rela t i on

" E :- E p 
-"- = � = - A1a a i :- a ;  i ::  1 , 2 . . . .  , p  ( 1 1  ) 

T he  ex tern a 1 coord i n a tes a i ha ve  the s ame va 1 ues for a 1 1  repli cas

i n  th e ensembl e. 

T he mea n  v a l u e of the force A; i s  id entif i ed wi th the macros­

cop i c  qua n ti ty wh i c h  is ass oc i ated w i th the c ha n ges of th e c oord i na te 

11:i a - ,:;
i 

e x p  [- E / 9} d r / /  exp [- E / 9] d T { l 2 }



Gibbs  s howe d that the function � d i fin e d  by 

exp [- ii,; s] = /exp [- E/ 9) d i 

is ide ntical  with the fre e e nergy i n  thermodynamics where a s  the 

function � 
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( 1 3 ) 

( 1 4 )

is i de"n tica· 1  wi th the therrnodyn amical entropy . Thi s statement is 

b a s e d  on the fact that the functi on s s .  E ,  a n d  A ; s atis fy the dif­

fere ntial e quation 

( 1 5 ) 

which is a n alogous to the secon d law of thermodynamics. 

( 1 6) 

Gibbs  deriv e d also the e quality 

k 1 , • • •  , p ( 1 7 )

We foun d tha t in the d erivation s of the d ifferential equa tion 

{ 1 5 )  a n d  of the e quality ( � 7 )  one a s sumption ha s been  us e d ,  b ut 

ha s n ever been  state d explicity by Gibbs. The a s s umption is tha t 

the l im i ts of in tegration o v e r  pha s e  space do  not d epe n d on ex ternal

coord i n a te a k ( k = 1 , • • •  ,p ) . I n  applyin g  those equalitie s , it  is  impor­

ta nt to k h ow that i this a s s umptiori is incorporate d in the whole proce ­

dure . 

The simplest check of this g en eral  · theory ca n be obtain e d  b y  

evaluating the d eff i n ition expres s i on s  i n  the ca s e  of  a n  ideal  g a s  

e nclos e d in a box of volume  V.  I n  the l a ngua g e  of G i bbs , V i s the 

ex tern a l  coordin a te . where a s  · the pre s s ure p is the a s soci a te d  force. 

A )  Dealing with the i d e al g a s  Einstein a n d  G i bbs  use d  only 

the par't of the proce dure. By calculating t Gibbs  a n d  E in stein 
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found 

i = N JS
2

( 1 8)

Then us i ng Boltzm an n  re l ation (2)  be twe e n  pressure, vol ume and the 

tot al e n� rgy and ide n tifyi ng U wi t h  E t he relat i on 

N 8  
p = v- ( l 9 )

is es t abl� s hed.  From t h i s  relation it has been  concl ud ed that 9 is 

proport ion al to tempe r ature . But . the comp l e te app l i cation of t he 

gener�l procedure s houl d con t ain t he cal cul ation of pressure � from 

t he definition expression (12 ) . 

B )  I n  Fowl e r 's ap proach t he gas is s u p pose d  to  be in a cil in ­

d e r  of l e n gth y and of cross s ection A (V  = yA ) .  T h e  tot al e n e rgy 

is the sum of . �he tot al kinetic e n e rgy and of the in te raction e n e r gy

of al l molecul es wi t h  t he wal l of t he cyl in de r .  The latte r i s  written  

in  the form 

e p ; ( Q; ,Y ) = ���0�� 
s 

{ y - Gx i ) 

0 and s are un kn own p ar ame ters .  

( 2 0 }  

The · gen e r al ys e d  force ass ociated with t n e  e x t e rn al coordin ate 

y is cals ulated  ap p lying Eq . ( 1 7 ) .  I n  t he l imit D -0  .. Fowle r found  

that press ure p s at is fies ( 19 ).  

