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TEMPERATURE AS A THEORETICAL CONCEPT
M.Popovié - B02i¢€

Institute of Physics, Beograd,

In the spirit of Einstein®*s critical analysis of the notions
in pnysics, we have analysed the concept of temperature in the series
of theoreticail papers. Among those papers Einstein®s works in thermo-
aynamics are important fcr two reasons. From-one side, he developed,
to a certain extent, independently of Gibbs, the theory which we now
call statistical thermodynamics. From the ather side, in explaining
tne series of phencmena (black-boay radiation, specific heat of
crystals, the benaviour of guantum ideal gas) Einstein enlarged the
area of applicability of Boltzmann statistical physics.

ir compariscn with other basic physical guantities the tempe-
rature is 2 specific one. Its specificity comes from the fact that
for its measurements it is not enought to choose the unit but it is
necessary to choose fix points and to establish the scale. The
estapnlisnement of thermodynamical edguilibrium between two bodies is
aisc necessary.

Tne modern standard thermometer is a gas thermometer (most
often nelium one) whereas the temperature scale is determined1 by
the relation

7 =273,16% & V = const. (1)
P
Feo is a pressure of the ideal gas at temperature T0 = 273.16°K.

From (1) it is evident that the dependence of other physical
quantities of an ideal gas on temperature can be derived if one
finds the relation between pressure and the quantity which is

studiec.
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On the basis of the laws of mechanics and supposing that the
atoms of the gas collide elastically with the walls of the container
Boltzmann derived relation between total energy U of a gas, the pres-

sure of a gas and the volume of a container

U o= % PV (2)

Combining (2) and (1) and the equation of state of a gas. Boltzmann

found that energy per particle is proportional to temperature

U= 3 NKT (3)

5ut, tne most spectacular result of the Boltzmann gas theoryz

is a relation between entropy and probability which reads

S = k log P - KN-logN + C (4)
“" is tne number of particles of a gas, C is an unknown constant anc
P is given by

Tog P = log N! = = o7orf(xyzv, v ov,)
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*log (xyzvxvyvz) dx dy dz dv, dvy av,
where f is the equilibrium distribution function of particles in
six - dimensional phase space.

Boltzmann found also that the Lagrange multiplier & associated
with the energy condition, which appears in the macimization of

entropy as a functional of distribution function, has the property

i - (6)

Since, from thermodynamics one has

Qin)

2 =1 (7)
it follows

1 (8)

kg T

In deriving the relations (4) and (8) Boltzmann used the thermodynamic



85

definition of entropy
ds = (9)

the equation of state of the ideal gas and the relation (2).

Taking into account all those facts the relation (4) can not be
regarded as generally valid. In other words, the application of this
relation to other systems should be in inductive rather than in
deductive sense.

But, in the history of physics from Boltzmann to our days, the
relation (4) and the subsequent procedure has been applied deductively
most often than inductively.

Along this line of thought the work of Planck3 and Bose4

, dealing
with the dependence of the spectral density of the black-body radia-
tion, is mostly known,

5 on the

Einstein has developed the theory of quantum ideal gas
basis of the relation (4), but changing the dependence of P on f.

This theory has been succesfully applied to the theory of superconduc-
tivity and superfluidity. Einstein has applied also this relation to
the theory of specific heat of cfystalss.

. The generalysed Boltzmann procedure has been applied succesfully
whenever the macroscopic system can be regarded as a set of noninter-
acting ’barticlesL.

The dependence of physical quantities on temperature, of any
macroscopic system of interacting particles, has been usually derived
by studing the ensemble of replicas of a physical system which is in
contact with a thermostat. This idea has been developed, to a certain
é&tqnt,,by Einstein7, independently oflsibbsB.

Gibbs and Einstein have studied the systems for which the energy
is the'only integral of motion. The imagined ensemble of replicas of

a physical system is identified with a set of noninteracting systems.
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Tne o.ates of the system are described by a point in the space of
variables 31...ENB1...3N - called phase space . With this ensemble

the probability density is associated
o= exp [- E/8 ]/ fexp [~ E/@] dF (10)

E is %ﬁé energy of the system, which is treated as a random quantity;
8 is a parameter.

The average energy - E, of the ensemble, is identified with
the thermodynamic energy U.

One shows that the parameter &€ has the property that for twe
systems :1 and 52 which are in thermodynamic equilibrium, the
equality 91 = 92 is satisfied. This is the property of temperature
in thermodynamics.

Whereas Einstein interupted his idea at this point, Gibbs
prolonged his thought as follows.

At first, Gibbs introduced the following assumptions:

The energy of the system is a sum of kinetic energy Ek’ being
the function of phase variable 31"'3N and of potential energy Ep,
being the function of particle coordinates 31...EN and of coordinates
315 3;... of some external bodies.

The forces A1, AZ"' are associated with the external coordinates

315 8.0 through the relation

:E
3E _ T L g i=1,2
—— = > = - = 1,2,...,P (11)
38; T8, 1

The external coordinates a; have the same values for all replicas
in the ensemble.