But , we wan t  to  m ake a rem ark he re . T he l i�i�s of  in t egr ation 

in Fowl e r ' s free  e n e rgy d e pe n d  on t he � e x t e rn al � coorain ate - y ano 

i t  is us eful to in vestigate whethe r t he e quation  ( 2 1 33 ) i n  Ref. 9 is 

applicab l e .  I n  ora e r  to answer thi� question on e has to  in vestigate  

whe t he r  the  e qual ity 

:y
� e x p  [-D/Q (y-x )

S J dx =
· o  

y ... 
.r Ty e xp I-D/Q (y-x )

5
� dx

0 
( 2 , ) 



is v alid. 

From the e quality 

- y 
s- y 

� f exp [ -0/ Q ( y-x) J dx = ! exp r - D / 9 (y-x) 5] d x +
c Y  o o l. 

8 9  

+ exp I -D/ 9 ( y-x ) s 1�=x
(22 ) 

I

it foll ows that Eq . (21) is satisfied . We s ee that due to the specia l 
" E  c �, form of the electron-wall interaction, the expres s ion s - cv' and - �

are identical des pite the fact that the limits of integration over 

phase space depend on volume.  

C) In evaluating pres sure, Khinchin considers 1 0  the gas in the

cube of the edge a =  �iv and writes the energy as a s um of kinetic 

energy and potential energy. P otential energy equals zero inside the 

box and is infinite outsi de the box. 

O n  the basis of E q. ( 1 7) Khinchin founds that pres sure, volume 

and parameter 8 satis fy the relation { 1 9 ) .  I f  one tries for the 

Khinchin energy of a s as in a box to calculate pressure, from the 

definition expression ( 12) ,  one c oncludes that it is not poss ible 

Decaus e the derivative of Khinchin• s  energy over vol ume V does not 

ex is t. 

O) The autors cf  most textbooks1 1 - 1 5  identify the energy of

a g as with the total kinetic energy ( EP (� 1 , • • •  qN , V) = 0) . O n  the

basis of E q. ( 1 7) they get the equation ( 1 9) .  On  the other hand .  it 
aE 

is eas y to see that since ae = 0 , the definition expression ( 1 2 )

for pres sure gives p = 0. 

The difference arises because the equality 

� y ' cexp r-ep( q , a)/ 6] dqx = 
0 

�a ex p r-3 e  o • w � 

{ 22) 
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has not been respected . When ep ( q. a ) = 0,  the l ast equal ity takes 

the form 

; a ! d q
x 

= a + 
0 

- .
� e .. ( q . a )  

So , desp it e t he fact t h at ; a  equ a l s zero , t he d eri vat ive 

( 2 3 ) 

d q  exp ·-e , s· is d i 'ferent fro� z ero. C onsequentl y, pres-x • ;:, -
ca l c � l at ea f ro� - �� is d i fferent frc� z erc . 

E )  �erg e : a � d 1 6 stud ied the i a ea1 g as encl osed in a sphere of 

r a c i u s  R. ; he p o ten tia l energy is writ ten in t he forrn 

t;i > R 
Ci ;  < R { 2 4 )  

On the basis of E q. ( 1 7 )  �erg el and al so derived Eq. ( 1 9) .  6ut , 

i f  one g oes bac� to t he defin i tion equat ion { 12 )  one concJ udes that 

1 t  , ;  d i ff icul t to understand t he physi cal m eaning of this result ,
; t  � E 0 cec au se - --::-f :  O inside the sphere and - � = NC out side the spere. 

:, f\  :- t, 

�emel y ,  pressure who se mean val ue is cal cul ated, is zero inside the 

c o n tainer . 

�erg el and 1 6 • MUnster 1 7  ana K 1 ein 1 � have stud i ed the d ifficul t i es 

which one meet s in c al cu l ating pressure f l uctuations. I n  our oppinion 

t hose d i fficul t ies are t he sarne as th�se which we found in cal cul ating 

pressure from t he def i nit ion expressi on. T he source of t he d ifficu i ­

t ies l ies in the assumpti on t hat energy d epends at the same t i me on 

phase variabl es and on vol ume.  As it is cl ear from the above exposi­

ti on. different supp ositi ons have been mad e  about the from of this 

dependence. 
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