The mean value of the force A.i is identified with the macros-
copic quantity which is associated with the changes of the coordinate

a

Ry = - %5_1 exp [- E/8] d /J exp [- E/8) dT (12)
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Gibbs showed that the function ¥ difined by
exp [- v/8] = Jexp [~ E/8) dI (13)

is identical with the free energy in thermodynamics whereas the

function §

5= B (14)
is identical with the thermodynamical entropy. This statement is
based on the fact that the functions S, E, and Ai satisfy the dif-
ferential equation

845 ° dft + Ay dag + A, day ... (15)
which is analogous to the second law of thermodynamics.
Tds = dU + Alda, + Afda (16)
1% 27 nEr

Gibbs derived also the equality
- awta.a1...a )
Ap = m ——— B kK = 1,.0.,p (17)
83

We found that in the derivations of the differential equation
(15) and of the equality (17) one assumption has been used, but
has never been stated explicity by Gibbs. The assumption is that
the 1imits of integration over phase spéce do not depend on external
coordinate ak(k=1,...,p). In applying those equalities, it is impor-
tant to knhow that?this assumption is incorporated in the whole proce-
dure.

The simplest check of this general theory can be obtained by
evaluating the deffinition expressions in the case of an ideal gas
enclosed in a box of volume V. In the language of Gibbs, V is the
external coordinate, whereas ‘the pressure p is the associated force.

h) Dealing with the ideal gas Einstein and Gibbs used only

the part of the procedure. By calculating T Gibbs and Einstein
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found
£=N2= (18)

Then using Boltzmann relation (2) between pressure, volume and the

total energy and identifying U with E the relation

F=$.9- (19)
is establjshed. From this relation it has been concluded that 8 is
proportional to temperature. But, the complete application of the
general procedure should contain the calculation of pressure P from
the definition expression (12).

B) In Fowler®s approach the gas is supposed to be in a cilin-
der of length y and of cross section A (V = yA). The total energy
is the sum of the total kinetic energy and of the interaction energy

of all molecules with the wall of the cylinder. The latter is written

in the form
Ep(G‘---.-GN-y) = :'i apitqi-.'f)

ep,-(a,-,y) =——D——s— (20}
Y = Gy)
0 and s are unknown parameters.

The generalysed force associated with the external coordinate
y is calsulated applying Eq. (17). In the limit D0, Fowler found
that pressure p satisfies (19).

But, we want to make a remark here. The limits of integration
in Fowler®'s free energy depend on the "external®” coordinate - y ango
it is useful to investigate whether the equation {2133) in Ref. 9 is
applicable. In oraer to answer this question one has to investigate
whether the equality

F) y

I

y
= [ exp [-D/8(y-x)®] dx =
(] 0

3 L d s.
5 Ty exP -D/8(y-x)"74, (21)



is valid.

From the equality

y
o - 7 y Ss
= ﬁ exp [ -D/8(y-x)%1 dx = £ exp [-D/8(y-x)" 44 *
+ exp I—D/Q(y-x)s }§=x (22)

it follows that Eq. (21) is satisfied. We see that due to the special

n

ol

form of the electron-wall interaction, the expressions - %% and - v

are identical despite the fact that the limits of integration over

phase space depend on volume.

C) In evaluating pressure, Khinchin considerslo

cube of the edge a = 3/;-and writes the energy as a sum of kinetic

the gas in the

energy and potential energy. Potential energy equals zero inside the
box and is infinite outside the box.

On the basis of Eq. (17) Khinchin founds that pressure, volume
and parameter 8 satisfy the relation (19). If one tries for the
Khinchin energy of a cas in a box to calculate pressure, from the
definition expression (12), one concludes that it is not pos$ible
pecause the derivative of Khinchin’s energy over volume V does not
exist.

11-15

D) The autors cf most textbooks identify the energy of

a gas with the total kinetic energy (Ep(q1,...EN,V) = 0). On the

pasis of Eq. (17) they get the equation (19). On the other hand, it

is easy to see that since ——% = 0, the definition expression (12)

\\)
[ad

Q

for pressure gives p = 0.

The difference arises because the equality

<

° T -
= exP [ ep{q.a]/?] dg, +

o v

uJIru

S exp [-e (G.a)/€] dg, =
[¢]

+ BXp [-ep('q',a)m} le, =2 (22)
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has not been respected. When ep(ala) = 0, the last equality takes

the form

rdq, =0+ 1 (23)

'n"u

ze_(g,a)
»

So, despite the fact that eGuals zerc, the derivative

33
.o @
53 - 96, exp f—ep/G' is different from zero. Consequently, pres-
. G - -
syre calculates from - 2= is different frecm zerc.

-«

“

E) Herge'.a"d16 studied the iace2) gas enclosed in a sphere of

racius R. The potential energy is written in the form

-
L]
o
nil
-t
-
u
A
-
L3
Fel)
-t
-
x3
—
It

(24)

dn the basis of Eq. (17) Wergeland also cerived £g. (19). but,
if one goes back tc the definition equation {12) one concludes that

1t '3 difficult to understand the physical meaning of this result,
3E B3

pecause - 'Tg = 0 inside the sphere and - ‘Tg = NC outside the spere.

hemely, pressure whose mean value is calculated, is zero inside the

container.

17 e

hergeland16. Minster ana Klein have studied the difficulties
which one meets in calculating pressure fluctuations. In our oppinion
those difficulties are the same as those which we found in calculating
pressure from the definition expression. The source of the difficui-
ties lies in the assumption that enercy depends at the same time on
phase variables and on volume. As it is clear from the above exposi-
tion, different suppositions nave been made about the from of this

dependence.
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